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PREFACE 


This book furnishes an account, in terms of a vector notation, 
of the fundamentals of metric differential geometry of curves and 
surfaces in a Euclidean space of three dimensions. It contains 
essentially the material which the author gives in a half-year 
introductory course designed for the general student as well as 
for one intent on specialization in differential geometry. 

The first nine chapters form a connected exposition of the 
theory, with simple illustrations. They treat, in addition to the 
fundamental properties of curves and surfaces, the mapping of 
surfaces and the absolute geometry on a surface. In the latter 
connection, the parallelism of Levi-Civita is introduced and the 
way is paved for the study of Riemannian geometry and its 
generalizations. 

The tenth and last chapter has to do with the applications of 
the theory to certain important classes of surfaces. 

No technical knowledge on the part of the reader is assumed 
beyond the fundamentals of the calculus, including partial differ- 
entiation, and the elements of solid analytic geometry. This does 
not mean that other tools are not at times employed. It is im- 
possible to write on differential geometry without using the 
theory of differential equations, and certain theorems from the 
theory of functions are occasionally necessary if the treatment is 
to attain an aspect of rigor. Rut the p^aution is taken always 
to state precisely the facts which are being assumed, so that the 
reader may not be hampered in 'hi^ pursuit of the main line of 
thought. 

In employing vector analysis in the development of any sub- 
ject, there is a danger that the vector analysis will get out of 
hand and override the subject. Here, special care is taken to 
place the emphasis on the geometry, and to keep the vector an- 
alysis in its proper place as a tool. In fact, very little of what is 
generally understood as vector analysis is necessary. Only the 
algebra of vectors is used, and ten pages of the introduction suffice 
to give the reader all he needs to Imow about this topic. 
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In the algebra of vectors there are three combinations of vectors 
which are fundamental: the vector product of two vectors, the 
scalar product of two vectors, and the outer product, or deter- 
minant, of three vectors. These three products are connected by 
an important relation. If a, j8, 7 are three vectors, the deter- 
minant \afiy \ of their components is equal, for example, to the 
scalar product of the vector a with the vector product of the 
vectors /S and 7. 

From a logical point of view it would appear desirable that 
notations for the three products should take into account, first, 
the usual notation | a <3 7 1 for a determinant, and, secondly, the 
basic relationship between the three products. The latter con- 
sideration would prescribe for the scalar product of two vectors a 
notation similar to that for a determinant. Actually, the nota- 
tions of Grassmann conformed to these requirements. For the 
determinant of a, j 3 , 7 he wrote [a jS 7], and for the scalar product 
of a and he used [a | iS]. 

In terms of these two B3rmbols the fundamental relation be- 
tween the three products would read [a /5 7]= [a 1 / 57 ], provided 
the vector product of j 3 and 7 is denoted by fiy. The transforma- 
tion of [flt 7] into [a I i87], or vice versa, would then be made by 
the insertion or deletion of a bar, and the fundamental relation 
would thus be rendered formally trivial. 

The notation Py for a vector product, if it is not to lead to 
difficulties, needs some adornment. This should certainly not 
take the form of parentheses, inasmuch as parentheses have al- 
ready been used to set off scalar products. Furthermore, it would 
seem fitting that it should emphasize the fact that the two vec- 
tors are actually being combined to form a single new vector. 
Such an adornment was conceived by Study in the shape of a 
‘*rpof.” His original symbol for^he vector product was fy and 
this has gradually evolved into jS 7. 

In the place of Grassmann's square brackets. Study introduced 
ordinary parentheses. He i^d, then, for the three products the 
symbols (a 7), (a | j 3 ), and a j 3 and accordingly wrote the fundar 
mental relation between them in the form (a /5 7) = (affiy). 

I have employed Study^s notation since my student days in 
Bonn, and use it in this book. In going into its motivation, my 
only purpose has been to outline the reasons for my conversion to 
it. There are other notations which are entirely adequate. If 



PREFACE 


vii 


the reader is already familiar with one of them, I can assure him 
from personal experience that he will have no difficulty in trans- 
lating the notation of Study into his own, and that his grasp 
of the algebra of vectors will undoubtedly be strengthened by the 
process. 

It is with pleasure that I express my appreciation to The Mac- 
millan Company for their efficient cooperation and courtesy. 

W. C. G. 

Cambridgb, Mass., 

December, 1934. 
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DIFFERENTIAL GEOMETRY 

CHAPTER I 
INTRODUCTION 

1. The nature of differential geometry. Differential geometry 
may be roughly described as the study of curves and surfaces of 
general type by means of the calculus. In contrast to it, there 
is algebraic geometry, which emplo 3 rs algebra as its principal tool 
and restricts itself to the consideration of a much narrower class 
of curves and surfaces. Thus, the theory of conic sections or 
quadric surfaces, with which the reader is familiar from analytic 
geometry, belongs to algebraic geometry, whereas that of the 
curvature of a general curve, or that of the tangent plane to a 
general surface, pertains to differential geometry. 

A geometric configuration has two different kinds of properties, 
those which pertain to the configuration as a whole, and those 
which are definable for restricted portions of it. Thus, the order 
of a plane algebraic curve — ^the number of points in which it is 
cut by a straight line — , is a property of the curve in its entirety. 
On the other hand, the curvature of a curve at a point depends 
only on the shape of the curve in the neighborhood of the point. 

Generally speaking, algebraic geometry is concerned with prop- 
erties of the whole of a configuration, whereas differential geom- 
etry deals with properties of a restricted portion of it. Algebraic 
geometry is essentially a geometry of the whole or a geometry in 
the large, and differential geometry, a geometry in the email. 

Euclidean geometry, either in the synthetic form of the prepar- 
atory school or the analytic form of the college, is algebraic 
geometry. So also is the ordinary projective geometry with 
which the reader is perhaps conversant. But these two geom- 
etries differ essentially in content. Euclidean geometry deals 
with properties of figures which are unchanged by rigid motions, 
for example, with distance, angle, and area. Fi’ojeotive geom- 
etry deals only with properties of figures which are unchanged 
by projections, such as the property that a point lie on a line, 
or that a number of lines be concurrent. The former is a quan- 
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titative, or metric, geometry, whereas the latter is concerned 
with properties of position and has nothing to do with meas- 
urement. 

The distinction between metric and projective geometry is 
applicable, also, to differential geometry. Thus, there is a met- 
ric, or Euclidean, differential geometry and a projective differ- 
ential geometry. In this book we shall be concerned only with 
metric differential geometry. In other words, we shall study, by 
means of the calculus, properties of curves and surfaces which 
are unchanged when the curves and surfaces are subjected to 
rigid motions. 

We shall begin by recalling, in perhaps a somewhat novel form, 
a few facts from solid analytic geometry. 

2. Directed line-segments. Vectors. As the basis of rectan- 
gular coordinates in space, we choose 
a system of coordinate axes which 
is right-handed, as shown in Fig. 1, 
and denote the coordinates of a point 
referred to this system by (xi, X 2 , Xz), 
Let PP' be the directed line-seg- 
ment joining the point P with the 
coordinates (xi, X 2 , Xz) to the point 
P': (x{, X 2 i H ai, az, os are the 
measures of the projections of PP' on 
the axes of Xi, X 2 , rs, we know that 

(1) ai = Xi - Xiy a 2 = xi — Xf, az = xi — X|. 

In terms of ai, as, aa, the length a of PP' is 

(2) a = 

Finally, if Au Az, Az are the angles (between 0 and t inclusive) 
which PP' makes with the positive axes of Xi, xs, xs, then 

(3) ai = a cos Ai, at = cl cob As, az = cl cos As. 

By definition, cos Ai, cos As, cos As are the direction cosines 
of the line L on which PP' lies, when L is directed in the same 
sense as PP'. Hence ai, as, os are, themselves, direction com- 
ponents of the line L. We shall call them the direction com- 
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ponents, or simply, the components, of the directed line-segment 
PP'. _ 

When a = 1, that is, when PP' is of unit length, ai, aa be- 
come the direction cosines of the directed line L, or, as we shall 
say, the direction cosines of the unit directed line-segment PP'. 

Vectors. It is evident geometrically that two directed line- 
segments which lie on the same line, or on parallel lines, and have 
the same sense and the same length, have the same components. 
Conversely, if oti, aa, aa are three numbers, not all zero, there are 
infinitely many directed line-segments, in fact, one issuing from 
each point, which have ai, aa, oa as their projections on the axes. 
Each two of these directed line-segments have the same direction, 
the same sense, and the same length. 

It follows th^, in order to fix the position in space of a directed 
line-segment PP', we must know, not only its components oti, aa, 
da, but also the coordinates Xi, Xa, Xa of its initial point P. If 
the components alone are known, the directed line-segment is free 
to move throughout space, provided merely that it keeps the 
same direction and sense. The directed line-segment is then 
called a vector. In other words, whereas a directed line-segment 
has precise position as well as direction, sense, and length, a 
vector has only direction, sense, and length. It takes all six 
quantities Xi, xa, xa, ai, aa, a« to determine a directed line-segment, 
and only the three quantities ai, aa, aa (not all zero) to determine 
a vector. 

We shall call ai, aa, aa the direction components, or simply, 
the components, of the vector; a, its length; and cos Ai, cos Aa, 
cos Aa, its direction cosines. In short, we shall apply to vectors 
the terminology which we should naturally use for directed line- 
segments. 

In order that every number triple ai, aa, aa shall be the com- 
ponents of a vector, we introduce the null vector with the com- 
ponents 0, 0, 0. To distinguish other vectors from it, we shall 
call them proper vectors. 

The vectors, proper and null, which we have thus far discussed 
are known as free vectors. In addition to them, we shall have 
occasion to use fixed, or localized, vectors. A localized vector is 
a vector with fixed initial point, that is, a directed line-segment. 
If the initial point is P, we shall speak of the vector as localized 
at P, or, more simply, as a vector at the point P. 
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3. Parallel and perpendicular vectors. Consider now a num- 
ber of vectors a, P,y, • • •, with the components ai, a^, a$, ft, ft, 
fti yif 72 y ys, * * * » and think of them as being either all free vec- 
tors or all localized at the same point. 

We think of two vectors as parallel when they have the same 
direction, provided they are proper vectors. When one is the 
null vector, the definition is inapplicable, since the null vector 
has no direction. To cover this case, we extend the definition 
by agreeing to regard the null vector as parallel to every vector. 

If a is a proper vector and iS is a vector parallel to a, the com- 
ponents of are a multiple of those of a: 

(4) ft = kaiy ft = Ica2f ft = koz. 

According as j3 is a proper vector with the same direction as a 
or the null vector, k 9^ 0 or k = 0, 

Conversely, equations (4) say that jS is a vector parallel to a, 
the null vector if A; = 0, and a proper vector ii k 7^ 0. Hence, 
we have proved the proposition: 

Theorem 1. A necessary and sufficient condition that the vector 
P be parallel to the proper vector a is that there exist a constant k 
such that equations (4) are satisfied. 

In particular, if A; = ~ I; the same length as a but the 
opposite sense; and, if A; = 1, i9 is identical with a. 

Theorem 2. The two vectors a and p are parallel if and only if 

(5) a^Pz — azPz = 0, azPi — aift = 0, aift — azPi = 0. 

In proving the theorem, we distinguish two cases, according 
as a is, or is not, the null vector. 

If a is the null vector, equations (5) are obviously satisfied, 
on the one hand, and, on the other hand, a is, by definition, 
parallel to p. 

If a is not the null vector, it suffices to show that equations 
(5) are equivalent to equations (4). That equations (5) follow 
from equations (4) is clear. Vice versa, equations (4) follow 
from equations (5). For, since a is not the null vector, at least 
one of its components is not zero. If az ^ 0, for example, the 
first two equations in (5) may be solved for ft and pi, respectively. 
The resulting equations, ft - (fizlotz)ai, ft « {PzMaz, together 
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with ft = (ft/as) as, are then precisely equations (4), when 
k ^ ft/as. 

If we had not agreed to consider the null vector as parallel 
to every vector, the foregoing theorems would have been subject 
to exceptions which would later prove bothersome. 

If a and P are both proper vectors, the angle B between them, 
0 ^ ^ = IT, is given by the familiar formula: 


( 6 ) 


COS^ 


CtlPl + Ct2p2 + Qtaffs 

+ «i + ai MTW+Ji ’ 


The proper vectors a and p are, then, perpendicular if and 
only if aiPi + aajSs + asft = 0. Evidently, this equation is also 
satisfied if one of the vectors is the null vector. Accordingly, we 
agree to regard the null vector as perpendicular to every vector. 
We may, then, say: 

Theorem 3. The vectors a and P are perpendicular if and 
only if 

(7) otiPi + azft + oizPi = 0. 

We have found it expedient to regard the null vector as par- 
allel, and also perpendicular, to every vector. We shall also think 
of it as parallel, and perpendicular, to every line and every plane. 
We shall not, however, think of it as making an angle with any 
other vector, line, or plane, inasmuch as formula (6) is meaning- 
less if the length of either of the vectors in question is zero. 
Theorem 4. If the vectors a and p are not parallel^ then 


(8) ci2pz — OL 2 P 2 , ft — ttift, aift — a^i 

are the components of a proper vector which is perpendicular to each 
of them. 

Since a and P are not parallel, the expressions (8) are, according 
to Theorem 2, not all zero, and hence are the components of a 
proper vector. That this vector is perpendicular to each of the 
vectors a and p may be proved by application of Theorem 3. 

In this connection we note the identity of Lagrange: 


( 9 ) (aa^a — oaft)* + (03/81 -* oift)* + (aA oa/Ji)* 

= (of + af + o^)(Pi + P2 + PD “ (01/81 + oaft + os^i)’. 
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which is readily verified by expanding and comparing the two 
members. 

Unit vectors. The vector a is a unit vector, that is, a vector 
of unit length, if and only if 


oti + al + al = 1 . 

The components ai, as are, then, actually the direction cosines 
of the vector. 

If a and P are unit vectors which are mutually perpendicular, 
^ H“ ^2 + ftlld aiPi + 0202 + = 0. 

Then the right-hand member of Lagrange’s identity is equal to 
unity, and hence the vector with the components (8) is a unit 
vector. This result we may state as follows: 

Theorem 5. If a and 0 are mutually perpendicular unit veo 
tors, then 

(10) 7i = aj/3s — oaft, 72 = ~ 78 = ofift “ oLiPi 

are the components of a unit vector, y, which is perpendicular to 
each of them. 

There is, of course, a second unit vector perpendicular to both 
a and 0 , namely, the vector with the components —71, —72, —73. 
We sljall call this the vector —7. 

The three vectors a, 0 , 7 of Theorem 5 are mutually perpen- 
dicular unit vectors. We shall say that they have, in the order 
given, the same disposition as the coordinate axes if, after they 
have been localized at a point, there exists a rigid motion which 
carries a into OXi, 0 into OX2, and 7 into OXz, where OXi, OX2, 
0X2 are the unit vectors at the origin of coordinates in the posi- 
tive directions of the axes of Xi, X2, Xs. 

Consider, in addition to the triple of vectors a, 0 , 7, the triple 
Only one of these two ordered triples can have the 
same disposition as the axes. This will be the triple a, 0 , 7 or 
the triple a, 0 , —7 according as, after a and 0 have been varied 
continuously so as to become respectively OXi and OX2, it is 7 
or ~7 which then becomes OXt. But, when a and 0 have re- 
spectively the components 1, 0, 0 and 0, 1, 0, it is 7 which has 
the components 0, 0, 1, as may readily be verified by means of 
formulas (10). Hence, it is the triple a, 0 , 7 which has the same 
disposition as the axes. 



INTRODUCTION 


This result we may state in the following way. 

Theorem 6. If a, fi, y are three mvtuaUy perpendicular unit 
vectors which harcj in the order given, the same disposition as the 
axes, then 

(10) 7i = 7* = oj/Ji — ai 0 t, 7s = aA — aafii- 

4. Algebra of number triples. The numbers with which we 
have been dealing, the coordinates of points and the components 
of vectors, appear in the form of ordered triples, and certain com- 
binations of these triples enter frequently. It will be worth 
while to give to these combinations names, and to discuss their 
properties. In this connection we shall call a single number, to 
distinguish it from a triple of numbers, a scalar. 

The two ordered triples of numbers a: (ai, os, Os) and b: (bi, ba, bs) 
are identical if and only if a< = bi (i = 1, 2, 3). More often 
than not we shall write, instead of these three equations, the 
single S3rmbolic equation a = b. Similarly, we shall use the sym- 
bolic equation a = 0 to stand for the three equations Ui = 0 
(i = 1, 2, 3) which say that the triple a is the triple (0, 0, 0). 

The scalar aibi + oA + O363 is known as the inner or scalar 
product of the two triples a and 6. It shall be denoted by (a|&), 
— read ‘‘a into 6”: 

(11) (tt|6) = aibi + Otbi + Gabs. 

Evidently, 

(b|a) = (a|6), 

and 

(o|o) = oj + ai + oi. 

The triple of two-rowed determinants 0*63 — <hba, ajfh — Oiba, 
aibt — ajbi is called the outer or vector product of the triples a and 
b. We represent it by the symbol a 6, — ^read “o b with a roof': 

(12) a b : (jajbz — Oaba, ajbi — Uibg, aA — Uibi)* 

Here, 

b a = — a b, a a 0. 

The first of these equations stands for the t hre e equ^ons which 
state that the corresponding components of b a and a b are nega- 
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tives of one anotW. Similarly, the second equation is symbolic 
for the fact that a a is the triple (0, 0, 0). 

The determinarU 




at 

bi 

Cl 

(13) 

(a be) = 

a* 

bt 

C2 



Os 

b» 

Ca 


is a combination of the three number triples a, b, c. 

A fundarnerdal relation. The development of the determinant 
(a be) according to ^ signed minors of the c’s is the scalar 
product of the triple a b with the triple c: 

(ab c) = (a 6|c). 

For, the signed minors of ci, C2, ca are preciselj^he components 
Osbs — 0362, dzbi — aibz, ai^a — 0261 of the triple a 6, and hence the 
development of (a b c) according to them is 

(a 6 c) *= (0263 — Ua6»)ci + (0361 0163)02 + (0162 — 0*61)03 

= (o6|c). 

Similarly, (o 1 6 c) is the^evelopment of (a 6 o)_^y the signed 
minors of the o’s: (o|6c) = (06c). Also, (co|6) = (cab) 
= (06 c). Hence, 

(14) (a be) = (a6|c) = (ca|6) = (a\bc). 

5. Applications to vectors. The results of § 3 may now be put 
in a strikingly simple form. 

The vector a, with the components ai, a*, as, is a unit vector 
if and only if (a|a) = 1. 

The angle 6,0 ^6 ^ t, between the two proper vectors a and 
P is given by 

(a|/?) 

cos 6 . I . — ~ ] , 

V(a|a)V(j8l^) 

or, if the vectors are unit vectors, by 

co8(? = (a|jS). 

The vectors a and are perpeni^ular if and only if (a | /)) <>0. 
They are parallel if and only if a d = 0; in particular, if ct is a 
proper vector, 0 is parallel to a when and only when a scalar k 
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exists so that fi =‘ Jpa^ where i a is the vector whose components 
are k times those of a. 

If a and 0 are not parallel, a proper vector perpendicular to 
them and all the vectors perpendicular to them are given 

hy k a p, where k is an arbitrary scalar and kafi is the vector 
whose components are k times the components of a jS. 

The foregoing statements cover Theorems 1-4 of § 3 . The- 
orems 5 and 6 say_J*hat, if a and are mutually perpendicular 
unit vectors, y = a fiis the unit vector perpendicular to each of 
them and so Oriented that a, y have the same disposition as 
the axes. But, then, these vectors, arranged in the order p, 7, a, 
also have the s^e disposition as the axes, and hence a » jS 7. 
Similarly, P — y a. Thus, the theorems in question may be ex- 
tended, as follows: 

Theorem 1 . If a, P, y are mvJtually perpendicular unit vectors 
which have, in the order given, the same disposition as the axes, then 

( 15 ) a = Py, p = ya, 7 = 

Since a'p = y, we have 

(aPy) = (,aP\y) = (7I7) = 1 . 

On the other hand, if a, p, 7 ^d the disposition opposite to that 
of the axes, we should have a = — 7, and (a P 7) would have 
the value — 1 . In other words: 

Theorem 2. A necessary and sufficient condition that the three 
mutually perpendicular unit vectors a, P, 7 have, in the order given, 
the same disposition as the axes is that {a P y) = 1 . 

We turn now to some propositions of a different type. 

Theorem 3 . The three vectors a, p, 7 are parallel to a plane 
if and only if {aPy) = 0. 

If a, p, 7 are parallel to a plane, a p is a vector perpendicular 
to the plane, and hence perpendicular to 7. Therefore {aP\y) 
= 0 and so (a 7) = 0. 

^uppos^ conversely, that (a ^7) =0 or (aj3|7) = 0 . If 
a P 9^ 0 , a P is a proper vector perpendicular to 7, as well as to 
a and P, and_bence a, j 9 , 7 are parallel to any plane perpendicular 
to a / 9 . If a i 9 = 0 , a and P are parallel vectors and a plane 
parallel to one of them and 7 is parallel to the other. 
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Thbobem 4. The vectors a, y are parallel to a plane if and 
only if scalars k, I, m, not aU zero, exist so that 

(16) ifca + Z/3 + my = 0. 

For, the three equations for which (16) is symbolic are homo- 
geneous linear equations in k, I, m and have a solution for A, I, m, 
other than the solution 0, 0, 0, when and only when the deter- 
minant of their coefficients vanishes. But this is the determinant 
{a Py), whose vanishing is the condition that the three vectors 
be parallel to a plane. 

Corollary. If the vectors a, P, y are parallel to a plane and 
a and p are net parallel to one another , then scalars A and B exist 
so that 

(17) y = Aa + Bp. 

The vector y is then said to be a linear combination of the 
vectors a and p. 

It is evident that, if the scalar m is not zero, the symbolic 
relation (16) can be rewritten in the form (17) by dividing each 
of the equations for which it stands through by m and setting 
— A;/m = A and — Z/m = B, But, if m were zero, the relation 
(16) would become fca == —ip and would say that the vectors a 
and p were parallel. Thus, the corollary is established. 

Theorem 5. If a, p, y are three vectors which are not parallel 
to a plane and S is an arbitrarily chosen vector^ three scalars, A, B, 
C, exist so that 

d = Aa Bp -f- Cy. 

The theorem says that any vector can be written as a linear 
combination of three given vectors which are not parallel to a 
plane. We prove it by writing down the three equations 

oti Pi 7i 
«i ft 7i 
as ft 7i 
ft 7a 

whose validity follows from the fact that the first row in each 
of the three determinants is identical with a subsequent row. 
When each determinant is expanded according to the minors of 


Bi 

^ = 0, * = 1, 2, 3, 

Bt 
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the elements in the first row, we have 

08 y 5)a< — (a 7 5)j8< + {a h)yi — (a j8 7)5,* = 0, f = 1, 2, 3. 
Hence, we obtain the s 3 rmbolic equation 

(18) (a P y)h = (/3 7 B)ot + (y a B)P + (a P B)y, 

which, since {aPy) 0, establishes the theorem. 

6. The algebra of triples, continued. If X; is a scalar and a 
is a triple, we shall mean by ha the triple kai, ka%, has. And, if 
a and b are triples, we shall mean by a + b the triple ai + &i, 

Oi + ba, as + bs. 

It is readily verified that (a | b), a b, and (a b c) obey the follow- 
ing fundamental laws: 

(J^b) = Ka\b), (a + b|c ) =J^\c) + (b|c), 
kab — kabf a + bc = ac + bc, 

(ka be) = k{a be), (a + bed) — {aed) + {be d). 

As applications of these laws, we have, for example, 

(ka + Zb|c) = (A;a|c) + (ib|c) = k{a\c) + /(b|c), 

{ka + lh\ka + ») = k?{a\a) + 2A;Z(aib) + Z»(b|b), 
ka + }b + me d = kad~\-lbd’\-med, 

where k, I, m are scalars and a, b, e, d are triples. 
_Th^generalized iderdUy of Lagrange, The scalar product 
(a 6 |c d) of the vector products a b and c d can be expressed in 
terms of simple scalar products. We have, in fact, the identical 
relation: 

(19) (TblTd) « (a|c)(b|d) - (a|d)(b|c), 

which may be verified by expanding and comparing the two 
members. 

When e = a and d » b, the relation reduces to the identity of 
Lagrange, namely, 

(20) (^r^) = (a|o)(b|b) - (alb)*. 

_For simplicity, we shall usually suppress the “rOofs” in 
(abjed) and (abjab) and write merely (ab|cd) and (ab|ab). 
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<a~iderdities. If the scalar product of a given triple a and an 
arbitrary triple w vanishes for every choice of the triple «: 

(21) (a| «) = 0 or + 0^(02 + = 0, 

the components of the triple a are all zero. For, since (21) holds 
for every triple w, it holds for = 1, C02 = 0, wz = 0, and hence 
fli = 0. Similarly, oa = 0, and 03 = 0. 

The first of the following theorems follows directly from these 
considerations and the second is a consequence of the first. 

Theorem 1. A necessary and sufficient condition that Oi, 02 , as 
he the triple 0, 0, 0 is that (a | o) = 0. 

Theorem 2. The triples a and b are identical if and only if 
(a|o,) ^ (6|co). ^ 

To evaluate the vector product a 6 c of the triple a b with the 

triple c, we first simplify the scalar product (a 6 c | w) of a 6 c with 
the arbitrary triple «. We have 

(abc\o)) s (flbcd)) = (a6|c w) = (a|c)(6|w) — (6|c)(a|w), 
or 

(abc\o}) = ((a|c)6— (6|c)a|w). 

Hence, by Theorem 2, 

(22) abc = (a|c)6 — (&|c)a. 

According to § 5, Theorem 4, this symbolic equation tells us 
that, if o, 5, and abc are proper vectors at a point, the vector 

abc lies in the plane of the vectors a and b. How may this be 
proved geometrically? 

It is evident from the deduction, in § 5, of the symbolic equa- 
tion 

(23) (b c d)a — (a c d)b + (a fe d)c — (a fc c)d = 0, 

that this equation is an identity in all four triples a, 6, c, d. 
From it we obtain, by scalar multiplication by the triple c, the 
identity 

(24) (6cd)(a|6) — (acd)(b|e) + (o6d)(c|e) — {abc){d\e) = 0 
in the five triples a, 6, c, d, e. 
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EXERCISES 

1. Verify the fundamental laws for (a|5), a and (a h c). 

2. Verify tl^applications which are given of these laws. 

3. Express a & c as a linear combination of b and c. 

4 . Show that (a bled) = (abed). Simplify (a be d), and (abed), 

5. Prove that 

(abode) = (aed)(b\e) — (bed)(a\e) = (abd)(e\e) — (abe)(d\e). 

6. Express the vector product of a 5 and c d as a linear combination of i) 
a and b; ii) c and d. 

7. Find an expression for the length of the vector afiy. 

8. Determine analytically and geometrically a proper vector which is 
parallel to the plane of the two nonparallel vectors a and fi and is perpendicular 
to a, 

9. Give a precise geometrical interpretation of the vector afiy, assuming 
that a and /3 are nonparallel vectors. 

10. Let a, /9, 7 , 6 be proper vectors at a point P not all lying in the same 
plane. Determine a proper vector at P lying on the line of intersection of the 
plane of a and fi and the plane of y and 6. 

11. li Xy yj z are triples whose components are functions of a parameter 
and x'y for example, denotes the triple of derivatives with respect to t of the 
components of the triple x, show that 

^ (i|y) = (x'\y) + (,x\y'), ■^xy = x^ + xy'. 

Obtain a similar expression for the derivative of the determinant (xyz), 

7. Applications to solid anal 3 rtic geometry. Let there be 
given at the point P: (xi, X2, Xs) three mutually perpendicular 
unit vectors, a, y, which have the same disposition as the axes, 
and consider with reference to them the point Q: (2/1, 1/2, 2/3). 
Suppose that P is connected with Q by a broken line whose seg- 
ments are parallel respectively to a, jS, 7, and denote the alge- 
braic lengths ofthese segments, referred to the positive senses of 

Py 7> by A, By C; see Fig. 2 . The projections on the axes of 
the broken line are then Aai + BPi + Cyi (i = 1 , 2 , 3 ). But 
these projections are equal respectively to the corresponding 
projections, 2 /t — Xi (i = 1 , 2 , 3 ), of the directed line-segment 
PQ. Hence, we have, symbolically, 

(25) y X + Aa + Bp + Cy. 

For example, if Q is the point on the line of the vector which 
is at the algebraic distance r from P, where r is positive or nega- 
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live according as PQ has the same sense as or the opposite 
sense, then 

(26) y = x + rp. 

We remark, incidentally, that, 
if we think of the lines of the 
vectors a, jS, 7, directed in the 
same senses as the vectors, as 
constituting a new system of 
coordinate axes, then (A, R, C), 
or in the particular case (0, r, 0), 
are the coordinates, referred to 
these axes, of Q. 

The equation of the plane 
through the point r: (n, ra, rs) 
with ai, oa, at as direction com- 
Fio. 2 ponents of the normals, namely 

ai(xi - ri) + Oiixt - ra) + at(xt - u) 0, 

can be written in the condensed form 

(x — r|a) = 0. 

The distance D from the point y: (^i, yt, yi) to this plane is 
(27) 

a\a 

where, for the sake of simplicity of notation, we have written 
a|a under the radical sign instead of (a|a). 

The straight line through the point r: (n, ra, rs) with the direc- 
tion components ai, oa, at is represented parametrically by the 
equations 

a;i « n + ai<, Xa = ra + aa<, Xi = rs + orf, 
or by the single symbolic equation 

X = r + (rf. 

The square of the distance d from the point y: (yi, ys, yt) to 




this line is 
(28) 
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(r-y a r-y a) 

^ (TS) 

For, the square of the distance S from the point {yi, yt, yt) to an 
arbitrary point (xi, xi, x») on the line, namely 

5* = (a: - y(i - y) = (r - y + a/(r - y + at), 
or 

(29) «• = (r - y|r - y) + 2(r - y|o)« + (o|o)?, 

is a minimum for the value of t which satisfies the equation, 

2(r - y|a) + 2(a|o)< = 0, 

obtained by equating to zero the derivative of 6* with respect 
to t. And, it is readily shown that, for this value of i, (29) re- 
duces to (28). 
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SPACE CURVES 

8. Parametric representation. There are two methods of rep- 
resenting a space curve analytically, either as the intersection of 
two surfaces or by means of a parametric representation. The 
latter method is better suited to our purposes. 

The straight line through the point (n, rj, rj) with direction 
components ai, 03, as has the parametric representation: 

(1) Xi = ait + n, Xt = ast + rj, Xs = a^ + rs. 

The circle in the (xi, X2)-plane whose center is at the origin 
and whose radius is a has the parametric equations 

(2) Xi = 0 cos <, Xi = a sin t, Xs = 0. 

The equations 

( 3 ) Xi = o cos t, Xt = a sin t, xs = kt, k 0 , 

represent parametrically the curve of the thread of a cylindrical 
screw, traced on the circular cylinder obtained by drawing the 
lines through the points of the circle (2) parallel to the xs-axis. 
This curve is known as a circular helix. It furnishes a familiar 
example of a space curve which is twisted, that is, which does not 
lie in a plane. 

Another example of a twisted curve is the twisted cubic: 

( 4 ) Xi = at, Xt = bt^, Xs = ct^, abc ^ 0 , 

which takes its name from the fact that it is cut by a plane, in 
general, in three points, real or imaginary. 

In the case of the straight line (1), there is just one point P 
of the line corresponding to a given value of t, and just one value 
of t corresponding to a given point P. We express these facts 
by saying that there is a one-to-one correspondence between the 
values of the parameter t and the points of the line. 

16 
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The parameter t has, then, the nature of a coordinate: when 
t is given, *a unique point P on the line is determined, and, when 
a point P on the line is given, t is uniquely determined. Accord- 
ingly, we shall call t a coordinate on the line. 

The parameter t of the circular helix (3) or the twisted cubic 

(4) may also be thought of as a coordinate on the curve in ques- 
tion. In each of these cases, the parametric equations establish 
a one-to-one correspondence between the points of the curve and 
the values of L 

Equations (2) do not establish a one-to-one correspondence 
between the values of t and the points of the circle which they 
represent. There is a single point P of the circle corresponding 
to a given value of t But there are infinitely many values of t 
which determine a given point P of the circle; if fo is one of them, 
the others are U ± 27r, dt 4^, and so on. However, if the 
parameter t is restricted to the interval 0 ^ t < 27r, i is uniquely 
determined when P is given. 

Consider, now, the three equations 

(5) Xi — X 2 “ Xs — x^it^f 

where Xi(t)j X 2 (t)j X 3 {t) are three functions of the real variable t 
which we might, had we wished, have denoted by, 8ay,/(0, 0(0 » 
0(0. Assume that Xi(t)y X 2 {t), Xz{t) are real, single-valued func- 
tions of t which are defined in a certain interval of values of t 
and are analytic in this interval, and rule out the case in which 
all three functions are constants. Then equations (5) represent, 
certainly, a space curve. 

Since xi(0, 2^2(0; ^^3(0 are single-valued functions, a given value 
of t determines just one point of the curve. If necessary, we 
restrict the interval of values of t so that, vice versa, there is a 
unique value of 1 3delding a given point on the curve. Equations 
(5) then establish a one-to-one correspondence between the points 
of the curve and the values of t in the new interval, T, and ^ is a 
coordinate on the curve. 

The demand that the functions in (5) be analytic in the inter- 
val T means that they are not only continuous in T, but have 
continuous derivatives of all orders. It means, further, that they 
may be represented in a neighborhood of an arbitrary but fixed 
point of T by power series, known as Taylor’s series. 
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In the latter connection it is worth while to be more explicit. 
Let < I>e an arbitrarily chosen, but fixed, point in T; let xi, xt, Xg 
be the values of the functions for this point i; xi, xi, the values 
of their first derivatives for the point t; xi', x'i, xi', the values of 
their second derivatives for the point t; and so on. Then, if 
Vi, 1/2, yz are the values of the functions for the point t + t, that 
is, if 2/1 = Xi{t + t), yt = xt{t + t), yg = xg{t + r), the three 
series, 

2/1 = + x',r + + xi"^^+ . . 

( 6 ) yz = X2 + x'gT + x' 2 ' + x' 2 " ^ + • • • , 

yt = xt + *Jr + ar. £+ + • • •, 

converge and have the values yi, y%, yz for all values of r which 
are numerically smaller than a properly chosen positive constant. 

If P: {xi, X2, Xg) is the point of the curve (5) with the coordinate 
t, the point P': (2/1, yz, yz) with the coordinate < + r is said to be 
a point in the neighborhood of P if r lies in the common interval 
of convergence of the power series (6). The neighborhood of P 
may be quite extensive, and may, indeed, include the whole 
curve. Any part of it which contains P we shall call a neighbor- 
hood of P and any point in it we shall refer to as a point neigh- 
boring to P. 

If equations (5) happen to be equations (1) subject to the 
restriction that t lie in the interval 0 ^ ^ 1, they represent 
only a line-segment. Thus, parametric equations may define 
only a portion of a curve. We agree, however, always to speak 
of a curve and not of a curve-segment. 

9. Regular curves and regular parameters. A space curve 
which admits a representation by equations of the form (5), 
where the functions are subject to the conditions prescribed, is 
known as an analytic space curve. 

An analytic space curve for which there exists a representation 
by functions X\{t), xg{t), xgif) whose first derivatives, Xu 
never vanish simultaneously is called a regular analytic space 
curve, and the parameter t in terms of which it is thus represented 
is known as a regular parameter. 
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If the first derivatives of the functions in (5) all vanish for a 
certain value of t, we cannot conclude, without further investi- 
gation, that the analytic curve represented by equations (5) is 
not regular. It may be that it is the parameter t, and not the 
cxirve, which fails to be regular. This is the fact in the case of 
the curve Xi = X 2 = <*, Xz = for this curve is equally well 
represented by the regular parametric equations, xi = t, X 2 = 
xz = On the other hand, the curve x\ = x^ = i®, Xz = 
though analytic, is not regular; it is impossible to find for it a 
regular parametric representation. 

We shall assume always that equations (5) define a regular 
analytic curve expressed parametrically in terms of a regular 
parameter. Instead of these equations we shall ordinarily write 
the single symbolic equation x = x{i). Similarly, we shall use, 
in place of the triple of derivatives x[y xj, x'^, the symbolic deriva- 
tive X*, and, in place of equations (6), the symbolic equation 

(7) y = x + + + ... . 

Change of parameter. Consider the relation t = f{u)y where 
f(u) is a real, single-valued, analytic function in an interval, C/, 
of values of the real variable u, and assume that the values of t 
obtained when u takes on all the values in U lie in and exhaust 
the interval T defined on p. 17. Then, the equations obtained 
from (5) by substituting /(w) for t constitute a new representation 
of the curve. 

Since the new parametric equations, x = x{u)y result from 
x = x{t) by setting t = /(w), we have x{u) = x{t)y where t = f(u). 
It follows that x' = /'(u)x', where x' = dxjdu and x' = dx/dt. 
Consequently, since x' 9 ^ 0 by hypothesis, a necessary and suffi- 
cient condition that x' 9 ^ 0, that is, that xj, xj, xj never vanish 
simultaneously, is that f(u) does not vanish. Thus we have 
proved the proposition: 

Theorem 1. If t is a regular parameter y then u is a regular 
parameter if and only if dtidu never vanishes. 

From analysis we know that the demand that dtjdu never 
vanish in the interval U means that the function u = 4 >{t)y which 
is the inverse of the given function t = /(w), is single- valued and 
analytic in the interval T. 
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Since the given function and its inverse are single-valued, there 
is established a one-to-one correspondence between the values of 
^ in r and the values of u in C7. Hence, there is a one-to-one 
correspondence between the values of u in U and the points of 
the curve, and w is a coordinate on the curve. 

A characterization of regular curves. At a point P of the curve 
X = x{f)y at least one of the derivatives, x\y xj, Xg, is not zero. 
If xl, for example, is not zero at P, it follows, since x[{t) is a con- 
tinuous function, that there exists a certain neighborhood of P 
at every point of which xj is not zero. Consequently, by Theo- 
rem 1, Xi is a regular parameter for this piece of the curve: there 
exists for the piece a representation of the form Xi = xi, X2 = /(xi), 
X3 = 0(xi), where /(xi), ^(xi) are single- valued, analytic functions 
of 0:1. 

The converse is also true. Hence, an analytic curve is regular 
if and only if, at each point of the curve, at least one of the coor- 
dinates Xi, X2, X3 is a regular parameter for a certain neighborhood 
of the point. 

EXERCISES 

1 . Show that the curve Xi = tfX2 = t\ xz = lies on each of the parabolic 
cylinders X2 = xf, Xj = x|, and on the quartic cylinder X3 = x}. Determine 
the complete intersection of each two of these surfaces. 

2. Show that the curve 

Xi = a sin® t, X2 = a sin t cos t, X3 = a cos t 

lies on a sphere, a circular cylinder, and a parabolic cylinder, and is the com- 
plete intersection of any two of these surfaces. 

3 . Write a parametric representation of the curve in which the circular 
cylinder xf -1- x| = a® meets the hyperbolic paraboloid 2 X1X2 = 0x3. 

10. Length of arc. The dimtion along the curve 
(8) X = xif) 

in which the curve is traced when the parameter t increases is 
called the positive direction along the curve, and the opposite 
direction, the negative direction. 

Let Po, with the coordinate io, be a fixed point of the curve 
and lot P, with the coordinate i, be an arbitrary point so chosen 
that the direction from Po to P along the curve is the positive 
direction. Mark on the arc PoP the succession of points Pi, P2, 
• • • , Pn-i and draw the chords PoPi, P1P2, • • • , Pn-iPn, where 
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Pn is P. Then the limit of the length of the broken line con- 
sisting of these chords, when n becomes infinite so that the length 
of the longest chord approaches zero, exists and is defined as 
the length of arc, s, of the curve from Po to P: 


(9) = lim L ^t-iP<. 

fl-+ao 1=1 

As a matter of fact, it can be shown, by the Integral Calculus, 
that 


( 10 ) 



= 



If we had taken P so that the direction along the curve from 
Po to P was the negative direction, we should have inserted a 
minus sign on the right-hand side of (9). The length of arc is, 
then, positive or negative according as it is measured in the 
positive or negative direction along the curve. 

Formula (10) gives the correct result in both cases, for the 
integral is positive or negative according as < > <o or < < tz. 
From (10) we have 

(11) ds = dt. 


Since dx = x'dt, {dx | dx) = (x' | x')d(^y and hence 


(12) ds^ = {dx\dx) — dxi + dxl + cb§. 

Equation (10) defines s as a function of s = /(<). This 
function is analytic, and, since {x'\x^) is never zero, its first 
derivative, dsjdt, never vanishes. The inverse function t = 
is, then, single-valued and analytic and its first derivative is 
never zero. 

Hence, we may set t = <t>(s) for t in (8), to obtain a parametric 
representation of the given curve in terms of the arc s. In other 
words, 5 is a regular parameter for the curve. 

It is therefore conceivable that the parameter t is itself the 
arc of the curve, measured from a suitable point. This is the 
case if and only if (x' | x') is constant and equal to unity. 

Theorem 1. A necessary and sufficient condition that t he the 
arc of the curve is that 

(13) 


(x'|x') s 1. 
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We are now in a position to prove the important proposition; 
Theorem 2. If P' is a point on the curve neighboring to the 
point P, the ratio of the chord PP' to the arc PP' approaches unity 
when P' approaches P along the curve. 

Let the curve be represented in terms of the arc as parameter 
(or coordinate), and let P and P' be the points with the coordi- 
nates s and s + a, respectively. Then the (directed) arc PP' is a. 

Emplo 3 dng Taylor's series, we write symbolically, for the co- 
ordinates (yi, 1 / 2 , 2/3) of P', 

(14) = + + + 

where x, x', x", • • • are symbolic for the values of the functions 
x{s) and their derivatives at the point P. 

For the chord length PP' we have: 

PP"^(y-x\y-x) (x'c + x"^^+ .|xV + x"J+ •), 
or 

(15) PF^ = (x' I xO<r* + (x' 1 x")«r* + • • • . 

Hence 

(^) = (»'!»') + ix'\x'')<r H , 

and 



But (x'|x') = 1, by Theorem 1, and the proof is complete. 

In deducing (15), we squared each of the three power series 
represented by (14) and added the resulting power series term 
by term. Though the justification of these operations is of prime 
importance to us, it belongs in a course in analysis. Accord- 
ingly; we content ourselves, here and later, with the knowledge 
that we can safely do anything with power series, within their 
domains of convergence, that we can do with polynomials. 

Es^ample 1. In the case of the circular helix (3), the triple x^ 
has the components —a sin /, a cos k. Hence, (x' | x') = o* -h fc*, 
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and the arc, s, measured from the point for which t = 0, is 


s = 



+ k^dt = ^la‘ + kH. 


Hence, t = s/Va* + k^, and parametric equations of the curve, in 
terms of the arc as parameter, are 


xi = a cos (sl^a^+h^), X 2 = a sin (s/Va^+Zc*), Xi = {ks)/>Ia^+k^, 


Example 2. For the twisted cubic Xi = 6 X 2 = 3 Xs = i®, 
it may be shown that (x' | x') = (3 + 6)*, and hence that the 

arc 5, measured from the point t = 0, is: s = + 6 t. It follows 

that 

t = + -^(s/2) - V(s/2)» + 8, 


and substitution of this value of t in the equations of the curve 
would yield a representation of the curve in terms of the arc as 
parameter. 

Example 3. For the general twisted cubic (4), we find that 


s = 



+ 4 bH^ + 9 cH^dL 


This integral is, in general, an elliptic integral and cannot be 
evaluated in terms of the elementary functions. 

The last two examples teach us that the introduction of the 
arc as parameter, though always possible and theoretically of 
great value, is in the case of particular curves seldom practical 
or of advantage. 


11. The derived vectors. In the future, in order to avoid 
ambiguity, we shall distinguish between derivatives with respect 
to t and derivatives with respect to s by attaching a subscript s 
to the latter derivatives. Thus, x'g shall mean the triple of first 
derivatives of the functions x with respect to 5 , whereas x" shall 
denote the triple of second derivatives of the functions x with 
respect to t. 

The triple x'(t) defines a vector, the vector with the compo- 
nents Xi{t)y X 2 {t)i a;J(0. This vector we think of as localized at 
the point P of the curve whose coordinate is Similarly, we 
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may interpret x", x'", • • • and xj, xj', xj", • • * as vectors at the 
point P. 

Since we have assumed that x{, xj, xj do not vanish simul- 
taneously for any value of ty the vector x' is a proper vector at 
every point of the curve. 

It is evident, from Theorem 1 of § 10, that 

(16) {x[\x[) ^ 1. 

Differentiating this identity with respect to s, we obtain the new 
identity: 

(17) (xi|x;') ^ 0. 

By means of (16) and (17), it is readily verified that 

(18) {<x^'\x[x7) - (xj'lxn. 

Equations (16) and (17) tell us that the vector xj is of unit 
length, and that the vector xj' is perpendicular to the vector xj. 

12. Tangent line. The tangent line at a point P of a curve 
is the limiting position of the secant joining P to a neighboring 
point P', when P' approaches P along the curve. As the positive 
direction on the tangent we take that direction which coincides 
at P with the positive direction on the curve. We then direct 
the secant PP' so that the directed tangent will be the limit of 
the directed secant. This means, evidently, that the secant is 
to be directed from P to P' or from P' to P according as the 
direction along the curve from P to P' is the positive or the nega- 
tive direction. 

The points P and P', corresponding respectively to the values 
s and s + As of the arc, have the space coordinates (xi, X 2 , Xa) 
and (xi + Axi, X 2 + Ax 2 , Xz + Axa), where Axi, Ax 2 , Axa are the 
increments of Xi, X 2 , Xs which correspond to the increment As of s. 
The direction cosines of the directed secant PP' are, then, 

, Axi Axg Axs 

^ ppf * ^ P P' ' ^ PP' ^ 


where the upper, or the lower, signs are to be taken according 
as As > 0 or As < 0. But 


Urn 

As— *>0 


\ PP / A5-M) As 




t \y^y 3. 
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Hence the direction cosines of the directed tangent, which we 
shall denote by ai, a 2 , as, are 

dxi dx2 dxs 

“*=dF’ 

or, symbolically, 

( 19 ) a = x;. 

When the curve is defi ned p arametrically in terms of an arbi- 
trary parameter t, ds = Vx' | x' dt and therefore 

, dx dt _ x' 
dt ds I 


Thus, the expression for a in terms of derivatives with respect 
to the parameter i is 


( 20 ) 


x^ 

Vx'lx' 


The vector a at the point P is a unit vector which lies on, and 
has the same sense as, the directed tangent. We shall call it 
the tangent vector at P. 

The assumption that x' is never zero implied in § 10 the possi- 
bility of introducing the arc as parameter throughout the entire 
extent of the curve. It implies here the validity, at every point 
of the curve, of the foregoing theory of the tangent line. 

Example. For the circular helix (3), x' has the components 
— a sin t, a cos k and (x'|x') = + k^. Hence, the direction 

cosines of the tangent at an arbitrary point P, as given by (20), 
are readily written down. In particular, as has the value 
and so is constant. But as is the cosine of the angle 
which the directed tangent at P makes with the ruling of the 
cylinder which passes through P. Hence, the helix cuts the 
rulings of the cylinder under a constant angle. 

It is convenient to introduce this angle, dy in place of the 
constant k. From cos 6 = kj^d?' + k^, it follows that k = a cot 6. 
Hence, the parametric equations of the curve become 

Xi = a cos ty Xi = a sin /, xs = a cot Ot, 

and ai, a 2 , as have the values —sin 6 sin t, sin 6 cos t, cos $. 
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EXERCISE 

Find the pointa in which the twisted cubic of § 10» Example 2 , meeta the 
plane 

Xi + 4 Xj - 6 ii - 12 - 0 

and the angle at which it cuts the plane at one of the points. 

13. Contact of the tangent line with the curve. According to 

(20) , the tangent line at P: (xi, x*, Xa) has the direction com- 
ponents xj, xi, xj. Hence the distance to it from a point P'; 
(Ph ytf Vi) on the curve neighboring to P is given by the for- 
mula (§ 7) 

„ (x'y - x\x'y - x) 
ix'\x') 

If t and t + T are the coordinates of P and P', 

ThenJ 

x' y - X = + • • • , 

and 

(21) (x' I x')d‘ = (x' x" I x' x") ^ + • • • . 

If (x'x" I x'x") ^ 0 at P, that is, if x' x" 0 at P, (P is an 
infinitesimal of the fourth order with respect to t. But t and 
the arc PP', or As, are infinitesimals of the same order, since 
lim (As/t) = dsldt ^ 0. Thus, d is an infinitesimal of the sec- 
ond order with respect to the arc PP'. We say, then, that the 
tangent line at P has contact of the first order with the curve. 

It follows from (21) that the tangent line at P has contact of 
at least the second order with the curve, that is, that d is an 
infinitesimal of at least the^hird order with respect to the arc 
PP', when and only when x' x" = 0 at P. 

If the tangent line at every point has contact of at least the 
second order with the curve, the curve is a straight line. For, 
if x' x" s 0, then at every point of the curve the vector x" is 
parallel to the vector x'. Hence, since x' is always a proper 
vector, a scalar function f(t) exists so that 
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or 


Integrating, we have 

log x' = J'f(t)dt + log a or x' = ae^ 
where a is a triple of constants. Hence 

X = + r, 

where r is a second triple of constants. But this S3rmbolic equa- 
tion, when the scalar function in the parenthesis is replaced by 
the new parameter u, becomes 

(22) X = au + r, 

and therefore represents a straight line. 

Conversely, if x = x(t) represents a straight line, then x"^'' 
s 0. For, every parametric representation of the arbitrary line 
(22) is of the form x == a<t>{t) + r, where 0(<2 j 8 a scalar ^nction 
of t. Now x' = a, x" = <^"(0 a, and x' x" = <t>'<t>^'a a ^ 0, 
We have thus proved the important proposition: 

Theorem 1. A necessary and syffieieni condition that the curve 
X = x{t) be a straight line is that x' x" = 0. 

According as x' x" 5*^ 0 or = 0 at a point of a curve, not a 
straight line, we shall call the point a regular point or a singular 
point. In the next few paragraphs, we shall restrict ourselves 
primarily to regular points. 

Closely connected with Theorem 1 is the following theorem 
which we shall find useful later. 

Theorem 2. A necessary and sufficient condition that all the 
vectors of the one^parameter family of proper vectors defined by the 
symbolic equation a = a{t) have the same direction is that a a' sQ. 

If the vectors all have the same direction, the vectors a = a{t) 
and a + = a{t + At) are always parallel: a a + Aa = 0. 

Hence, a Aa s 0, or a Aa/At = 0, and therefore a a' s 0. 
Conversely, if a a' s 0, a scalar function f{t) exists so that 
* /(Ofl- Hence, a = 4>(t)c, where c is a triple of constants 
and log 0(0 = ff{i)dt. Thus, the vectors a(0 aU have the direc- 
tion of the vector c. 
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When interpreted in the light of Theorem 2, Theorem 1 says 
that the curve x = x(t) is & straight line if and only if the tangent 
vector x\t) always has the same direction. 

EXERCISE 

The tangent line at P has contact of order m with the curve if and only if at 
P the vectors x\ x", • • xl"*l are collinear, but does not lie on their line. 

14. Osculating plane. We seek, if it exists, the plane through 
the regular point P: (xi, ^ 2 , X 3 ) of a curve, not a straight line, 
which has contact of higher order with the curve than any other 
plane through the point. To this end, we discuss the infinitesi- 
mal distance, D, from a neighboring point P': (i/i, 1 / 2 , ys) of the 
curve to an arbitrarily chosen, but fixed, plane through P. If 
a is a vector normal to the plane, then (§ 7) 

D = 

Va|a 

Since 

we have 

± V^Z) = (x'|a)r + (x"|a) (a:"'|a)^+ ••• . 

Hence, D is in general of the first order with respect to the arc 
PP'. It will be of at least the second order if and only if (x' | a) 
= 0; and at least of the third order if and only if (x' | a) = 0 and 
(x"|a) = 0. 

We proceed to interpret these results geometrically. The van- 
ishing of (x' I a) is the condition that the vector a normal to the 
given plane be perpendicular to the tangent line at P and hence 
that the plane contain this line. Consequently, the planes 
through the tangent line at P have contact of at least the first 
order with the curve and are the only planes with this property. 

The equations (x' | a) =0, (x" | a) = 0 require that the vector 
a be perpendicular to the vector x" as well as to the vector x'. 
In other words, they require that the vector a be parallel to the 
proper vector x' x", and hence that the given plane be perpen- 
dicular to this vector. Thus, there is a unique plane through a 



SPACE CURVES 


29 


regul&r point P of a curve, not a straight line, which has contact 
of at least the second order with the curve, namely, the plane 
through P which is perpendicular to the vector x' 

This plane is known as the oscvlating plane of the curve at P. 
Its equation is 

(23) {X — x\x' x”) =0 or (X — x x'x") = 0, 

where (Xi, Xi, Xs) are “ running '' coordinates. 

The fact that the osculating plane, at P is the plane through 
P which has the highest contact with the curve may be expressed 
roughly by saying that it is the plane through P to which the 
curve adheres most closely. The osculating plane of a plane 
curve is always the plane of the curve. 

Example, In the case of the twisted cubic (4), the vectors 
x^ and x” have the components a, 2 hty 3 ct^ and 0, 2 6 cty and 

hence x' x" has the components 6 hci^, —6 ocf, 2 ah. The equa- 
tion of the osculating plane at the point with coordinate t is, 
then, 

6 hct\Xi -at) ad(X 2 - W*) + 2 ab{Xz - d») = 0, 
or 

3 hcPXi - 3 aciXt + ofcX, - abcfi = 0. 

EXERCISE 

The osculating plane at a regular point P has contact of order n with the 
cur\'e when and only when at P the vectors x\ x", • • * , x^^^ are ooplanar, whereas 
does not lie in their plane. 

15. Trihedral at a point. The plane through the point P 
which is perpendicular to the tangent line at P is called the 
normal plane of the curve at P, and th^ 
lines in it which go through P are known as 
the normals to the curve at P. Among the 
normals at a regular point P of a curve, not 
a straight line, there are two of fundamental 
importance; the principal normal, the normal 
lying in the osculating plane; and the binor- 
fnal, the normal perpendicular to the osculat- 
ing plane. 

The tangent, principal normal, and binormal are mutually 
perpendicular. They constitute what is called the trihedral at 
the point P. 
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Direction cosines of the directed tangent are 

x' 

OL = ■ ■ ■ « 

Vx'jx 

According to § 14, the binormal has the direction components 
X* j;". Hence 


represents direction cosines, 71 , 7 *, 73 , of the binormal, directed 
in a definite sense. 

We now choose the positive sense on the principal normal so 
that the directed tangent, the directed principal normal, and the 
directed binormal have, in the order given, the same disposition 
as the axes. If /3i, p 2 t Pa the direction cosines of the principal 
normal, thus directed, it followjs, by § 5, that = 7 a, and hence 


P = 


Vx'lx' Vx' x"lx' x" 

We may rewrite our results in the form of oT-identities: 

(24) («|«)^^. 

■yx I X -yx I X Vx x | x x 

Vx'x"|x'x" 


These formulas give the direction cosines of the directed lines of 
our trihedral in terms of derivatives with respect to an arbitrary 
coordinate, or parameter, on the curve. The corresponding for- 
mulas in terms of the derivatives with respect to the arc s reduce, 
by means of the identities at the end of § 11 , to the simple forms 


(25) 


P = 




Vx;'|x;' 


7 == 


x;xr 


VxT 


The vectors a, ft 7 at P are the unit vectors in the positive 
directions of the directed edges of the trihedral. We have al- 
ready called a the tangent vector at P. Similarly, we agree to 
call the ^principal normal vector at P, and 7 the hinormal vector. 
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Planes of the trihedral. The equations of the planes deter- 
mined by the edges of the trihedral, taken in pairs, are 

(26) (X - x\a) =0, (X - x\fi) =0, (X - x\y) = 0. 

The first of these is the normal plane at P, and the third, the 
osculating plane. The second, the plane of the tangent and bi- 
normal, is known as the rectifying plane, for reasons which will 
be given later. 

Example. For the circular helix 

(27) xi = a cos t, X 2 = a sin t, Xs = a cot 6 1, cot 6 9 ^ 0, 
the components of the vectors x', x", x'" are, respectively, 

— asin<, aco8<, acot^; — acos^, — asin^, 0; asint, — acos^, 0. 

Those of x' x" and x' x" x' are then found to be 

a* cot 6 sin t, — a* cot 6 cos t, a^; — a® csc^ 6 cos t, — a* esc* ^ sin 0. 

Moreover, 

(x' I x') = a* CSC* d, (x' x" I x' x") = a* esc* 6, (x' x" x'") = a* cot 6 , 

where (x' x" x'") has been computed for later purposes. 

We may now find, by (24), the direction cosines of the vectors 
of the trihedral at an arbitrary point P. They are: 

a: — sin sin t, sin 6 cos t, cos 0 ; 

— cosf, — sin^, 0; 
y : cos 6 sin t, - cos 0 cos t, sin 0 . 

Since Bz ~ 0, it follows that the principal normal to the cir- 
cular helix at P is the line through P perpendicular to the axis 
of the cylinder (the xs-axis). 


16. Curvature. Osculating circle. The curvature of a curve 
at a point P, regular or singular, is the limit, when As approaches 
zero, of the numerical value of the ratio A /As, where A is the 
angle between the directed tangents at P and a neighboring 
point P', and As is the arc PP'. Thus, if the curvature is de- 
noted by l/P, 


( 28 ) 


1 

R 


lim ^ 
As 
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Since the tangent vectors at P and P' are a and a + Aa, 

cos A = (a|a + Aa) = (a|a) + (a|Aa). 

Now, (a I a) = 1; moreover, (a + Aa|a + Aa) = 1 and hence 
2 (a|Aa) + (Aa|Aa) = 0 or (a\Aa) = -(l/2)(Aa| Aa). Thus, 

cos A — 1 — J(Aa|Aa) or 2(1 — cos A) = (Aa|Aa), 


and 


But 


2(1 — cos A) ^ _ / Aa Aa\ 
A^ As^ \ As As / 


lim 


2(1 — cos A) 

I* 


= 1 , 


A* _ 1 


Aa 
lim — 
A 3 -*.o As 


da 

ds 


Hence 

1 _ / da I da \ 
R^~ \ ds I ds / 

or, since a = xj, 

(29) ^ = ^[WW. 


Theorem 1. A necessary and sufficient condition that the curva- 
ture of a curve he identically zero is that the curve he a straight line. 

According to § 13, Theorem 1, a curve which is represented 
parametrically in terms of its arc s is a straight line if and only 
if {x',x','\x',x'J) = 0. But, by (18), = ix'/\x','), and 

the theorem follows. 

A similar argument tells us that the curvature of a curve, not a 
straight line, is zero at a point P when and only when P is a singular 
point. 

At a regular point P of a curve, not a straight line, 

== Xfl^Xs\x*f. But x'f = da/ds and = 1/P. Hence 


(30) 


da _ P 
ds R 


Osculating circle. We proceed to find, if it exists, the circle 
tangent to the curve at P which has contact of the highest order 
with the curve. Let C be an arbitrarily chosen, but fixed, circle 
tangent to the curve at P, and let M be its center. Mark the 



SPACE CURVES 


33 


foot, F, of the perpendicular dropped from P' on the plane of C, 
and let Q be that point of intersection of the line FM with C 
which is nearer P'. Then P'Q is the perpendicular distance from 
P' to C. Evidently (Fig. 4), 

(31) FQ* = Ff + 

The infinitesimal P'F, since it is the 
distance from the point P' to a plane 
through the tangent line at P, is of the sec- 
ond order unless the plane is the osculating 
plane, when it is of at least the third order; 
see § 14. Consequently, the infinitesimal 
P'Q in which we are interested cannot be of order higher than the 
second unless the circle C lies in the osculating plane. 

In case C does lie in the osculating plane, its center M is on 
the principal normal to the curve at P and hence has the coordi- 
nates 

Z = X + ffiy 

where r is the directed distance from P to M (see § 7) and |r| is 
the radius of C. 

Since we know that P'P is now of at least the third order, it 
remains merely to try to choose r, and hence C, so that QF is 
also of at least the third order. If this is possible and the choice 
is unique, there will be a single circle for which the infinitesimal 
P'Q is at least of the third order. 

From the right triangle MFP', 

{QF+ |r|)2 = mF^ - Ff\ 

Hence 

(32) (2|r| + QF)QF = MF^ - ?•“ - Ff'. 

Since M has the coordinates z = x + rfi and P' has the coordi- 
nates 



y — Z = 


^rff + xW + x:,^~ + x'‘ 


- + 


we have 
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whence 

MP'* = + (1 - H . 

It follows then, from ( 32 ), since P'F^ is of at least the sixth order, 
that 

( 2 |r| + QF) QF = (1 - r( 0 |x;')V + • • ■ • 

Hence there is a unique value of r for which QF is of at least the 
third order, namely that defined by the equation 1 — r(P\xg) 
= 0. Moreover, since Xg' = fi/R, this value of r ia precisely R. 

Theorem 2. There is a unique circle which has contact of at 
least the second order with a given curve^ not a straight line^ at a 
regular point. It is the circle in the osculating plane whose radius 
is R and whose center lies on the positive half of the principal normal, 
in the point x + Rff. 

This circle is known as the osculating circle, or the circle of curvor 
lure, of the curve at the point. Its center is called the center 
of curvature, and its radius, the radius of curvature, for the point. 

17 . Torsion. The curvature of a curve at a point P is a 
measure of the rate at which the curve is turning away from the 
tangent line at P. The torsion of the curve at P is a similar 
measure of the rate at which the curve is twisting out of the 
osculating plane at P. At a regular point P of a curve, not a 
straight line, it is, to within sign, the limit, when As approaches 
zero, of the ratio C/As, where C is the angle between the oscu- 
lating planes at P and a neighboring point P', and As is the 
arc PP'. 

The angle C may be better described as the angle between the 
directed binormals at P and P', that is, as the angle between the 
unit vectors 7 and 7 + A7. Hence, proceeding as in the case 
of the curvature, we find 



d7 

ds 


( 34 ) 
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If in the identity (24) of Chapter I, namely, 

(o6c)(d|c)'= (5cd)(o|e) + (cod)(5|c) + (a5d)(c|e), 

we set o = 6 = c = z!", d = ta, and c = we get, since 

{xUx'.') = 0 , 


From this identity in the triple u, it is evident that the numerator 
on the right-hand side of (34) has the value — (xj x" xi")xj'. 
Thus 


(35) 

Hence 


dy _ (x;x"xn _„ 

ds (xi'lx")*'* *■ 

1 (xixj'x"')* 1 _ . (x;x"x;") 

T* ix','\x','y ana y ± 


We choose the minus sign in the later formula, thus completing 
our definition of the torsion. We have, then. 


(36) 


_1^ (x;x'/xn 

T (x','\x'.') 


We may now rewrite (35), since xJ'/VxJ' | x/ = p, in the form 


(37) 


^ = 1 
ds r* 


We give a second deduction of formulas (36) and (37), based 
on the fact that a, /3, y are mutually perpendicular unit vectors. 
From (7 1 a) = 0, we obtain, by differentiation, the equation 
{dy/ds I a) + (7 1 da/ds) = 0, which, since da/ds = P/Bj reduces to 



Since (7I7) *= 1, we have also 



These two relations tell us that dy/ds = cP. Hence {dy/ds | dy/ds) 
= c*, so that, by (33), (? = {l/T)\ Taking c = \/T and thus 
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fixing the sign of the torsion, we obtain formula (37): dyjda 
= jS/T. Forming the inner product of both sides of (37) with 0, 
we obtain for l/T the expressi on l/T = [dylds\ff), which reduces 
to (36) when we set /? = xJ'/VxJ' | and use for dyida the value 
given in (34). 

The formulas 


(38) 


^ — J? dy _ 

d^~R^ Ts~T 


associate the curvature and torsion of a curve with the rates of 
change, with respect to the arc, of the tangent and binormal 
vectors, respectively. May there, then, not be a third “curva- 
ture,” associated with the rate of change of the principal normal 
vector /3? 

This question is evidently to be answered in the negative, 
inasmuch as is expressible in terms of y and a : 


Hence 


dp 


(3 = 7 0 . 
da ,dy 

ds'^ ds 


or, since 7 = — a and P a = “ 7 (§ 5), 


(39) 


dp __ a ^ y 
^ R f' 


The curvature and torsion have thus far been expressed only 
in terms of the derivatives with respect to the arc s: 


(40) 



2 

T 


(x;x”0 

«|x”) 


The corresponding expressions in terms of derivatives with re- 
spect to the arbitrary parameter t are 


, . i 1 _ {x'x"x"') 

R ’ T {x'x"\x'x")' 

These expressions are obtained from (40) by substituting for 
the derivatives with respect to s thei r valu es in terms of the 
derivatives with respect to /: xj = x'/Vx'lx', etc. The compu- 
tation, though somewhat laborious, is perfectly straightforward. 
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Example. For the circular helix, we readily find, by use of (41) 
and the data in § 15, that 

1 sin®^ 1 sin 0 cos 0 
(^2) 5 = —' T S 

Thus, the curvature and torsion of a circular helix are both con- 
stant. 

18. Plane curves. If the curve x = x(t) is a plane curve, not 
a straight line, the plane of the curve is the osculating plane at 
every point. The binormal vector 7, considered for the moment 
as a free vector, is, then, always the same, that is, dy/ds = 0. 
Hence, by (33), l/T = 0. 

Suppose, conversely, that l/T = 0. Then dy/ds = 0. More- 
over, d(y\x)/ds = (7|a) + (dy/ds\x) = 0, and hence (7|a;) = c. 
Since 71, 72, 73 and c are constants, this identity says that the 
curve x = x(t) lies in the plane (7IX) = r. 

Theorem 1. A necessary and sufficient condition that a curve, 
not a straight line, he a plane curve is that its torsion be identically 
zero. 

The proof of the theorem is open to the objection that it does 
not cover the case of singular points; for, at these points the 
torsion and the osculating plane have not been defined. This 
objection will be met later. 

Theorem 2. A necessary and sufficient condition that the curve 
x = x{t) he a plane curve is that (x' x" x'") = 0. 

The theorem follows from (41) and Theorem 1 in case the curve 
is not a straight line and is guaranteed by Theorem 1 of § 13 
when the curve is a straight line. 

Closely related to Theorem 2 is the following theorem. 

Theorem 3. The vectors of the one-parameter family of 
proper vectors a = a{t) are all parallel to a plane if and only if 
(a a' a") = 0. 

If the vectors a are all parallel to a plane, they are all per- 
pendicular to a constant proper vector c. Hence 

(o|c) = 0, (o'|c) S 0, (a"|c) S 0, 

the last two equations being obtained from the first by successive 
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differentiations. By hypothesis, the three equations have a 
solution Cl, C 2 , Ca, other than 0, 0, 0, for every value of t under 
consideration. Hence, the determinant of the coefficients of 
Cl, C 2 , Ca vanishes identically, that is, (a o' o") s 0. 

Suppose, conversely, that (a o' o") = 0 and consider the curve 
X = J*a{t)dt. Since a;' = o, the vectors a{t) may be thought of 
as vectors tangential to this curve. It will follow that they are 
parallel to a plane if we can show that the curve is a plane curve. 
But, inasmuch as a;' = o, we have a?" = o', a;"' = o" and hence 
(x' x” rr'") s (a o' o") = 0. Thus, the curve is a plane curve 
and the proof is complete. 

EXERCISES 

Find a, 0, y, l/iJ, 1/T for each of the following curves. 

1. The twisted cubic (4). 

2. The curve of § 9, Ex. 2. Show that the curve cuts itself at right angles. 
Determine the points at which the torsion is zero. 

3. The curve of § 9, Ex. 3. Find the points at which the torsion is zero and 
identify them geometricaUy. 

4 . Show that the locus of the center of curvature of a circular helix, C,isa 
circular helix, C'. Describe the position of C' with respect to C. Show that at 
corresponding points of C and C' the tangents are mutually perpendicular and 
the curvatures equal. Determine the locus of the center of curvature of C'. 
When do C and C' lie on the same circular cylinder? 

5. The plane curve y * /(z) has the parametric representation Xi = i, 
» 2/ » /(z), zi B 0, in terms of z as parameter. Find cr, y and deduce 

the formulas 

1 - \y"\ r./ IJ. 

* V(i + j,'*}’ ’ Jn, 1 + v' dx. 

Verify the fact that l/T =0. 

6. Prove that, if the equations Zi = of, za =■ Z| = /(O, ab ^0, represent 
a plane curve, the curve is a parabola. 

7. Deduce formulas (41) from (40). 

19. The Frenet-Serret formulas. Formulas (38) and (39) of 
§ 17, namely, 

(A<i\ ^ - 1 

ds ds R T' ds 

are the central formulas in the theory of a space curve. They 
were discovered independently, about 1850, by two French mathe- 
maticians, Frenet and Serret. 
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By means of them, it is possible to show that the vectors x', 
xj', may all be expressed as linear combinations of a, fi, y 

in which the scalars of combination are rational functions of 1/R, 
1/r, and the derivatives of 1/R and 1/T with respect to «. For 
example, 



Let us now fix our attention on a regular point Po of the curve, 
and measure the arc « from this point. Then the neighboring 
point P for which the arc is s has, by virtue of relations (44), 
the coordinates 


(45) 


= ^ + + 


( ftoro'^)3! 


+ 


where (xi, X2, Xs) are the coordinates of Po, and a, y are the 
vectors of the trihedral at Po. 

Suppose we assume, further, that the original coordinate sys- 
tem in space was chosen so that Po is the origin and the directed 
edges of the trihedral at Po, in the usual order, are respectively 
the positive axes of xi, xj, Xa. Then Po is the point (0, 0, 0), 
and a, iS, y have respectively the components 1, 0, 0, 0, 1, 0, 
0, 0, 1. Hence the equations for which (45) stands become 


(46) 


1 1 8 . 

2/.=« - 

11s. 

2/* 

D /toi 0 


These equations constitute what is called the canonical repre-^ 
senlalion of the curve in the neighborhood of the point Po (see § 8). 
It is to be noted that all the coefficients in the three power series 
depend simply on the values, at Po, of 1/B, l/T, and the deriva- 
tives of 1/P, l/T with respect to s. 
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From equations (46) we derive various properties of the curve 
in the neighborhood of the point Po. For example, since yz is 
the (directed) distance from the osculating plane at Po to the 
point P, we deduce the following fact. 

Theorem 1. If the torsion at a regular point Po is not zero^ 
the osculating plane at Po has precisely contact of the second order 
with the curve and crosses the curve at Po. 

Since 1/Po ^ 0, the sign of the coefficient of s* in the expression 
for yz depends simply on the sign of 1/To. Thus we obtain the 
following interpretation of the sign of the torsion. 

Corollary. If the curve in the neighborhood of Po is traversed 
in the positive direction, it pierces the osculating plane at Po from 
the side of the positive or negative binormal according as the torsion 
at Po is positive or negative. 



When 5 is sufficiently small numerically, it is evident that 
2/2 > 0 except when s = 0. Hence, in a sufficiently restricted 
neighborhood of Po, the curve lies on one side of the rectifying 
plane, namely, on the side toward the positive principal normal. 
This is in agreement with the fact that the center of curvature 
for Po lies on the positive half of the principal normal. 

We consider finally the projections, on the planes of the tri- 
hedral at Po, of the curve in the neighborhood of Po. These 
projections are represented parametrically, in their several planes, 
by the three pairs of equations obtained by suppressing each of 
the equations (46) in turn. 

In these pairs of equations we proceed to discard all the terms 
in each series except the leading term. Thereby, we obtain para- 
metric representations, not of the projections, but of curves which 
approximate to the projections. These curves are: 

In the osculating plane: xi = s, x%^ 
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In the normal plane : asi = s», i, = - s>. 

^^0 D/toi 0 

In the rectifying plane: Xi = - ^ s*, ii = s. 

OKqI 0 



Consequently, to within the degree of approximation described, 
the three projections are respectively a parabola (x 2 = ax?), a 
semi-cubical parabola (x| = bxi), and a cubic curve (xa = cxf). 
See Fig. 6. 

EXERCISE 

Show that the curvature of a twisted curve at a point P is equal to the 
curvature at P of the plane curve which is the projection of the twisted curve 
on the osculating plane at P. 

20. Singular points. At a sin^ar point Po of the curve 
X = x(t)f that is, a point for which x' x" = 0 or (x' x"|x' x") = 0, 
the curvature is zero. The torsion, osculating plane, principal 
normal, and binormal are still to be defined. 

Since an analytic function of a single variable, such as 
(x' x"|x' x"), can vanish only for isolated values of the variable, 
there exists a neighborhood of the curve about Po in which Po is the 
only singular point. For every point P, except Po, in this neigh- 
borhood, the torsion l/T is defined and analytic. It is natural, 
then, to define the torsion at Po as the limit of IjT when P 
approaches Po. It can be shown that this limit actually exists 
and that, when we take it as the value of \jT at Po, l/T* is not 
only continuous at Po, but analytic there. 

Similar remarks apply to the osculating plane and to the prin- 
cipal normal and binormal. At every point P, except Po, in the 
neighborhood of Po in question, the osculating plane is defined 
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and changes according to a law which is analytic in the sense in 
which we have been using the term. As the osculating plane at 
Po, we take the limit of the osculating plane at P when P ap- 
proaches Pq. Thereby, the principal normal and binormal vec- 
tors at Poy and their components, are defined as the limits, when 
P approaches Po, of the principal normal and binormal vectors 
at P, and their components. Then j9i, j92, ft and 71, 72, 73 are 
not only continuous at Po, but also analytic. 

When 7i = 1, 2, 3) and 1/T have been defined at each 
singular point in the manner described, the functions at, jSt, 7< 
(i = 1, 2, 3) and 1/P, l/T are analytic at every point of the curve. 
Moreover, since the definitions in question are the result of taking 
limits, and the limits of equals are equal, relations between these 
functions which have been established for regular points are now 
valid also at singular points. Hence, the Frenet-Serret formulas 
hold for all points of the curve. Incidentally, the proof of The- 
orem 1 of § 18 is thus raised above criticism. 

The result of neglecting terms of the third and higher orders 
in equations (46) is yi =* s, yt — s^l(2Ro)y yz — 0. Thus, to 
within infinitesimals of at least the third order the curve is, in a 
restricted neighborhood of a regular point, a parabola, but in a 
restricted neighborhood of a singular point, a straight line. 
Hence, the curve behaves to a certain degree like a straight line 
at a singular point, and, what is equally important, is perfectly 
smooth there. 

At a point Po of a twisted curve, the vectors x', x", x'", x*'", 
••• can be arranged in three groups: x', x", •••, 

. . . ^ 2;[in+ni . ^.[m+n+11^ • • • , SO that (a) the vectors x', x", • • • , xt*"^ 
are collinear, but does not lie on their line, and (b) the 

vectors x', x", •••, are coplanar, whereas does 

not lie in their plane. It follows, then, that the tangent line at 
Po has contact of order m with the curve, and the osculating 
plane, contact of order m + n. Moreover, it can be shown, 
though not without some computation, that the first terms in the 
power series developments of I/P and 1/T at Po, expressed in 
terms of the arc s measured from Po, are respectively 
(a ^ 0) and (c 5^ 0). 

When m ^ 1 and n = 1, Po is a regular point at which 1/T ^ 0. 
When m » 1 and n > 1, Po is a regular point at which the curve 
behaves like a plane curve {1/T = 0). When m > 1 and n = 1, 
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Po is a singular point at which the curve behaves like a straight 
line ( 1 /P = 0 ), but not like a plane curve! Finally, when m > 1 
and n > 1 , Po is a singular point at which the curve behaves 
both like a straight line and a plane curve. 

That a curve can behave at a point like a straight line but not 
like a plane curve, that is, that the curvature may vanish without 
the torsion vanishing also, simply reflects the fact that the curva- 
ture and torsion of a curve are independent. 

The singular points of a regular analytic curve are, as we have 
seen, so innocuous as hardly to deserve the name. On the other 
hand, at points of an analytic curve at which the curve fails to 
be regular in that x' = 0 , the curve may turn sharply on itself 
in various sorts of cusps and beaks. 

21. Fundamental theorem. Inasmuch as we are interested 
only in properties of a curve which are preserved by every rigid 
motion, it is of first importance to have a criterion for the con- 
gruence of two curves in terms of properties of the curves which 
are independent of their positions in space. A criterion of this 
sort is given by the following theorem. 

Theorem 1 . A necessary and sufficient condition that two curves^ 
C and C, he congruent is that the points of one may he put into a 
one-to-one correspondence with the points of the other so that corre- 
sponding arc lengthSj and the curvatures and torsions at correspond- 
ing points, are equal. 

Since length of arc, curvature, and torsion of a curve are pre- 
served by a rigid motion, the condition is necessary. 

In the proof of the sufficiency, we shall need the following 
lemma. 

Lemma. If the number triples a, 0, y satisfy the equations 
(47) (aloe) = (i8|i3) = ( 7 I 7 ) = 1 , (j 3 | 7 ) = ( 7 |a) = (a|/ 8 ) = 0, 
then they also satisfy the equations 

uo) + iS? + 7 ? = 1, ^ = 1, 2 , 3, 

otiUj + PiPj + 7 t 7 y = 0, i 7^ j] i, j = 1, 2, 3. 

Conversely, if the relations (48) hold, relations (47) follow. 

Relations (47) say that aj, a 2 , as, /3i, &, ft, 7 i, 72 , 78 are re- 
spectively the direction cosines, with respect to the axes of Xi, xs, 
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xs, of three mutually perpendicular directed lines A, R, C, 
through a point P. But, then, ai, jSi, 71 , q£ 2 , ft, 72 , 03 , ft, 73 are 
respectively the direction cosines, with respect to the directed 
lines A, R, C, of the axes of Xi, X 2 , X 3 . Consequently, relations 
(48) are valid. The converse is proved in the same way. 

To prove the sufficiency of Theorem 1 , we have to show that, 
if there exists between the points of C and C a one-to-one corre- 
spondence of the type described, then C and C are congruent. 
Let Po be a fixed point of C, Po the corresponding point of C, 
and visualize the trihedral of C at Po and the trihedral of C at Po. 
If there exists a rigid motion which carries the points of C into 
the corresponding points of C, it must be the rigid motion which 
carries Po into Po and the directed edges of the trihedral at Po 
into the corresponding directed edges of the trihedral at Po. 
We assume that this rigid motion has been carried out and pro- 
ceed to prove that C, in its new position, is identical with C. 

Think of the arcs of C and C both measured from the point Po 
in corresponding directions. Then, if P and P are an arbitrary 
pair of corresponding points, the arcs PoP and PoP have the 
same vdue, 5. M^eover, since the curvatures and torsions of 
C and C at P and P are equal, they are the same functions of s 
for both curves. Hence, if a, /S, 7 ^d a, 7 are the vectors of 
the trihedrals of C and C at P and P, the Frenet-Serret formulas 
of the two curves read 


da. 

Pi 


ai 

7< 

dyi 

ds 

It’ 

ds 

R 

T’ 

ds 

dai 

Pi 

dpi 

ai 

7t 

dyi 

ds 

R’ 

ds 

R 

T’ 

ds 


1,2,3. 


By means of these formulas, it is readily shown that 


dotf , — doLj d/3, • d^i dyi _ dyi ^ . 

Consequently, 

(49) ojOi + /3<|3< + = a, i 


1.2.3. 

1.2.3, 


where ci, ct, ct are constants. 

These jsonstants are all ^qual to unity. For, when s = 0, then 
a = a, 7 = 7 and (49) reduces to a? + / 8 ? + 7 ? = Cj. 

But, by the Lemma, «? + /Jf + 7 ? = 1, and hence d = 1 . 
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We now have the identities 


otioti + Piffi + 7 » 7 » =1, t = 1, 2, 3. 

But, by the Lemma, 

+ + = s? + i8? + 7? = l, 2 = 1,2, 3. 

These identities, for an arbitrary but fixed value of i, say that 
the two vectors with the components a,-. Pi, 7 , and ai, Pi, 7 * are 
unit vectors which make with one another the angle zero. Hence 
they are the same vector: 

ai = ai, Pi = Px, 7 , = 7 „ i = 1,2, 3. 
Since a, = a,, we have 

- = ‘■ 2 . 3 . 

whence 

Xi “ Xi = Icx, % — 1, 2, 3. 

But, for s = 0, Xi = Xi and so k\, k^, kz are all zero. Conse- 
quently, Xi = Xi, i = 1 , 2 , 3, and C coincides with C. 

Our theorem says that a given curve is uniquely determined, 
except for its position in space, by its curvature and torsion ex- 
pressed as functions of the arc. Hence, if these functions are 
respectively /(s) and the equations 

(50) = f{s), ^ = «(s) 

define the curve completely, except for its position. 

Since the curvature, torsion, and arc are natural or inherent 
properties of the curve, equations (50) are called intrinsic or 
natural equations of the curve. 

The natural equations of a circular helix are, according to 
(42), of the form IjR = c, IjT = k, where c is a positive con- 
stant and fc is a constant, not zero. Conversely, every pair of 
equations of this form represents a circular helix; for, the con- 
stants a and $ in (42) may be so chosen that 1/R and 1/T have 
the prescribed values c and fc. 
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A plane curve has the single intrinsic equation 1//2 = /(s). 
If the curve is a circle, this equation is IjR = c (c > 0), and con- 
versely. 

The natural equation of a plane curve may be found by elimi- 
nating the parameter employed to represent the curve from the 
equations expressing the curvature and arc (measured from a 
specific point) in terms of this parameter. The same method 
may be employed in the case of a space curve. Of course, the 
elimination, in either case, may present difficulties. 

Example 1. For the catenary, y = (a/2)(e*/“ + 

4 2s = 

where s is measured from the vertex. Hence, the natural equa- 
tion is found to be a/2 = «* + a*. 

Example 2. As an example of a curve whose equation is most 
simply expressed in terms of polar coordinates, we take the 
logarithmic spiral: r = where c is a positive constant 

and a is a fixed acute angle. If s is measured from the point 
(c, 0), we find that R = esc a r, s = sec a (r — c), and hence 
R = cot a 5 + c CSC Of. It follows, then, that every equation of the 
form R — as + bf where 6 > 0 and a 0, represents a logarith- 
mic spiral. 

Not only does every curve have intrinsic equations of the 
form (47), but every pair of equations of this form represents a 
curve, provided merely that the function /(s) chosen is positive. 
In other words; 

Theorem 2. If f{s) and 0 ( 5 ) are real, single valued, analytic 
functions of the real variable s in an interval including s = 0, and 
f{s) is positive throughout this interval, there exists a curve whose 
curvature and torsion, expressed as functions of the arc measured 
from a suitably chosen point, are precisely f{s) and 4>{s). 

The theorem says, in brief, that the curvature and torsion may 
be prescribed at pleasure as functions of the arc. 

The proof depends on the properties of the system of three 
ordinary differential equations, 

(61) § ■/(«)« 

in the three unknown scalar functions a(s), b(8), c(«). 
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It is known that, if ao, bo, co are given constants, equations 

(51) have a unique solution a(s), h{s), c{s), for which a(0) = ao, 
5(0) = bo, c(0) = Co. Hence there exist unique solutions, 

(52) ofi, Pi, 7i; 012, ft, 72 ; Os, ft, 78, 

which for 5 = 0 take on the prescribed values 

( 53 ) 1 , 0 , 0 ; 0 , 1 , 0 ; 0 , 0 , 1 . 

We proceed to show that these three solutions satisfy relations 
(48) identically. We know that 


=/(s)i8., ^ = -Mat - ^ 

^ ^ = - /(s)a,- - 4>{s)y,, ^ = 4>m. 


Hence, by the method used in the proof of Theorem 1, we get 

otiOtj -|- P-iPj 7iTj ~ Cij. 

Introducing the initial conditions, for s = 0, we find that cu = 1 
and Ci, = 0, where i j, and ^, j = 1, 2, 3. Hence our state- 
ment is established. 

Since the functions (52) satisfy relations (48) identically, they 
satisfy relations (47) identically. Consequently, the vectors a, 
P, 7 with the components ai, a 2 , as, Pi, ft, ft, 71 , 72 , 78 are 
mutually perpendicular unit vectors which have, in the order 
given, the same disposition as the axes. 

Consider, now, the curve 



Its arc and tangent vector are evidently 5 and a. Hence it is 
readily shown, by comparing the Frenet-Serret formulas for it 
with equations (54), that its curvature and torsion are precisely 
/(s) and ^(s). Thus, the theorem is proved. 

Example 3. We shall now integrate equations (51) in the 
case of a plane curve. In this case the equations become 
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Evidently, ada + hdb == 0 and hence a* + 6* = A®, where A; is an 
arbitrary constant. The equations may, then, be rewritten in 
the forms 

and have, therefore, the general solution 

a = A; sin (f + Z), h — k cos (Z + Z), c = w, 

where 

t 

The particular solutions (52) which for s = 0 take on the 
prescribed values (53) are, in this case, 

ai = cos Z, 01 = — sin Z, yi = 0, 

a 2 == sin Z, 02 = cos Z, 72 = 0, 

as = 0, 0z = 0, 73 = 1. 

They result from the general solution when the constants k, Z, m 
are given in turn the values 1, t/2, 0; 1, 0, 0; 0, 0, 1. 

It remains simply to substitute the values of ai, a 2 , as in (55). 
Thus, we obtain the parametric representation 

iTi = I cos Z ds, X 2 = I sin Z ds, Xs = 0 

do t/o 

of the given plane curve in terms of the arc s and the curvature 
l/H =f(s). 

The integration of equations (51) in the general case depends 
on the solution of a so-called Riccati differential equation.’*' 

EXERCISES 

1. Show that the natural equation of the arch of the cycloid 

Xj * a(0 — sin 0), X 2 = o(l — cos ®), Xs == 0, 0 ^ ^ ^ 2ir, 

when the arc s is measured from the top of the arch, is /Z* + ^ » 16 a‘. 

2. Find the natural equation of the involute of a circle: 

Xi - a(cos 0 9 sin 0), xj « o(8in e ^ $ coa 6), Xi — 0. 

3. Integrate equations (51) in the case of a circular helix. 

* See Eisenhart, DiffemUial Ooomehy, p. 26. 
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22. Cylindrical helices. Consider in the (xi, a;2)-plane a plane 
curve, D, restricted, if necessary, so that it has no points of 
inflection. The concave side of the curve 
is, then, always on one and the same 
side of the curve and the principal nor- 
mal is always directed toward this side. 

Consequently, if we agree to trace the 
curve so that the concave side of it is 
always to our left, the binormal w^ill be 
directed upward and have the direction 
cosines 0, 0, 1. 

The parametric equations of the curve D in terms of the arc a, 
measured in the direction described, are of the form 

D: Xi = xi((r), Xj = x^ = 0. 

We find that the curvature, 1/r, of D is 

z = * + ^ 2 '^ 

and that the vectors a, /?, y of the trihedral have the components 
j'l, x'z, 0; rx[\ rxg', 0; 0, 0, 1, respectively. 

Since 73 = aift — a 20 it we have 

(56) X\X 2 — XiX ^2 = + ^2 

It is to be noted that, if we had traced D in the opposite direc- 
tion, 73 would have been —1, and we should have had a minus 
sign before the right-hand member in (56). 

Consider, now, the curve 

(57) Xi = Xi(o'), X 2 = X2((r), 

X3 = cot 0 (7, 0 < ^ < TT, 

where 0 is a constant. This ciu’ve lies 
on the cylinder erected on the plane 
curve D as directrix and is the locus 
of a point P which moves on the cylin- 
der so that its directed distance, Xs, 
from D is proportional to the arc cr of 
D\ see Fig. 8. It is known as a (cylin- 
drical) helix. 




Fig. 8 
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In writing the constant ratio of Xz to a in the form cot 6, we 
have placed no restriction on its value, inasmuch as 6 may be 
any angle between 0 and tt. In particular, this constant ratio, 
the so-called pitch of the helix, may be zero. Thus, we agree, 
for this paragraph, but not for later ones, to include among the 
helices the plane curves, other than straight lines. 

From (57) we find that the components of x' and x" are 
xj, cot 6 and x'/, xj', 0 respectively. Hence, 

^ cot $ x[\ x{xj' — xj'xj; 
x' x" x' : CSC* d Xi, CSC* 6 xj', 0 ; 

(x'|x') = CSC* df (x' x"|x' x") = CSC* B{xx^ + Xa'®), 

where, in computing the components of x' x" x', we have used 
the identities 


x[ + xj si, xjxj' + xjxj' s 0, 

which follow from the fact that a is the arc of D. 
Thus, we obtain the results: 


(58) 


1 

R 


a: 

sin 9 x [ , 

sin 9 X 2 , 

cos 9 ; 

/3: 

r 

rxi', 

0; 

y: - 

r cos 9 X 2 ', 

r cos 9 x[\ 

sin 9 ; 

sin* 9 

1 

sin 9 cos 9 



s = CSC 9 <r. 


It is to be remarked that we have measured the arc s from the point 
<r = 0, that relation (56) is necessary to compute yz, and that 
the torsion has been obtained, without the direct use of x'", by 
means of the relation 

dPz ocz yz ^ COB 9 , sin 9 

d^°-R-T ® = 

As a first consequence of formulas (58), we note that, since 
as = cos 9, the helix cuts the rulings of the cylinder under the 
constant angle 6. 

Suppose, conversely, that the directed tangents to a curve C, 
not a straight line, all make the same angle 9, 0 < 9 < v, with 
a fixed directed line. Take this directed line as the positive axis 
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of xs, and choose the (xi, X 2 )-plane so that it contains at least one 
point Pq of C. Project C on the (xi, a: 2 )-plane, measure the arc a 
of the projection, D, from the point Po, and write the parametric 
equations of C in terms of a: Xi = Xi(ct), X 2 = X 2 {a)f 
By hypothesis, as = cos 6 or dxs = cos 0 ds, where s is the arc 
of C. Inasmuch as a is the arc of Z), dxf + dxl = da^. Thus, 

ds^ = dxi + dxl + dxl = da^ + cos^ 6 ds^. 


Hence, if s is measured in the proper direction, ds = esc 0 da. 
Then dxs = cot 0 da and Xs = cot 0 a. The parametric represen- 
tation of C is therefore of the form (57) and C is a helix. 

Thus, we have established a first characteristic property of a 
helix : 

Theorem 1. A curvsy not a straight Utw, is a helix if and only 
if it makes a constant angle with a fixed line. 

Returning to formulas (58), we conclude, from 03 = 0, that the 
principal normals of the helix (57) are all parallel to the (xi, X 2 )- 
plane. Conversely, if the principal normals of a curve are parallel 
to a plane, and we take the plane as the (xi, X 2 )-plane, then 
0 s = 0. Hence, dazjds = 0, and az — const. The curve is, then, 
by Theorem 1 , a helix. 

Theorem 2. A necessary and sufficient condition that a curve 
he a helix is that its principal normals he parallel to a plane. 

From the formulas for 1/P and IjT in (58), we find that the 
ratio of IjT to 1 /P is constant and equal to —cot 0. 

Suppose, conversely, that, for a given curve, this ratio is con- 
stant, and write the constant in the form —cot 0 < 0 < tt: 


(59) 


1 cot^ 
p 


= 0. 


We conclude, from the first and the third of the Frenet-Serret 
formulas, that cot 0 da + dy = 0. Hence 

(60) cot ^ a + 7 = c, 

where c is a triple of constants, not all zero. Taking the scalar 
product of each member of (60) with a, and then the scalar 
product of each member of (60) with itself, we find that (a|c) 
= cot^ and (c|c) = csc^^. Hence, (a|c)/V^ = cos^; that is, 
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the curve makes the constant angle B with the vector c, and so 
is a helix. 

Theorem 3. A curve is a helix if and only if the ratio of the 
torsion to the curvature is constant. 

The theorem says that equation (59) is the intrinsic equation 
of all helices. 


EXERCISES 

1 . Show that the twisted cubic (4) is a helix if and only if its arc is a poly- 
nomial in t. 

2. According to the previous exercise, the twisted cubic of § 10, Example 2, 
is a helix. Find the cylinder on which it is a helix and the angle under which it 
cuts the rulings of this cylinder. 

3. Show that the curve x =* x{s) is a helix if and only if (a:" xi" x^) = 0. 

Suggestion. Prove that 

L iL ^ ^ \ -H (x'f a;"' jlv) 

4 . Integrate equations (51) in the case of a helix. 


23. Bertrand curves. These are the curves whose principal 
normals are the principal normals of a second 
curve. 

Every plane curve has this property. For, 
if C is a plane curve and E is its evolute, 
that is, the envelope of its principal normals, 
then the involutes of E, that is, the curves 
cutting the tangent lines of E orthogonally, 
all have the same principal normals as C 
Moreover, the distance between corresponding 
points of two involutes, measured along the 
common normal, is constant. 

Consider, now, an arbitrary curve C: x = x{t), and assume 
that there exists a curve C which has the same principal normals 
as C. If P: (xi, X 2 , xs) is the point of C which corresponds to the 
arbitrary pmnt P: (xi, X 2 , Xa) of C and if r is the directed distance 
from P to P, measured along the principal normal to C at P, 
then the symbolic equation 



(61) X = X + 

constitutes a parametric representation of C. 
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Evidently, 


(62) 


dS dxds 
ds dsds 




By hypothesis, (a ! jS) = 0. Hence we find that dr Ids = 0. Thus 
r is a constant and (62) becomes 


(63) „= 

We proceed to distinguish two cases, according as l/T = 0, or 

1/r ^ 0. 

C a plane curve. Equation (63) says in this case that 5 is a 
multiple of a, and since both a and a are unit vectors, the multi- 
plier must be ±1. Hence 


p ds 

n~ds~ ^ ~ 

whence p = zL p. Therefore, the curve x == x + rfi has the same 
principal normals as the curve x = x{t) for every constant value 
of r. (There is one exception in case the latter curve is a circle. 
What is it?) 

C a twisted curve. In this case we have, from (63), 

By hypothesis, ± p. Making this substitution and collect- 
ing the terms in a, /8, 7, we obtain a relation of the form 

Aa + Bp + Cy = 0, 

where B, C are scalar functions of t. If these functions were 
not all (identically) zero, the relation would say that the three 
vectors a, jS, 7 were parallel to a plane, — a contradiction. 
Hence, A = 0, B = 0, C = 0. 
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Writing out the relations A = 0 and C = 0, we have 

\ RjdP^dsy R)\d^) 
r d / r \ / dsV 


Eliminating dsjds and dhjd^y the former of which is certainly not 
zero, we obtain the equation 


or 


R 

ds 7 ^ 

f 


= 0 . 


Integrating and writing the constant of integration in the form 
cot 0, we obtain, finally, the relation 


(64) 


1 cot d _ 1 


Thus, a necessary condition that the twisted curve C be a 
Bertrand curve is that constants r and 0, 0 < 0 < x, exist so that 
equation (64) is satisfied. This condition is sufficient: if (64) 
holds, the curve C defined by (61), where r is the constant in 
(64), has the same principal normals as the curve C, For, by 
use of (64), (63) can be rewritten in the form 

/ « • « X ds r 

a = (cos da — sin 0 7) ^ ^ esc S, 

Hence the vectors « and cos da — sin d 7 are parallel. But the 
latter, as well as the former, is a unit vector. Hence 

(66) a = ± (cos 0 a — sin 0 7), 

and therefore 

A - — - A- /£21? sin ^ \ds 

R T 

Thus, P = ztp, and the proposition is established. 
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Theorem 1. A twisted curve is a Bertrand curve if and only 
if its curvature and torsion are connected by a linear relation of the 
form (64) in which r and cot B are constants. 

The distance between corresponding points P and P of a Ber- 
trand curve C and its mate C is constant and equal to |r|. 
Moreover, the angle between the directed tangents at P and P is 
constant and equal either to ^ or tt — For, it follows from 
(65) that (a I a) = zb cos 6. 

Suppose that the Bertrand curve C has a second mate C', that 
is, that 1/R and l/T satisfy a second relation of the form (64), 
namely, 

1 cot 1 
T “ r' ‘ 

Solving this equation and (64), we find that 1/R and l/T are 
constant. But then infinitely many relations of the form (64) 
exist; for, r may be given a value at pleasure, whereupon a value 
for cot 6 is determined. Thus: 

Corollary. A circular helix is the only twisted Bertrand curve 
which has more than one matCy and it has infinitely many mates. 

When the natural equation (64) of the twisted Bertrand curves 
is compared with that of the helices, it becomes evident that the 
only helices which are Bertrand curves are the circular helices. 

Twisted curves of constant curvature. If 1/R is constant, equa- 
tion (64) is satisfied hy r — R and B = 7r/2. Hence, a twisted 
curve C of constant curvature is a Bertrand curve; the curve 
C:x = X + RPy with the same principal normals as C, is the locus 
of the center of curvature of C; and the tangents to C and C at 
corresponding points are mutually perpendicular. 

Since C is a Bertrand curve with C as a mate, C is a Bertrand 
curve with C as a mate. Moreover, C is a twisted curve as well 
as Cy inasmuch as a mate of a plane curve is never twistec^. 
Hence, there exists for C a relation of the form 1/R + cot B/T 
= 1/r, where |r| is the distance between corresponding points 
of C and its mate C and B is the angle between the tangents to 
C and C at these points. But we know that | r 1 = R and B = t/2. 
Consequently, 1/R = 1/R and so r = R. In other words, C is 
a twisted curve of constant curvature (equal to that of C) and 
C is the locus of the center of curvature of C. 

We may summarize these results as follows: 
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Theorem 2 . The twisted curves of constant curvature may he 
paired as Bertrand mates. The curves of a pair have the same 

curvature^ each is the locus of the center of curvature of the other, 

and the tangents to them at corresponding points are mutually per-^ 
pendicular. 

Since the tangents at corresponding points are mutually per- 
pendicular and the principal normals are the same, the normal 
plane to the one curve at a given point is the osculating plane 
of the other at the corresponding point. 

EXERCISES 

1. Establish the following symmetric relations between a Bertrand curve C 
and its mate C: 

a. ** cos 9 a — Bin By, = —fi, y = — sin 6 a — cos By, 

a ■* cos Ba — Bin B~, /3 = — /8, 7 = — sin — cos By, 

X = X + r/3, X = X + r/S, 

-1 -L ^ _ i i i. — sin^ B 

f ~ r* rpf~r^' 

Note that the choice of sign in (65) specifies a positive direction on C and 
that the assumption ^ — /3, together with the application to C of the Frenet- 

Serret formulas in the standard form (43), may involve sacrificing, for C, the 
convention that the curvature be non-negative. 

2. Determine all the Bertrand curves each of which has a congruent curve 
as a mate. 

3. Determine the curves whose binormals are the binormals of a second 
curve. 

4. Find the natural equation of the curves whose principal normals are the 
binormals of a second curve. 

EXERCISES ON CHAPTER H 

1. Show that the tangents to a space curve and the locus of its center of 
curvature at corresponding points are mutually perpendicular. 

2. Show txiat the principal normal of a twisted curve at a point P is tangent 
to the locus of the center of curvature when and only when l/T = O at P and 
is perpendicular to this locus when and only when d{\lR)lds = 0 at P. 

3. Prove that, if the twisted curve x = x{s) has constant torsion, the curve 

2 / as -|- J*yds 

has constant curvature. 

4. Show that, if the curve x as x(5) is a helix, so also is the curve 

y ■ Pa — 
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5. Show that, if the points of two curves are in one-to-one correspondence so 
that the tangents at corresponding points are parallel, the principal normals at 
corresponding points are parallel. Is the converse true? 

6. The points of two curves are in one-to-one correspondence. Prove that, 
if the tangents at corresponding points are parallel, so also are the osculating 
planes, and conversely. 

7. The points of two curves are in one-to-one correspondence so that the 
tangents at corresponding points are parallel. One of the curves has constant 
curvature, 1/a, and the other constant torsion, 1/a. Show that the locus of the 
midpoint of the line-segment joining corresponding points of the two curves is a 
Bertrand curve. 

8. If two curves are reflections of one another in a point, or in a plane, their 
curvatures at corresponding points are equal and their torsions are negatives of 
one another. 

9. If all the tangents to a curve go through a point, the curve is a straight 
line. 

10. If all the osculating planes of a curve go through a point, the curve is a 
plane curve. 

11. The tangent indicatriXf the principal normal indicatriXf and the binormcd 
indicalrix of the curve C: x = x(s) arc the loci represented respectively by the 
symbolic equations 

x — a, x — p, X = y. 

Show that all three ir.dicatrices lie on the sphere of unit radius whose center 
is at the origin, and that, if C is not a straight line, the first two are always 
curves, and the third is a curve imless C lies in a plane. 

12. Show that the tangents to the tangent and binormal indicatrices at the 
points corresponding to a given point P of the twisted curve C are parallel to 
the principal normal to C at P and that, if both indicatrices are directed in the 
positive sense of this normal, the derivatives of their directed arcs, «« and Sy, 
with respect to the arc s of C are the curvature and torsion of C: dsafds « 1/R, 
dsy/ds = l/T. 

13. Show that a twisted curve is a helix if and only if the tangent indicatrix, 
or the binormal indicatrix, is a plane curve, and hence a circle. 

14. Prove that the osculating circle at a point P has contact of at least the 
third order with the curve if and only if l/T and d{llR)lda vanish at P. 

15. Investigate the nature of the locus of the center of curvature of a 
twisted curve in the neighborhood of a point at which l/T and d{l/R)/d8 vanish; 
see Ex. 2. 
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CURVES AND SURFACES ASSOCIATED WITH A SPACE 

CURVE 

24. Tangent surface of a space curve. The surface which is 
generated by the tangent lines to a curve C, not a straight line, 
is known as the tangent surface of C. If a: = x(s) is the symbolic 
representation of C in terms of its arc, the tangent surface of C 
is represented symbolically by the equation 

(1) y = x(s) + ra(s), 

where r is a parameter as well as s. For, when s is fixed and r 
varies, the point (i/i, 7/2, 7/3) defined by the equation traces the 
tangent line to C at the point whose coordinate is s. If s now 
varies, this point traces C and the tangent line, moving with it, 
sweeps out the tangent surface. 

If C is a plane curve, the surface is simply a portion of the 
plane of C. 

When C is a twisted curve, it is worth while to study the shape 
of the surface, particularly in the neighborhood of C. For this 
purpose, we choose arbitrarily a regular point Po of C, measure 
the arc s from Po, and introduce the directed edges of the tri- 
hedral at Po as the coordinate axes. The coordinates {xi^ X 2 j Xz) 
of an arbitrary point P of C in the neighborhood of Po are, then, 
given by the power series (46) of Chapter II, and the direction 
cosines ai, Qf 2 , as of the tangent at P are obtained by differen- 
tiating these power series term by term. Hence, the portion of 
the tangent surface generated by the tangents to C at the points 
in the neighborhood of Po is represented parametrically by the 
equations 

(® ■ 6 fig®’ 0 “ 2 Eg®* 
^*“(^o®*'^6*(fi)o®*‘^ ■”) 
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( 6 ^ { 2 RoTt^ 


We look at the section of the surface by the normal plane 
of C at Poy that is, by the plane = 0. A parametric repre- 
sentation of this section may be obtained from (2) by solving the 
equation ?/i = 0 for r and substituting the value thus found, 
namely, 


r = — 






in the expressions for 1/2 and 1 / 3 . The representation turns out 
to be 


2/1 = 0 , 




+ 


Vi = 


SRqTq 


s^ + 


Neglecting the terms of the series which are not explicitly given, 
we conclude that the section, in the neighborhood of Po, is ap- 
proximately a semi-cubical parabola whose 
cusp is at Po and whose cuspidal tangent is 
the principal normal to C at Po. 

It follows that the surface consists of 
two sheets which come together to form a 
sharp edge along the given curve. For 
this reason, the curve is called the edge of 
regression of the surface. 

Since the two sheets of the surface are 
separated by the curve and r = 0 for the 
points of the curve, the values of r for the 
points on the one sheet are positive and 
those for the points on the other sheet are 
negative. Consequently, the one sheet is generated by the posi- 
tive half-tangents of the curve, and the other by the negative 
half-tangents. 

EXERCISES 

1. Show that the tangent surface of a twisted cubic is a quartic surface. 

Suggestion. Show that the tangent surface of Xi — aly X 2 ^ ht^, Xt ■= d* 
may be represented parametrically by the equations 

yi = a{i -h u)y 2/2 = -I- 2vt)y yt = c(i* + ZtU'), 

and that elimination of the parameters t and u from these equations 3rield8 an 
aquation of the fourth degree in yi, th, 
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2. The osculating plane of a twisted curve C at a point P meets the tangent 
surface of C in the tangent line to C at P and a curve through P. Show that 
the curvature of the curve at P is three-quarters of the curvature of C at P. 

25. Parametric representation of a surface. The equations 

yi = Xx + rai, Vi = X 2 + 2/8 = Xs + ros 

constitute a representation, in terms of the parameters r and 5, 
of the tangent surface of the curve x = x(s). 

Similarly, the equations 

(3) Xi = a sin 0 cos Xi = a sin <t> sin 9, Xz = a cos 0 


represent parametrically the sphere whose center is at the origin 
and whose radius is o. The parameters 0 and B are, respectively, 
the colatitude and longitude of a point on the sphere. 



Fig. 11 



Fig. 12 


Again, the circular cylinder erected on the circle in the (xi, X 2 )- 
plane with center at the origin and radius a, as directrix, has the 
parametric representation 

(4) Xi = a cos u, Xz a sin u, Xz = v. 

The equations 

(5) Xi = xi(u, v), Xz = xziu, v), Xz = xz(u, v), 

where Xi(u, v), Xa(u, v), Xz(u, v) are real, single-valued, analytic 
functions of the real variables u, with a common domain of 
definition, represent a surface, provided merely, as we shall show 
later, that x« x^ ^ 0, where x« and x« are the vectors dxi/du, 
dxzjdUf dxs/du, and dxildv, dxa/dv, dxzjBv. 
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The equation in xi, x^, Xa of the surface (5) may be obtained 
by eliminating u, v from (5). This equation may, however, yield 
more than the parametric representation. For example, the 
elimination of <^, 6 from equations (3) gives always the equation, 
xi + xl + xl = o®, of the entire sphere, even when ^ and 0 are 
restricted so that equations (3) represent only a portion of the 
sphere. 

Parametric curves. When v = i;©, that is, when v is set equal to 
an arbitrarily chosen constant, equations (5) represent, in general, 
a curve, which lies, of course, on the sur- 
face in question. Similarly, u = uo defines 
a curve on the surface. There are clearly 
infinitely many curves of each kind. They 
are called the parametric curves on the 
surface, and are designated as the curves 
V = constant and u = constant. 

The curves v = const, on the cylinder (4) ^3 

are the circular cross-sections, whereas the 
curves u = const, are the rulings. In the case of the sphere (3), 
the curves = const, are the parallels of latitude and the curves 
6 = const, are the half-meridians. 

Curvilinear coordinates. Since XiCu, r), 3:2 (w, v), Xz{Uy v) are 
single- valued functions, there corresponds to a chosen pair of 
values Wo, vo of w, v a unique point on the surface (5). The con- 
verse is, however, not necessarily true. For example, to a given 
point of the cylinder (4) there corresponds an infinite number of 
pairs of values of w, v, of the form wo + 2 Ajtt, to, where A; = 0, 
±1, ±2, • • •. We may, however, reduce the number to one by 
restricting u to lie in the interval 0 ^ w < 2 tt. Similarly, in the 
case of the arbitrary surface (5), we may, and do, restrict the 
domain of definition of the functions Xi(u, v), X2(w, v), XsCu, v) so 
that to each point of the surface there corresponds, in general, a 
single pair of values of w, v. 

In the case of the sphere (3), we restrict <f> and $ to lie respec- 
tively in the intervals 0 ^ <t> ^ v and 0 ^ ^ < 2 tt . Then, to 
each point of the sphere corresponds a unique pair of values of 
4>, By in general. The north and south poles are exc'''"'tions, since 
B is not determined for either of them. In fact, the equations 
^ = 0 and 4> = IT represent, not curves, but simply these excep- 
tional points. 
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Returning to our arbitrary surface (5), we now have, in general, 
a one-to-one correspondence between the points of the surface 
and the pairs of values of u, v. In other words, u, v constitute 
coordinates for a point on the surface. Since the coordinate 
lines u = const, and v = const, are generally curved, these co- 
ordinates, (u, v)y are known as curvilinear coordinaies on the 
surface. 

Through a point (wo, 2^o) there pass, in general, just two para- 
metric curves, one from each family, namely, the curve u = uq 
and the curve v = vo, and the point may be thought of as the 
point of intersection of these two curves. 

Curves on the surface. Just as a curve in the (x, 7/)-plane is 
defined by a functional relation between the coordinates (x, y), 
so a curve on the surface (5) is fixed by a functional relation 
between the coordinates (u, v). This relation may be expressed 
by means of an equation in u, v, such as v = f{u) or F{Uy v) = 0, 
or it may be represented parametrically: u = u{t)y v = v{t). All 
the functions involved are, of course, to be analytic. 

For example, since the parameter u in (4) is proportional to 
the arc of the directrix circle, measured from the point (1, 0, 0), 
the equation v = kUy k 9 ^ 0, represents a circular helix on the 
cylinder. 

Tangent plane at a point. By a tangent line to a surface at a 
point is meant the tangent line at the point to a curve on the 
surface which goes through the point. 

We proceed to show that the tangent lines to the surface (5) 
at a point P for which x^Xv 9 ^ lie in a plane. Let P be the 
point (uo, Vo), and consider first the parametric curves which pass 
through it. The curve v = Vo is represented parametrically, in 
terms of Uyhy x = x(Uy vo). Hence the tangent to it at an arbi- 
trary point has the direction components Xu(u, Vo); in particular, 
the tangent at P has the direction components Xu(uoy vo). Simi- 
larly, the tangent at P to the curve u = uo has the direction 
components Xv(uoy Vo). 

The assumption that Xu Xv ^ 0 at P: (uo, vo) implies that the 
vectors Xu and Xp at P are proper vectors with distinct directions. 
We have just seen that these directions are those of the para- 
metric curves. Consequently, the tangents at P to the para- 
metric curves are distinct and determine a plane. 
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Consider, now, an arbitrary curve C passing through P and 
represent it, as a curve pn the surface, by parametric equations, 
u = u(t)y V = v(f)y where uo = u(to)y vo = v(<o). As a curve in 
space, C has the representation x = rc(w(<), v(0). Hence, the tan- 
gent to C at an arbitrary point has the direction components 
dxidt. But 

dx __ dxdu dx dv 
dt du dt dv dt 

Thus the tangent to C at P has the direction components 

J)„ = (¥)„ + (^)„- 

This equation says that the vector {dxjdt)^, tangential to C at 
Py is a linear combination of the vectors Xu and x^ tangential to 
the parametric curves at P. Hence, the tangent to C at P lies 
in the plane determined by the tangents at P to the parametric 
curves. 

We have thus proved t^t the tangent lines to the surface (5) 
at a point P for which XuXv 9^ 0 lie in a plane. This plane is 
called the tangent plane at P and the line perpendicular to it at 
P is known as the normal to the surface at P. 

Since the normal at P is perpendicular to the tangents at P to 
the parametric curves, it has the direction components Xv 
In other words, the vector Xu Xv at P is a vector normal to the surface 
at P. 

Application to the tangent surface of a curve. For the surface 
(1) : 2/ = X + ray we have i/r = a, ?/« = a + {rlR)p, Hence yr y, 
= (rlR)y, Thus, the normal to the surface at the point (r, s), 
r 0, is parallel to the binormal of the curve at the point with 
the coordinate s. It follows that, for 5 fixed, that is, for all the 
points of a ruling, the tangent plane is the same and is precisely 
the osculating plane of the curve at the point in which the ruling is 
tangent to the curve. 

The tangent planes to the surface are, then, the osculating 
planes of the curve. But any surface, not a plane, may be con- 
sidered as the envelope of its tangent planes. Hence, the tangent 
surface of a twisted curve is the envelope of the osculating planes of 
the curve. 
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Ordinarily, a surface has a different tangent plane at each 
point and is therefore the envelope of a two-parameter family of 
planes. A surface which, like the tangent surface of a twisted 
curve, has only a one-parameter family of distinct tangent planes 
and so is the envelope of a one-parameter family of planes, is 
known as a developable surface. 

26. Envelopes. Preparatory to a careful treatment of the 
envelope of a one-parameter family of planes, we shall give a 
descriptive, rather than rigorous, account of the envelope of a 
one-parameter family of surfaces. Let the equation of the family 
be 

(6) /(xi, X2, X3, t) = 0, 

where t is the parameter and /(xi, Xs, t) is a real, single-valued, 
analytic function of the four real variables. 

We fix our attention on an arbitrary, but fixed, surface, S, of 
the family and assume that it is intersected by a neighboring 
surface, <S', of the family in a curve C'. If S and S' correspond 
to the values t and t + At of the parameter, the curve C' is rep- 
resented by the simultaneous equations 

f(xif X2, xs, t) = 0, /(xi, X2, Xs, < + AO = 0. 

It is equally well represented by the equations 

^ ^ - n ^ 2 , X 3 , ^ + AO - /(xi, X 2 , Xg, 0 _ n 

( 7 ) /(Xl, X 2 y X3, 0 =0, = 0, 

since the surface /(xi, X 2 , xg, t + At) — /(xi, xg, xg, t) = 0 goes 
through the curve common to the two surfaces /(xi, xg, xg, 0=0 
and /(xi, Xg, Xg, t + At) =0 and meets neither in a further point. 

When S' approaches S as a limit, that is, when At 0, the 
curve C' will, in general, approach a curve C. Since the limit 
of the left-hand member of the second equation in (7), when 
At 0, is/j(xi, X 2 , Xg, t), this curve C has the equations 

( 8 ) /(xi, X 2 , Xg, 0 = 0, ftiXly X 2 , Xg, t) = 0. 

Inasmuch as the curve C' lies always on S, the curve C lies 
on S, It is known as the characteristic curve on S. 

When the parameter t varies, the characteristic curve C will, 
in general, vary with S and generate a surface E. This surface E 
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is defined to be the envelope of the given family (6). It can, in 
fact, be proved that E is tangent to each surface S of the family 
at every point of the characteristic curve C on S. 

Equations (8), when t is fixed, represent the characteristic curve 
on the corresponding surface of the family. The same equations, 
with t variable, represent the envelope E, The result of elimi- 
nating t from them is the equation, in Xi, X 2 , Xs, of E. 

Let us now consider the envelope of the characteristic curves, 
thought of as curves on the surface E, The characteristic C, 
given by (8), will, in general, have in common with the neigh- 
boring characteristic, 

f(Xlj 3^2, Xsf t “1“ A^) = 0, X2f Xzy t “f“ Af} — 0, 

one or more points P'. These points P' are precisely the points 
in which C is met by the curve 


f(Xi, X2, X3, t + At) — f(xu X2y Xsy i) = 0, 

Si{Xly X2y Xs, t + At) - ft{Xl, X2y X^y t) = 0. 

Hence the points P which are the limits of the points P', when 
At -> 0, are the points in which C is met by the curve 

XZy t) — 0, ftt{X\y X2y XSy t) = 0, 

or, what is the same thing, the points which the three surfaces 
(9) /(Xi, X2, Xs, t) = 0, ft(Xi, X2y Xsy t) = 0, fu(Xiy X2, X8, 0=0 

have in common. 

When the parameter t varies so that C runs through all the 
characteristic curves, the p)oints P will, in general, vary and 
generate a curve R on the surface E. This curve R is defined 
as the envelope of the characteristics and is known as the edge of 
regression of the surface E, As a matter of fact, it can be shown 
that R is tangent to the characteristic C at each of the points P. 

Equations (9), when t is fixed, define the points P on the char- 
acteristic C. Hence, when t is variable, these equations represent 
the edge of regression, P, and the result of solving them for Xi, 
X 2 y Xs is a parametric representation of R, 

Example. It is evident geometrically that the envelope of the 
one-parameter family of spheres traced by a sphere of fixed radius 
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a whose center traverses a given curve C:x = x(s) is the surface 
generated by a circle of radius a moving so that its center traces 
C and its plane is always normal to C. 

To establish this result analytically, it suffices to show that the 
characteristic curve of the sphere with center at an arbitrary 
point P of Cf namely 

(10) f ^ (X - x\X - x) -a2 = 0, 

is the circle in which the sphere is cut by the normal plane to C 
at P. But the characteristic curve is the curve of intersection 
of the sphere and the surface 

(11) -2(X-x\a) =0, 

and this surface is precisely the normal plane to C at P. 

To obtain a parametric representation of the edge of regression 
of the envelope, we have to solve equations (10), (11), and 

(12) /.. = -2(x-x||)+2 = 0 

for Xit Xif Xa. Equation (11) says that the vector X" — x at P 
lies in the normal plane to C at P and hence is a linear combina- 
tion of P and y: X — X = Bp + Cy. Substituting this value of 
X — X in (12) and (10), we find that B = R and C = db 
Hence, the edge of regression of the envelope has the parametric 
representation 

(13) X^ = X + Rp ± 

It is clear that, if R is always less than a, the edge of regression 
has two branches. On the other hand, if R is always greater than 
a, equation (13) fails to define real points. 

If the given curve C is a twisted curve of constant curvature, 
1/P, and a = P, the edge of regression is the locus C:x = x + Rp 
of the center of curvature of C. Since the normal planes of C 
are the osculating planes of C (§ 23), it follows that the charac- 
teristic circles are the osculating circles of C and that the given 
spheres are the spheres having these circles as great circles. We 
shall learn shortly that these spheres are the so-called osculating 
spheres of C; see § 29, Ex. 1. Hence it is not surprising that the 
edge of regression of their envelope is the curve C. 
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EXERCISES 

1. Find the envelope of the family of spheres which have as diameters the 
chords of an ellipse which are parallel to an axis of the ellipse. 

2. From a point on a circle chords are drawn. Find the envelope of the 
spheres constructed on these chords as diameters. What can you say about 
the edge of regression? 

27 . Developable surfaces. In § 25, we showed that the tan- 
gent surface of a twisted curye is the envelope of a one-parameter 
family of planes. We shall now prove, conversely, that the 
envelope of a one-parameter family of planes is, in general, the 
tangent surface of a twisted curve. 

Since the characteristic in a given plane of the family is the 
limiting position of the straight line in which this plane is met 
by a neighboring plane of the family, the characteristic curves 
are straight lines and the envelope E of the family of planes is a 
ruled surface. 

The characteristic lines on E in general envelope a curve R 
and are, then, precisely the tangents to R, Hence, E is the 
tangent surface of the curve R. 

What are the exceptions? In the first place, the given planes 
may all be parallel or they may all go through a fixed line. In 
the one case, there is no envelope E, and, in the other, E issi line. 
We exclude these cases, once and for all. The envelope E then 
exists and is a surface. The rulings of this surface will have a 
curve R as an envelope, unless they are all parallel or all go 
through a point. In the first case, ^ is a cylinder, and, in the 
second, .E is a cone. Hence, we arrive at the final conclusion: 

Theorem 1. A developable surface is the tangent surface of a 
twisted curve, or a cone, or a cylinder. 

It is a familiar fact that every cone or cylinder can be obtained 
by rolling a sheet of paper in the proper form. It is also a fact, 
which we shall prove later, that a sheet of a prescribed tangent 
surface can be obtained by drawing a suitably chosen plane curve 
on a piece of paper, cutting away the concave side, and rolling 
the portion which remains properly.* It follows that every de- 
velopahle surface is, as we say, applicable to a plane or can be de- 
veloped on a plane, that is, can be rolled out on a plane without 
tearing or stretching. 

* If the paper is creased lightly along each of a set of Ao^-tangents to the curve, 
it will roll of itself into a sheet of a tangent surface. 
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Critical treatment. Let the family of planes be represented by 
the equation 

/ s (a|a;) + oo = ai(jt)xi + a 2 {t)x 2 + + Oo(0 = 0, 

where a<(0, i = 0, 1, 2, 3, are analytic functions of t. 

The characteristic line in the plane / = 0 is the line of inter- 
section of the planes / = 0 and ft = 0, namely, the line 

(14) (x|a) + flo = 0, (x|a') + aj = 0. 

If a o' were identically zero, it would follow, by § 13, Theorem 2, 
that the vector a is fixed in direction and hence that the planes 
of the family are all parallel. But this is contrary to hypothesis. 
Hence equations (14) ^tually define a characteristic line, whose 
direction is given by a o'. 

The envelope, 72, of the characteristic lines is obtained by 
solving the equations/ = 0,/i = 0, /» = 0, namely, 

(15) (x|a)+Oo*0, (a;|a')+oj = 0, (x | o") + oi' = 0, 

for Xi, X 2 , X 3 . If (o o' o") ^ 0, the solution is possible by Cra- 
mer's rule, and the envelope exists. The envelope may, however, 
be only a point, in the case in which the functions of t obtained 
by the solution are all constants; then the rulings of the surface 
E all go through the point and E is a cone. 

If (o o' o") = 0, the vector a is always parallel to a plane 
(§ 18, Theorem 3), and hence the planes of the family are all 
parallel to a line. The characteristic lines are, then, all parallel 
to this line and, since, by hypothesis, they are not all the same 
line, they generate a cylinder. 

We proceed, finally, to justify the definitions of E and R. We 
prove, first, that the tangents to E, provided E is a curve, are 
actually the characteristic lines. If x = x{t) is the parametric 
representation of R obtained by solving equations (15), then 

(x(0 1 o) + Oo = 0, (x(0 1 o') + oo = 0, (x(0 1 o") + oo =0. 

Differentiating the first and second of these identities with re- 
spect to ty and simplifying the results by means of the second and 
third, we find 

(x'la) s 0, (x'|a') = 0. 
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or x' = fc a a'. Hence the tangent to at a point P has the 
direction of the characteristic line which goes through P and so 
actually is this characteristic line. 

It remains to prove that the tangent planes to the surface E 
are the planes of the family. Mark a specific point on the char- 
acteristic line C and visualize the curve which it traces when C 
generates E. If z = 2 {t) is the parametric representation of this 
curve in terms of the parameter Z, the symbolic equation 

y = z + r aa*y 

where both r and Z vary, represents the surface E. 

The plane of the family through the characteristic line C will 
be the tangent plane to E all along C if we can show that the 
normals to E in the points of C are all parallel to the vector a, 
that is, if we can show that^ajyr) = 0 and {a\yt) = 0. Now 
yr = a a' and = z' + raa'\ Evidently, (a|i/r) =0; and 
{cL\yi) = 0 if (a|z') = 0. 

Since the point z moves always as a point of C, its coordinates 
always satisfy both of the equations (14). Therefore 

(a| z) + ao = 0, {a! 1 2?) + oq = 0. 

Differentiating the first of these identities and using the second 
to simplify the result, we find that (a | z') = 0. Hence, the proof 
is complete. 

Example, In the case of the family of planes 
f = P — 3 Pxi + 3 Zx2 — X8 = 0, 

we have 

= 3 Z* — 6 Zxi + 3 X2 = 0, /if = 6 Z — 6 Xi = 0. 

Solving the three equations for Xi, X2, Xs, we find, as the edge of 
regression, the twisted cubic Xi = Z, X2 = P, X3 = Z®. Hence, the 
envelope of the planes is the tangent surface of this twisted 
cubic. 

EXERCISES 

1. Find the envelope and edge of regression of the one-parameter family of 
planes 

sin Z Xi — cos tXi + tan ^ — oZ = 0. 

2. Find the edge of regression of the developable surface which is tangent 

to the hyperbolic paraboloid xl — ai = axz along the curve in which the parab- 
oloid is cut by the circular cylinder xf + * o*. 
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28. Rectifying developable. There are three important fam- 
ilies of planes associated with a space curve, namely, the families 
of osculating, rectifying, and normal planes. The osculating 
planes envelope the tangent surface, whose edge of regression is 
the curve itself. In discussing the envelopes of the rectifying and 
normal planes, we shall find the following lemma useful. 

Lemma. In the theory of the family of surf aces f{xi, X2y X3, t) = 0 , 
the equations / = 0, /i = 0, fu = 0 may he replaced by the equor 
tions f = 0, (t>ft = 0, {(l>ft)t = 0, where <t> is any function of t, not 
zero. 

For, {<t>ft)i = </>/« + <l>ft = 0 reduces, since /« = 0 and <#> 5*^ 0, 
ioftt = 0. 

In the case of the rectifying planes of the curve x = x{s)y we 
have 

(16) /^(Y-x|0)=O, 



From equations (16) and (17) it is evident that the charac- 
teristic line of the rectifying plane goes through the point x and 
has the direction of the vector y — {RlT)a. It has, therefore, 
the parametric representation 

(19) X = X + r(y-^a 

To find the point of the characteristic line which lies on the 
edge of regression, we determine r so that X, as given by (19), 
satisfies (18). We find that rd(R/T)lds = 1, and hence obtain, 
as the coordinates of the point in question. 



When 5 varies as well as r, the symbolic equation (19) repre- 
sents the envelope of the rectifying planes: the rectifying deveU 
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opahle of the given curve. This developable clearly passes 
through the curve. 

Equation (20), when s is variable, represents the edge of re- 
gression of the rectifying developable. This equation has, how- 
ever, no meaning when RjT = const. But, then, the given curve 
is a helix and the rectifying developable is the cylinder on which 
the helix lies; for, the principal normal to the helix at a point 
is the normal to the cylinder at the point (§ 22), and hence the 
rectifying plane is tangent to the cylinder. 

If this cylinder is rolled out on a plane, the helix, since it meets 
the rulings of the cylinder under a constant angle, becomes a 
straight line in the plane. This property of the helix holds for 
every curve. The 'process of rolling the rectifying developable of a 
curve out on a plane straightens out the curve into a straight line, or, 
in other words, rectifies the curve. The proof of the fact in the 
general case we shall give later. Furthermore, we shall also 
establish the converse : If a curve on a developable surface, other 
than a straight line, is rectified by rolling the surface out on a 
plane, the developable is the rectifying developable of the curve. 

EXERCISE 

Show that R/T = cls b, a ^ 0, is the natural equation of the curves whose 
rectifying developables are cones, that is, of the curves on cones which are 
rectified when the cones are rolled out on planes. 

29. Polar developable. Osculating sphere. We have still to 
consider the envelope of the normal planes of a curve x = a;(s), 
not a straight line. Here, we have 

(21) /^(A:-z|a)=0, 

(22) Rf. = {X - x\fi) - R = 0, 

(“) -o- 

It is clear from equations (21) and (22) that the characteristic 
line of the plaM / = 0 goes through the point x + Rfi and has 
the direction a jS, or 7. In other words, the characteristic line 
of the normal plane goes through the center of curvature, C, and 
is parallel to the binormal. It is known as the polar line, and 
the surface which it generates, the envelope of the normal planes, 
is called the polar developable. 
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The symbolic equation 
(24) X = x + m + Ty 


represents the polar line or the polar developable, according as 
we think simply of r, or of both r and s, as 
variable. 

The result of substituting X, from (24), 
into (23) is rjT + dRjds = 0. Conse- 
quently, if the given curve is twisted, the 
polar developable has an edge of regression, 
defined by 



(25) X = x + m-T^y, 


and hence is never a cylinder. On the 
other hand, the polar developable of a plane curve is always a 
cylinder; the normal planes are all perpendicular to the plane of 
the curve and envelope the cylinder whose directrix is the locus of 
the center of curvature of the curve. 


Osculating sphere. We proceed to find, if it exists, the sphere 
through the osculating circle at a regular point, P, which has 
contact of the highest order with the curve. 

The center M: (Xi, X2, Xs) of an arbitrary sphere through this 
circle is on the polar line and hence has the coordinates (24), 
where r is the directed distance CM. If P': ( 2 / 1 , 2 / 2 , Vz) is a point 
of the curve neighboring to P: (xi, X2, X3), the distance, Z), from 
P' to the sphere is 

D = ± (MP' - p). 


where p is the radius of the sphere. Hence 

± iMF + p)D = MF* - p*. 

where 

mP* = {X - y\X - y), p* = 2e* + r«. 
By Chapter II, (45), 
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Hence 


X — y = Rfi + ry — aa 

-if. 

R2! 

and 




Thus 


(26) ±(JfP' + p)D.i(f + |)|'+.... 

If l/T is not zero at the point P, it follows that there is a unique 
sphere which has contact of at least the third order with the 
curve at P, namely, the sphere for which r = — T(dRlds). The 
center of this sphere is in the point (25) and its radius is given by 

(27) + 

It is called the osculating sphere of the curve at the point P. 

Theorem 1. The center of the osculating sphere of a twisted 
curve at a regular point P at which IjT ^ 0 is the point on the edge 
of regression of the polar developable which corresponds to P. The 
locus of the center of the osculating sphere is the edge of regression 
of the polar developable. 

If l/T = 0 and dRjds 0 at P, the coefficient of <r® in (26) 
is never zero, and all the spheres in question have contact of the 
second order with the curve. On the other hand, we know that 
the osculating plane, which may be thought of as a degenerate 
sphere, has contact of at least the third order with the curve; 
see § 19. 

If l/T and dRJds both vanish at P, the coefficient of cr* in (26) 
is always zero. In this case, all the spheres under discussion, 
including the osculating plane, have contact of at least the third 
order with the curve. 

We define the osculating sphere, 5, at a point P of a twisted 
curve at which l/T = 0 as the limit of the osculating sphere, S\ 
at a neighboring point P', when P' approaches P as a limit. 
Evidently, S is eitW a sphere or a plane, never a point. More- 
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over, S must have contact of at least the third order with the 
curve, since this is true always of S'. It follows, then, from the 
foregoing considerations, that S is the osculating plane at P if 
dR/ds 0 at P and may be the osculating plane or a sphere if 
dRjds = 0 at P. 

The osculating sphere of a plane curve (1/T = 0), that is, the 
sphere or plane which has contact of highest order with the curve, 
is always the plane of the curve, unless the curve is a circle 
{dRjds = 0). The osculating sphere of a circle is undefined. 

Spherical curves. The polar developable of a twisted curve is 
a cone when and only when its edge of regression (25) is a point. 
But it is readily shown that dXjds = 0 if and only if 

( 28 ) B + 

From Theorem 1, it follows that the center of the osculating 
sphere is, then, always at the vertex of the cone and so is fixed. 
Moreover, the radius of the osculating sphere is constant; for, 
it is readily shown that dp^/ds = 0 when (28) holds. Hence, the 
osculating sphere is one and the same sphere for all points of the 
curve, and the curve lies on this sphere. Conversely, if a twisted 
curve lies on a sphere, the center of the osculating sphere is fixed, 
and relation (28) follows. Thus (28) is the natural equation of 
the twisted curves which lie on spheres, or, as they are called, 
the spherical curves. 

EXERCISES 

1 . Show that a twisted curve of constant curvature is characterized by the 
property that the edge of regression of the polar developable coincides with the 
locus of the center of curvature. 

2. Show that the osculating sphere of a twisted curve is always of the same 
size if and only if the curve is spherical or has constant curvature. 

3 . Find a, 7, l/R, \IT for the edge of regression of the polar developable 
of a twisted nonspherical curve. Show that if the curve is a helix, the edge of 
regression is a helix, and conversely. 

30. Involutes. An involute of the curve C: x = a;(s), not a 
straight line, is a curve which cuts each tangent to C at right 
angles. It lies, therefore, on the tangent surface, 

y = X + ra, 

of C. An arbitrary curve on this surface, other than a ruling, 



CURVES AND DEVELOPABLE SURFACES 


75 


has an equation of the form r = r(s). Since a vector in the 
direction of the curve is 


(29) 


^ = 
ds 




the curve cuts the tangents to C orthogonally if and only if 
{dyjds I a) =0. But, this condition reduces to 

dr + ds = 0 or r = k — s, 

and hence we are led to the conclusion : 

Theorem 1. The curve x = x{s) has infinitely many involutes, 
namely, 

(30) y = X + {k — s)a. 

If /i and I 2 are two distinct involutes, represented respectively 
by the equations ri = ki — s and r 2 = k^ — s, then r 2 — n 
= ^2 — ki. In other words: 

Theorem 2. The distance between corresponding points of two 
involutes is constant. 

In the equation r + s = fc of the involute I, s is the arc of 
the given curve, measured from the fixed point Po to the arbi- 
trary point P, and r is the tangential distance from P to the 
corresponding point Q of I. Since the equation says that r + s 
is constant and equal to k, it follows that, if a string of length k, 
with one end fastened at Po and originally coincident with the 
curve, is unwound so that it always remains on the tangent sur- 
face, the free end traces the involute I, By varying the length 
of the string, all the involutes of C may be obtained in this way. 

When dr/ds = — 1, we find, from (29), that dy/ds is a multiple 
of 0. Thus, the tangent to the involute / at Q is parallel to the 
principal normal to C at P. 

31. Evolutes. An evolute of the curve C: x = x{s), not a 
straight line, is a curve whose tangents cut C orthogonally, that 
is, a curve which is the envelope of normals to C, 

By a family of normals to C we shall mean a one-parameter 
family which consists of one normal at each point of C. If the 
normals of the family have an envelope, the surface which they 
generate is the tangent surface of this envelope. Thus the fam- 
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ilies of normals which envelope evolutes of C are included among 
the families of normals which generate developable surfaces or 
planes. We shall find these latter families of normals first, and 
then select from among them those which actually have envelopes. 

An arbitrary unit vector 17 normal to C at the point P: (xi, X2, Xs) 
may be written as a linear combination of the vectors P and 7 
at P, We have, namely, v = cos 4>ff + Qin<t>y, where 0 is the 
angle through which p must be rotated, in the direction toward 7, 
in order to coincide with 17. 

If <f> is thought of as a single-valued, analytic function of the 
arc 8 of C, the 83rmbolic equation 


(31) 77 = cos 0/3 + sin </>7 

represents a family of unit vectors normal to C and the lines on 
which these vectors lie constitute a family of normals to C, 

Theorem 1. A necessary and sufficient 
condition that the family of normals to C 
defined by (31) generate a developable sur- 
face or a plane is that 



(32) 


^ = 0 . 

ds T 


The surface generated by the normals 
of the family, expressed parametrically in 
terms of the arc s of C and the directed 
distance r along the rulings, has the symbolic representation 


(33) y = x + rrj. 

If the surface is a developable or a plane, the tangent plane 
is the same at all the points of each ruling. In other words, the 
direction of the vector y, yr normal to the surface is independent 
of r. Since y, = ot + r^', where 77' = drj/dsy and yr = 77, 

( 34 ) y^yr = a 71 + rrj' ri. 

Evidently, thi s vector i s, in direction, independent of r only if 
= kari or rj' — karj =0, that is, only if the scalar k{s) exists 
so that the vector 77' — ka is parallel to the vector rj. But 77' — ka 
is perpendicular to 77; for, (a|77) = 0 and, since 77 is a unit vector, 
W h) =0- Hence, 77' — fca is a null vector and 77' = feat. 
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Differentiating ij, as given by (31), we have 

(35) n' = - ^^-^)(-sin<^|3 + cos07). 

Therefore, ry' is a multiple of cl only if relation (32) holds. 

Conversely if (32) holds, then r[ is, by (35), a multiple of a, 
the vector y, yr has a direction independent of r, and the surface 
is a developable or a plane. 

From (32), we have 

(36) 4>(s)=£^ + c, 

where c is an arbitrary constant. Thus, there are infinitely many 
values of each two differing by a constant. Hence we con- 
clude the following proposition. 

Theorem 2. There are infinitely many families of normals to a 
given curve which generate developable surfaces or planes. The 
angle between corresponding normals of any two of these families is 
constant. 

We next determine when the developable is a cylinder or a 
cone. If it is a cylinder, rj is always the same vector, that is, 
7 y' = 0. We conclude, then, from (35) and (32), that <t> = 9r/2 
and 1/T = 0, Hence, (7 is a plane curve and the family of nor- 
mals in question consists of the binormals. 

If the rulings of the developable all go through a point, then 
r = r(s) exists so that y = x + rri represents a point. Making 
use of (32) and (35), we have 

Hence, dy/ds = 0 implies that r' = 0 and r is a constant. This 
means that the point is at a constant distance from all the points 
of C. Therefore C lies on a sphere and the normals in question 
are normal to the sphere. What more can be said if, in particu- 
lar, C is a circle? 

Corollary. If C is a plane curve, its binormals are all parallel. 
If C is a spherical curve, the normals to C which are also normals of 
a sphere on which C lies go through a point. Otherwise, the normals 
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of a family of normals to C which generate a developable or a plane 
envelope a curvcy — an evolute of C. 

From these facts we draw the following conclusion. 

Theorem 3. Every curve^ other than a circle^ has infinitely many 
evolvtes. 

The curve y = x + r(s)ri is an evolute of C if the tangential 
vector dy/ds has the direction of t|. According to equation (37), 
which takes account of the fundamental condition (32), this is 
the case only if r = R/cos <t>. Hence, an arbitrary evolute of C 
has the parametric representation 

(38) y = X + R sec <1)71 = X + RP + R tan <l> y, 

whore 0 is given by (36). 

Comparing (38) with (24), we conclude: 

Theorem 4. The evolvtes of a curve all lie on the polar develop- 
able of the curve. 

We return, finally, to Theorem 2, and restate its content in 
another way. 

Theorem 5. If C is an orthogonal trajectory of a one-parameter 
family of lines which generates a developable or a planCy and each 
line is rotated through a constant angle about the tangent to C at 
the point in which it meets C, the lines in their new positions still 
generate a developable or a plane. 

EXERCISES 

1. The Irinormals of a cum never have an envelope. 

2. The princ'i pal normals of a curve have an envelope only when the curve is a 
plane cum^ not a circle, and the envelope is, then, the locus of the center of 
curvature of the curve. 

3. Show that the twisted evolutes of a plane curve are helices on the cylinder 
which is the polar developable of the curve. 

4. Find a, /3, 7, 1/R, 1/7’ for an involute of a twisted curve C, and show that 
the polar developable of the involute is the rectifying developable of C. Find 
all the evolutes of the involute and verify the fact that one of them is C itself. 

5. Prove that involutes of a twisted curve are plane curves if and only if 
the twisted curve is a helix. 
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FUNDAMENTALS OF THE THEORY OF SURFACES 

32. Parametric representation. The equations 

(1) Xi = Xi(u, v), X2 = X2(u, v), Xs = Xsiu, v) 

of § 25 do not always represent a surface. They may represent 
only a point, in case the three functions Xi, X2, Xs are all con- 
stants. Or, they may represent a curve, in case these functions 
are all expressible as functions of a single variable. For example, 
the manifold of points represented by 

(2) Xi = u + V, X 2 = (u + vy, Xs = (u + vy 

is precisely the same as that represented by xi = t, X 2 = 

Xs = and so is a curve. 

Each two of the functions in (2) are functions of one another; 
the second and the third are respectively the square and the cube 
of the first, and the cube of the second is equal to the square of 
the third. 

If one of two functions is a function of the other, we say that 
the two functions are functionally dependent. It is a fact, the 
proof of which need not concern us, that the functions f{u, v), 
0(u, v) are functionally dependent or both are constants if and only 
if the determinant fu<t>v — known as their Jacobian^ vanishes 
identically. 

Let the reader show that the Jacobian of each two of the func- 
tions in equations (2) is identically zero. 

It is geometrically evident that the manifold of points repre- 
sented by equations (1) is a curve or a point if and only if the 
projection of the manifold on each of the coordinate planes is a 
curve or a point. The projection of the manifold on a coor- 
dinate plane is represented by two of the equations, for example, 
by xi = xi(u, i>), X 2 = X 2 {Uf v), and is a curve or a point when and 
only when the two functions involved are functionally dependent 
or constants. But a necessary *and sufficient condition that this 
be the case is that the Jacobian of the two functions vanish. 

79 
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Hence, equations (1) represent a curve or a point if and only if 
the Jacobians of each two of the three functions involved are 
identically zero. 

If not all of these Jacobians vanish identically, equations (1) 
represent a surface. Suppose, for example, that the Jacobian of 
the functions Xi, is not identically zero. This means that the 
coordinates Xi, xs of the variable point (xi, X2, 0) are not function- 
ally related or constants. Hence, the projection on the (xi, xj)- 
plane of the manifold represented by (I) is a region, and the 
manifold, itself, is a surface. 

Since it may be readily verified that the Jacobians of the pairs 
of functions Xa, xs, X3,_xi, and xi, Xa in (1) are precisely the com- 
ponents of the triple Xu x*, we may state our result as follows: 

Theorem 1. Equaiions (1) represent a surface if and only if 

Xu Xv ^ 0 . 

Even when equations (1) represent a surface, as we shall hence- 
forth- assume, there may be points on the surface for which 
Xu Xv = 0. In contrast to them, we shall call a point at which 
Xu Xv 7*^ 0 a regular point of the surface. 

A point may fail to be regular on account of a singularity of 
the surface or on account of a singular behavior of the para- 
metric representation. 

For example, in the case of the tangent surface y = x + ra of 
a twisted curve, the points of the curve fail to be regular since 
the curve is a singular locus, an edge, of the surface. We have, 
in fact, yr y, = (rlR)y, so that, when r = 0, i/r 2/t = 0. 

On the other hand, the north and south poles of the sphere 
Xi = a sin 4 > cos 0, xa = o sin <#> sin d, Xz = a cos fail to be regu- 
lar because they are singular points, not of the sphere, but of the 
parametric representation; see § 25. For the north pole, 0 = 0; 
a^ it is easily proved that, when 0 = 0, x® = 0 and hence 
x^ X® = 0. 

It has been shown, in § 25, that, at a regular point P: (u, v) 
of the surface (1), the tangent lines really do lie in a plane and 
that the surface actually has a normal, whose direction is that 
of the vector x* x*. On the other hand, there is no guarantee 
that tangent plane and normal exist at a point which fails to be 
regular. At the vertex of a cone, for example, they certainly do 
not exist. 
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Change of parameters. The result of substituting for u and v 
in (1) the functions 

(3) u == u{u. v). V = v(u. v) 

effects a change from the coordinates (m, r) on the surface to new 
coordinates (w, v). The functions u{u, v)j v{Uj v) are to be thought 
of as real, single-valued, analytic functions of the real variables 
M, Vf defined throughout a certain domain of values for (w, v). 
Furthermore, in order to keep the correspondence between the 
pairs of coordinate values and the points of the surface in general 
one-to-one, it is assumed that equations (3) establish a one-to- 
one correspondence, in general, between the pairs of values of the 
old coordinates (u, v) and the permissible pairs of values of the 
new coordinates («, v). This implies that the Jacobian of the 
two functions involved is not identically zero: 


A = 


— — 
du die 

— — 
dv dv 


For, if A were identically zero, the pairs of values of (u, v) result- 
ing from (3) would be restricted by a relation, F{u, v) = 0, which 
would permit them to yield at most only the points of a curve 
on the surface. 

Since the new parametric representation x = x(w, v) of the 


surface is obtained 

by 

substituting 

u = u{u, v), 

V = 1 

X = 

x{u, v), we have 






x(u, v) = x{u, 


where u = 

-- u(u, v), V = 

via, 

Hence, 






du 

+ 

dv 

du . 

dv 




= x„- + x. 

'dv' 

and 









^dudv 

^ dv du 



X;iXi 


TT i” 

du dv 

Xy Xu ^ _ — _ f 

du dv 


or 






(4) 



Xu Xi = A Xu 

X,. 
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This important relation tells us that, if Xu 0, then x^ Xv 
7 ^ 0, unless A = 0. In other words, a point P which is regular 
with respect to the coordinates (m, v) is also regular with respect 
to the coordinates (w, v) unless A = 0 at P. 

Henceforth, we shall restrict ourselves to the regular points of 
a surface, unless the contrary is explicitly stated. 

33. Linear element. First fundamental form. Let there be 
given on the surface >S: 

(5) X = x(w, v)f 

a curve C: u = u(t)y v = v{t). The differential of arc, ds, of C 
is given by 

ds^ = (dx\dx) = (xudu + Xvdv\xudu + Xvdv), 

or 

(6) ds^ = (Xu\xu)du^ + 2 {xu\xv)dudv + (xv\xv)dv^y 

where du = u'dt, dv = v'dt. Thus, the arc . 9 , measured from the 
point i = <0 in the direction of increasing /, is 

(7) 5 = r + 2 {xu\xv)u'\/ H- {xv\xv)v'^ dt. 

The expression on the right-hand side of (6) is a quadratic 
form, that is, a homogeneous polynomial of degree two, in du, dv. 
It is known as the first fundamental differential quadraiic form of 
S, or, since it defines the differential of arc for an arbitrary curve 
C on S, as the linear element of S. 

It is customary to denote the coefficients in (6) hy E, F, G. 
We then have 

(8) d$^ = Edu^ + 2 Fdudv + Gdv^, 

where 

(9) E = C^ul^u); F = (Xu|^v)i G 

The discriminant, EG — F^, of the quadratic form we shall de- 
note by D^i 


= EG — F^. 



FUNDAMENTALS OF THEORY OF SURFACES 83 


By means of (9) and Lagrange’s identity (§ 6), we find that 

= (Xu Xv I Xu Xv ) . 

Consequently, D = ^EG — is positive at every regular point. 

It does not follow from (8) that ds is always equal to the 
positive square root of the quadratic form, since ds would then 
be positive for both directions along the curve C. As a matter 
of fact, we have, from (7), 


ds 


and hence 


ds = ± ^IEdu^ + 2 Fdudv + Gdv^, 


where the plus or minus sign is to be taken according as d< > 0 
or dt < 0, that is, according as dw, dv are the differentials of u 
and V in the positive, or in the negative, direction along C. 

The linear element enables us to find, not only the lengths of 
arcs of curves, but also angles between curves. In giving appli- 
cations of the latter type, we begin with the parametric curves. 

Parametric curves. In the Cartesian {x, y)-plane, we speak of 
the line y = 0 as the a;-axis, inasmuch as x is the variable coordi- 
nate on it. For the same reason, we shall call the curves v 
= const, on S, along which the coordinate u varies, the u~curves] 
and the curves u = const., the v-curves. 

The positive direction on a parametric curve shall be the direc- 
tion in which the variable coordinate increases. It follows, from 
(8), that the differentials of arc of an arbitrary incurve and an 
arbitrary t^-curve are, respectively, 

(10) ds = yfEdu, ds = VGdv; 


for, in the first case, v = const, or dy = 0; and in the second, 
du = 0. 

The directed tangent to a directed curve C:u = w(s), v = v{s) 
has the direction cosines 


( 11 ) 


dx du . dv 


where 5 is the arc of C measured in the positive direction along C. 
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If C is, in particular, a li-curve, then dv = 0 and du/ds = 1/Ve] 
and, if C is a v-curve, du = 0 and dv/ds = 1/VG. Hence, the 
unit vectors tangent at the point P: (w, v) to the parametric 
curves which pass through P are, respectively. 


( 12 ) 


Xu Xr, 


where a:„, a:„, E, G are evaluated for P. 

It follows that, if the angle between the directed parametric 
curves at P is «, 0 < « < tt, then 


(13) 


F 

COB t*) = - j — = » 

VlG 


sin (■> = 


D 


Thus, the vanishing of P at P is the condition that these curves 
cut orthogonally. Hence, if P = 0, each curve of the one family 
of parametric curves meets every curve of the other family 
orthogonally, and conversely. This result we state as follows: 

Theorem 1. The parametric curves on the surface S form an 
orthogonal system if and only if F = 0, 

The convention introduced here by writing P = 0 instead of 
p = 0 we shall adhere to henceforth. To indicate that a func- 
tion 0(u, v) vanishes identically, we shall write merely 0(u, v) 
= 0.'' On the other hand, to express the fact that 0(m, v) van- 
ishes at a particular point P, we shall write “ <t>{u, v) = 0 at P.'' 

Arbitrary curves. Let there be given, through the point P: 
(u, v)f two directed curves, C and C'. The unit vectors tangent 
to them at P are 


du , 

“ ~ ds 


dv 

Ts' 



where dujds, dvjds pertain to C and 6 m /6 s , bvjbs pertain to C', 
and these derivatives, as well as Xu and x„, are evaluated for P. 
Hence if 0 ^ ^ ^ ir, is the angle between the curves, the values of 
cos^ and sin g, ob tained by use of the formulas cos^ = (a|a')> 
sin B = Va a'|a a', are 


_ bu „(du bv dv bu\ ^dvbv 

ds bs \d8 bs ds bs ) ds bs 


sin^ » D 


ds bs ds bs 


( 14 ) 
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where the bars denote the absolute value of the expression which 
they enclose. 

If we take du^ dv in the positive direction along C, and Bu, Bv 
in the positive direction along C', we may write, instead of (14), 


(15) 


EduBu + F(duBv + dvBu) + GdvBv 
^Edu^ + 2 Fdudv + Gdt^^EBu^ + 2 FBuBv + GBv^ 
D\duBv — dvBu\ 

^Edu^ + 2 Fdudv + Gdv^^lEBu^ + 2 FBuBv + GBv^ 


The first of these formulas implies the following result. 
Theorem 2. A necessary and sufficient condition that the curves 
C and C' intersect orthogonally at the point P is that, at P, 

(16) EduBu + F(duBv + dvBu) + GdvBv = 0. 

Area of a region on the surface. The area of a closed region on 
the surface is given by the double integral 



extended over the region of the (u, z;)-plane whose points corre- 
spond to the points of the given region on the surface. In other 
words, dA = Ddudv is the element of area of the surface referred 
to the curvilinear coordinates {u, v). 

To establish these facts, we must show that the area, AA, of 
the curvilinear quadrilateral formed by the parametric lines 
u = w, w = 16 + Au and v = v, v = v Av is equal to DAuAv, 
to within infinitesimals of higher order. The lengths of the sides 
of the quadrilateral which issue ^om the vertex P\ (u, v) are, to 
within terms of higher order, ^lEAu and VGAu, and the sine of 
the angle w at P is D/^EG. Hence, if the quadrilateral were a 
rectilinear parallelogram, its area would be 

{^^EAu){^lGAv){D|^IW) 

or DAuAv. Consequently, if we make the reasonable assumption 
that its actual area, AA, differs from the area of the parallelo- 
gram by an infinitesimal of higher order, the desired conclusion is 
obtained. 
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EXERCISES 

1. Show that any two w-curves on the surface 

Xi — u cos v, X 2 = u sin v, Xt = log cos u v 
cut equal segments from all the 7^-curves. 

2. Find the first fundamental forms of the sphere and the cylinder of § 25, 
verifying in each case the fact that the parametric curves form an orthogonal 
system. 

3. Show that the curve 0 = tan a log tan (0/2) + on the sphere goes 
through the point (^o, 7r/2) on the equator and cuts the meridians under the 
constant angle a, that is, is the general rhumb line or loxodrome on the sphere. 
Prove that its total length is finite and equal to va sec a. 

4. Show that, if C is the acute angle under which the great circle cut from 

the sphere by the plane Xi = Xi cot a, 0 < a < ir, intersects the half-meridian 
6 $ 0 , then cos C = sin Oq sin a. 

5. Prove that the area of the triangle on the sphere bounded by the great 
circle of Ex. 4 and the half-meridians 8 = di and 0 = ^2 is a^(A + R + C — ir), 
where Ay B^C are the angles of the triangle in radians. Consider first the case 
of the right triangle obtained by taking = 0. 

34. Directions at a point. If the surface S is the (xi, X 2 )-plane, 
referred to u and v as rectangular coordinates, that is, if Xi = w, 
X 2 = Vf xz = 0, and C is an arbitrary curve, defined either by a 
parametric representation u — u(t), v = v(t) or by an equation 
/(u, v) = 0, then the direction of C at a point P is determined 
by the value of dv/du at P, For, the value of dvjdu at P is pre- 
cisely the slope of C at P. 

The situation is similar at a point P on an arbitrary surface S. 
Let C be a curve, defined by/(u, v) = 0 or by u = u(0, v = v(0, 
which goes through P. According to (11), the tangent to C at P 
has the direction of the vector 

( 18 ) + 

where x„, x*, dv/du are evaluated for P. This vector is a linear 
combination of the vectors Xu, x^, tangent to the parametric 
curves at P, and just which direction it has in the tangent plane 
to S at P is fixed by dv/du. Thus, the direction of C at P is 
actually determined by the value of dv/du at P. In this case, 
however, dv/du cannot, in general, be interpreted as a slope. 

In order to obtain a clearer idea of the situation, we digress a 
moment to discuss coordinates for the lines through a point P 
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in a plane. Of course, the slopes of the lines constitute as simple 
coordinates as can be imagined. But we are interested in coordi- 
nates of a more general type, which will help us to interpret 
dvjdu in (18). 

Choose two of the given lines as lines of reference, denoting 
them by Lo and L*, and giving to each a sense. Mark the point 
Qo on Lo at a given positive directed 
distance a from P, draw through Qo 
the line M parallel to L* and having 
the same sense, and mark the point 
Qi on M at the given positive directed 
distance h from Qo- Next introduce, 
as the coordinate X of a point Q on 
M, the ordinary Cartesian coordinate 
of Q referred to Qo as origin and to 
QoQi as unit distance; in other words, Fig. 16 

take as X the ratio of the directed dis- 
tance QoQ to 6: X = QoQlh. p]very point on M has, then, a 
unique coordinate X, and every number is the coordinate of a 
unique point; in particular, Qo has the coordinate 0, and Qi the 
coordinate 1. 

Turning our attention to the lines through P, we take as the 
coordinate of a line L the coordinate, X, of the point Q in which 
L meets ilf . Then every number is the coordinate of a specific 
line, and every line except L^ has a specific coordinate. When 
L approaches L+, the coordinate, X, of L becomes infinite. 

If Lo and L* are mutually perpendicular and a = b, the coordi- 
nate X of L is precisely the slope of L with respect to Lo and L* 
as rectangular axes. For, in this case, the slope of L is the ratio 
QoQ/ci, and, since QoQ = b\ and b = a, this ratio is equal to X. 

Suppose, now, that P is the point (xi, X 2 , x^) on the surface S, 
that Lo, L* are respectively the directed tangents to the it- and 
Incurves through P, and that a and b are taken as the values of 
VL and VG at P. The point Q on the line L with the coordi- 
nate X may be reached from P by proceeding along Lo to Qo and 
thence along M to Q. The unit vectors Ju the positi ve d irections 
of Lo and M are x„/VG, and PQo = VL, QoQ = ^^0\. 

Hence, the coordinates of Q are given by (§ 7) 
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and the vector y — x in the direction of the line L with coordi- 
nate X is 

(19) Xu + Xx„. 

Comparison of this result with (18) furnishes a complete geo- 
metric interpretation of dv/du. The value of dvjdu at P is pre- 
cisely the coordinate, X, of the tangent line to the curve C at P, 
as just defined. This value, then, actually determines the direc- 
tion of C at P. We agree to speak of it as the coordinate of the 
direction or, simply, as the direction. For example, we might 
perfectly well talk of a curve through the point (1, 2) with the 
direction 3, and we shall speak frequently of a curve through the 
point P: {Uy v) with the direction dvjdu. 

It is well to emphasize that we have introduced in the pencil 
of tangent lines at each point of the surface S a direction coordi- 
nate, and that the systems of reference for the direction coordi- 
nates at two distinct points may look entirely different. At one 
point, the direction coordinate may be a slope, whereas, at an- 
other, it may be of general type. 

The direction coordinate at every point of 5 is a slope if and 
only if F = 0 and F = (?. The parametric curves then form an 
orthogonal system of a special type which we shall discuss later; 
see § 47. 

Angle between two directions. It is worth while now to review 
formulas (15) and (16). Equation (16) is essentially an equation 
in dvjdu and 5v/5u, since it can be rewritten in the form 

Hence it constitutes a necessary and sufficient condition that the 
two directions dv/du, Sv/5u at P be mutually perpendicular. 

From (15), we conclude that the angles B between the two 
directions at P with the direction coordinates Xi, X 2 are given by 

^01 ^ nt\a /) U P + F(Xi + X2) + 0X1X2 

^ i; cos - ± + 2 FXi + (?X?V£ + 2F\i + GKi 

There are, in this case, two angles 6, 0 ^ ^ t, inasmuch as a 
direction at P fixes merely a tangent line to S at P, without 
regard to sense. 
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35. Families and systems of curves. By a family of curves 
on the surface S: x = x(u, v) is meant a one-parameter set of 
curves on S which can be represented by an equation of the form 

(22) /(M, v) = c, 

where /(u, v) is a single-valued analytic function and c is an arbi- 
trary constant. The parametric curves u = const, constitute, 
for example, a family of curves. 

If (uo, Vo) is a regular point of S and f(uo, Vo) = co, the curve 
f(Uy v) = Co goes through the point (mo, i^o), and is evidently the 
only curve of the family (22) with this property. Hence, there 
is a unique curve of a family which passes through a given regular 
point. 

Equivalent to (22) is the equation fudu + f^dv = 0, inasmuch 
as the result of integrating this equation is precisely (22). 

Consider, now, the equation 

(23) M(u, v)du + N{Uy v)dv = 0, 

where ilf(if, y), N(UyV) are single-valued, analytic functions. 
Since there exists a function /(m, v) such that IMdu + INdv is 
the total differential of a function /(u, v), this equation is also 
equivalent to an equation of the form (22) and so represents a 
family of curves on S, 

Equation (23), since it may be written in the form dvjdu 
= — MjNy determines at each point of a direction, namely, 
the direction of the curve of the family which goes through the 
point. Conversely, if there is associated with each point P of 
S a direction in such a way that this direction varies in an ana- 
lytic manner when P traces S, that is, so that the direction is 
expressible in the form dvjdu = — M/AT, where M(u, v), N{uy v) 
are analytic functions, then there exists a unique family of curves 
which have the given directions as their tangent directions, 
namely, the family of curves defined by the differential equation 
Mdu + Ndv = 0. We may, therefore, speak of this family as the 
family of curves in the direction dvjdu or — MjN. 

Lemma. The two families of curves /(u, v) = const, and 4>(u, v) 
= const are identical if and only if f{uy v), v) are functionally 
dependents 
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For, the directions dvjdu = ^ fj/v and Sv/Su = — <t>u/(l>v are 
the same at each point P when and only when fjfv = <t*ul4>v or 
fu^v~“ fv^U “ 0 . 

Systems of curves. Two distinct families of curves, 

(24) /(u, v) = const., 0(u, v) = const., fu<i>v — fv<t>u 0, 

constitute a system of curves. The parametric curves, u = const, 
and V = const., for example, form a system. 

There are two curves of a system through each regular point, 
one from each family. If these curves are always perpendicular, 
every curve of the one family cuts every curve of the other 
family at right angles, and the system is called an orthogonal 
system. 

Theorem 1. The system of curves consisting of the families of 
curves in the directions dvjduy 8v/5u is orthogonal if and only if 

(25) EduSu + F(du 8 v + dvdu) + Gdv 8 v = 0. 

The theorem follows from (16). The identity is an identity 
in u,v; for, E, F, G, dv/duy and 8 v/du are all functions of u, v. 

If the.system consists of the families (24), then dvjdu = — fjfvf 
dvjdu = — and condition (25) becomes 

(26) Efv<t>v — F{fv(t>u +/u<#>v) + Gfu 4 >u = 0. 

The equations Midu + Nidv = 0, M 2 du + N 2 dv = 0 represent 
a system of curves provided M 1 N 2 — M 2 N\ 9 ^ 0. This system 
is equally well represented by the single equation 

{Midu + Nidv){M 2 du + N 2 dv) = 0, 

the left-hand side of which is a quadratic form in du, dv. Con- 
versely, every equation of the type 

(27) l{Uy v)du^ + 2 m{Uy v)dudv + n(w, v)dv^ = 0, 

whose left-hand member can be factored into two real, non- 
proportional, linear forms, represents a system of curves. It is 
assumed, of course, that {, m, n are analytic functions of u and v. 
Theorem 2. The system (27) is orthogonal if and only if 

(28) 


£n — 2 Fm + Gl = 0. 
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For, the directions dv/du, hvjbu of the two families constituting 
the system (27) are the roots of the quadratic equation in dvfdu 
obtained by dividing (27) by du^. Hence, 

dv hv _ dv Sv _ I 

du bu n ' du bu^ n* 

and substitution of these expressions in (20) yields the desired 
condition. 

Orthogonal trajectories of a family. If a family of curves is 
given, there always exists a second family whose curves cut those 
of the given one orthogonally. It is known as the family of 
orthogonal trajectories of the given family. 

Theorem 3. The family of orthogonal trajectories of the family 
of curves Mdu + Ndv = 0 is represented by 

(29) (EN - FM)du + (FN - GM)dv = 0. 

For, the directions bvibu and dvjdu of the given and required 
families must satisfy (25), and (25) becomes (29) when bvfbu 
= - MIN. 

If the given family were represented by a finite equation, 
/(w, v) = const., we should replace M and N in (29) by /„ and f„ 
respectively. 

Example. The involutes of the space curve x = x(s), since 
they are the orthogonal trajectories of the rulings of the tangent 
surface of the curve (§ 30), may be determined by means of 
equation (29). 

For the tangent surface y = x + ra^ ijr = ys = a + (r//^)/3, 
and hence E = ljF = l,G = l + {rllty. Since the rulings of 
the surface are the curves s = const., they are represented by 
the equation Mdr + Nds = 0, where M = 0, N = 1. Conse- 
quently, by (29), the orthogonal trajectories of the rulings have 
the differential equation dr + ds = 0 and hence the finite equa- 
tion r + s = const. 

EXERCISES 

1 . The surface 

Xi — u + oiv, xz ^ + ozv, Xi = oiVt (a I a) * 1 , 

is the cylinder obtained by drawing through the points of the twisted cubic 

“ 11, a!2 = 11®, = 11® lines with the direction cosines ai, oa, 03. Find the 

finite equation of the orthogonal trajectories of the rulings. Hence show that 
the cylinder is a cubic cylinder except in the case ai = os ^ 0. 
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2. The surface 

Xi = w cos V. xt — u sin v, Xs a cosh"^ — 

a 

is the catenoidf the surface of revolution generated by the rotation of the cate- 
nary about its axis. Find the finite equation of the loxodromes on it, that is, the 
curves making constant angles with the catenaries. 

3. Show that, for every choice of the function m(M, v), the differential 
equation du^ + 2 mditdv + (u® — u^)dj^ = 0 represents on the catenoid an 
orthogonal system of curves. 

4. Show that a twisted curve which cuts the nilings of a cone of revolution 
under a constant angle is a helix on a cylinder whose directrix curve is a 
logarithmic spiral. 

5. Find the differential equation of the system of curves which bisect the 
angles between the parametric curves on the surface x = x(u, v). 

36. The directed normal. Second fundamental form. Since 
the components of Xu Xv are direction components of the normal 
to S at P: (Uf v), and since (xuXv\xuXv) direction cosines 

of the normal are given by Xu XvfD or — Xu XvfDj according to the 
sense in which the normal is directed. We agree to choose that 
sense which corresponds to the direction cosines Xu XvjD and to 
denote these direction cosines by f i, fs. Then 


(30) 



is a unit vector at P which has the same direction and sense as 
the directed normal. We shall call it the normal vector at P. 
Taking the inner product of each side of (30) with f , we find 

(31) D = {xuXvi)- 


Consequently, 



This inequality says that the normal to S has been so directed 
that the tangent vector to the w-curve, the tangent vector to the 
t^-cu^ve, and the normal vector have, in the order given, the same 
disposition as the coordinate axes; or, what is the same thing, 
that the direction of rotation from the tangent vector to the 
Incurve to the tangent vector to the v-curve, as viewed from the 
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terminal point of the normal vector^ is counterclockwise. To 
establish this fact, it suffices to show that, if the unit vectors a: 
(1, 0, 0), p: iPt, ft, 0), y: (0, 0, 1), at the 
origin are given, then the direction of rota- 
tion from the positive axis of xi to /3, as 
viewed from a point on the positive half of the 
a: 3 -axis, is counterclockwise or clockwise, ac- 
cording as (a /3 7) > 0 or < 0. It is evident 
that the direction of rotation is counter- 
clockwise or clockwise according as the sine 
of the directed angle in Fig. 17 is positive 
or negative. But (afiy) = ft and ft = sin 0. Fia. 17 

Hence, the contention is proved. 

Some important identities. Differentiating each of the iden- 
tities 

(32) (x^\!:)=0, (x.|f)=0 

with respect to u and v, we obtain the relations 

= 0, (^ui>|f) “1“ (^I>|fu) “ 9, 

^ ^ iXuv I f ) + (X« I f .) = 0, I r) + (X. I f .) = 0. 

We note, as an important consequence of these relations, that 
(x„| and (x»| fu) are always equal in value. 

Differentiating (f | f) = 1, we obtain the identities 

(34) (Mf)=0, (Mf)=o. 

Since these identities say that the vectors fj^nd at P: (u, v) 
lie in the tangent plane at P, it follows that fu T® == Taking 
the inner product of each side of this equation with f, we find 
that A: = (f ftt f^). Hence, 

(35) fu fv = (f i'lt rOfi 
and therefore 

(36) (fuMfu r.) = (rfuf.)". 

Second fundamental form. The first fundamental differential 
quadratic form of S is, as we have seen, (dx\dx). The second 
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is — {dx\di). We shall denote it by edu^ + 2fdudv + gdt^: 

(37) — (dx|df) = edu^ + 2/dudv + gdv^. 

Since dx = Xudu + Xvdv, df = f«du + ^vdv, we find, with the 
help of (33) and (30), the following values for e, /, 



e = 

{.Xu 1 fu) 

= (a:.u|f) 

^ {Xuu Xu Xv)f 

(38) 

/ = 

1 1 

= (Xuv 1 f) 

“ ^ {Xuv Xu Xv)f 


9 

{Xv 1 tv) 

= (a;.. If) 

“ {Xvv Xu Xy), 


The discriminant eg — P of (37) we shall denote by 

(39) d^ = eg - p, 

even though it may, as we shall see later, be negative. Employ- 
ing (38), (35), and (31) in turn, we find that 

(40) d? = {xu Xv\^u f^) = (f Xu rrv)(r fw tv) = D(t tu tv). 

Order of contact of tangent 'plane. In determining the order of 
contact of the tangent plane at P: {u, v) with the surface S, we 
have to do with the infinitesimal distance from the tangent plane 
to a point P' on S neighboring to P. The order of this infini- 
tesimal distance depends on the curve C along which P' ap- 
proaches P. For example, if is a cylinder, the distance is always 
zero if P' approaches P along the ruling of the cylinder through 
P, and otherwise is, in general, not zero. 

Accordingly, we shall think of P' as approaching P along a 
definite curve C through P and shall discuss the order of the dis- 
tance from P' to the tangent plane at P with respect to the arc 
PP' of C as principal infinitesimal. 

Let C be represented parametrically in terms of its arc s: 
u = m(s), V — v(s), and denote the arc PP' by As. Then P' has 
the curvilinear coordinates (u -f Au, v + Av), where Au, Av are 
the increments of u and v due to As. By Taylor^s series for a 
function of two variables, we obtain, as the space coordinates 
( 2 / 1 , 2 / 2 , 2/3) of P': 

2/ = x + XuAu + XvAv + — (x„uAw® + 2 XuvAuAv + Xw^t^) + • • • , 

where Xf Xuf Xpf Xuuf * * * are evaluated for P. 
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Inasmuch as (X — x|f) = 0 is the equation of the tangent 
plane at P, D = (y — x| f) is a directed distance from P' to this 
tangent plane. Since {xu | f ) = 0 and (x^ | f ) =0, 


(41) D 
Hence 


and 


^ ^ I f ) Au* + 2 (Xuv I f) AuAy + (x^,^, | f) At;^ j + 

2D / du\^ , ^j,dudv . / dv\^ 

As^ ^ \ ds / ^ ds ds ^ \ds) * 


(42) 2D = 







where e is an infinitesimal. 

Whether or not the expression in the square bracket vanishes 
depends on the value of the ratio of dv/ds to dulds, that is, on 
the value of dv/du. But this is precisely the direction of C at P. 
Thus, the order of the infinitesimal D depends only on the direc- 
tion of C at P. In other words, the order of contact of the tan- 
gent plane at P depends simply on the direction of approach to P. 

Theokem 1. The tangent plane at P has in every direction con- 
tact of at least the second order if and only if e, /, and g all vanish 
at P. 

For, it follows from (42) that D is of at least the third order 
for every direction of departure dvjdu if and only ife=f = g = 0 
at P. 

If e, /, and g are not all zero at P, the quadratic equation 
obtained by setting the expression in the square bracket equal to 
zero has two, one, or no real roots according as its discriminant, 
(P, is negative, zero, or positive. 

Theorem 2. If e, f, and g are not all zero at P, the tangent 
plane at P has contact of higher order than the first in two, one, or 
no real directions, according as d^ < 0, d^ = 0, or d^ > 0 at P. 

All three cases occur. They are illustrated respectively by a 
point on a ruled quadric surface, say, a hyperboloid of one sheet; 
by a point on a cylinder; and, by a point on a quadric without 
real rulings, for example, a sphere. 

It is to be noted that we have proved, incidentally, that d® 
may be positive, negative, or zero. 
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Returning to (42), we remark that, since s is the independent 
variable throughout, its differential ds is always equal to its 
increment As. Hence, we have 

(43) 2 D = edu^ + 2fdudv + gdv^ + cAs^. 

Consequently, the second fundamental form is, to within terms 
of higher order, twice the directed distance from P' to the tangent 
plane at P. 

37. Classification of surfaces. Surfaces are classified accord- 
ing to the number of distinct tangent planes. According as a 
surface has a single tangent plane, a one-parameter family of dis- 
tinct tangent planes, or a two-parameter family of distinct tan- 
gent planes, it is known as a plane, a developable surface, or an 
ordinary surface. 

In seeking criteria for the different types of surfaces, we shall 
make use of the spherical representation of an arbitrary surface S. 
Imagine all the normal vectors to S translated so that their 
initial points come to coincide with the origin, 0, of coordinates. 
The locus of their terminal points will, then, lie on the unit 
sphere, that is, the sphere with center at 0 and radius unity. 
This locus is the Gauss, or spherical, representation of S. 

Since {■i(w, v), f 2 (w, v), v) are the components of the nor- 
mal vector to 5 at P: (w, v), they are the coordinates of the ter- 
minal point of this vector after it has been translated as de- 
scribed. Hence, the equations 

(44) f = f (w, r), 

where (fi, f 2 , fa) is now a point, define the spherical representa- 
tion of S. 

According as iS is a plane, a developable, or an ordinary surface, 
the spherical representation is evidently a point, a curve, or a 
surface. The converse is true, as we shall proceed to show. 

Suppose, first, that the spherical representation is a point, and 
that the coordinate axes have been chosen so that this is the 
point (0, 0, 1). Then fi = 0, fz = 0, or 


dXj dXs dX2 ^ ^1 dXa _ q 

du dv dv du ’ du dv dv du 
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The determinant of the coefficients of these two homogeneous 
linear equations in dxzidv, dxsidu is a multiple, not zero, of fs, 
and fs ^ 0. Hence, the only solution is dxzjdu = 0, dxzjdv = 0. 
Consequently, xz = const., and ^ is a plane. 

Assume, next, that the spherical representation is a curve and 
that u, V have been so chosen that its parametric equations are 
of the form f = f(y). Then the normals to S at the points of 
an arbitrary w-curve are all parallel, and it ought not to be hard 
to show that the tangent planes at these points are all the same, 
and hence that is a developable surface. As a matter of fact, 
the tangent plane, (X — x | f) = 0 or (X | f ) — (j | {*) = 0, is the 
same all along an arbitrary curve v = const, provided {x | f ) does 
not involve u. But, since {* = fCv), the partial derivative of 
(x I f ) with respect to u is equal to (Xu | f ) and hence is zero. Thus, 
the proof is complete. 

Finally, if the spherical representation is a surface, S certainly 
has a two-parameter family of distinct tangent planes and so is 
an ordinary surface. 

Theorem 1. A surface is a plane, a developable, or an ordinary 
surface, according as its spherical representation is a point, a curve, 
or a surface, and conversely. 

By § 32, the spherical representation f = f (w, v) is a point if 
and only if fu = 0, = 0; a curve if and only if fu Tv = 0, but 

fu, fv are not both identically zero; and a surface if and only if 
f u f V 5*^ 0. These conditions may be expressed in terms of e, /, g, 
as indicated in the following theorem. 

Theorem 2. The surface S is a plane if and only if e = 0, 
f = 0, g = 0; a developable, if and only if d^ = 0, but e, f, g are 
not all identically zero; and an ordinary surface if and only if 
d^9^0. 

If fu = 0 and fv = 0, it follows, from (38), that e = 0, / == 0, 
g = 0. Conversely, if e = f = g = 0, we have, for example, 
(fulxu) = 0, = 0, whence fu = Taking the inner 

product of each side of this equation with f, we have k = (fl {*7*). 
Hence, by (34), A; = 0, and so = 0. Similarly, fv = 0. Thus, 
the first part of the theorem is proved. 

If fu Tr = 0, d® = 0, by (40). Conversely, if d^ = 0,^ have, 
by (40), that (f fu fr) = 0 and hence, by (35), that fi, = 0. 
Thus, the basis for the proof of the second pait is provided. 
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The last part of the theorem now follows by exclusion. 

Of the ordinary surfaces, the sphere has the simplest properties, 
and it is worth our while to characterize it analytically. 

Theorem 3. The surface S is a sphere if and only if r(w, v) 
exists so that 

(45) E = re, F = rf, G = rg. 

Equations equivalent to (45) are 

. gv “j” rful^u) “ 0, (Xv “h r^v\^u) — 0, 

(^u “I” rfu|^v) ~ (^i> “1“ r^v|^v) “ 0. 

For example, the relation F = rf can be rewritten in the two 
forms, (Xu\xv) + r{^u\xv) = 0 and {xv\xu) + r(f«|a:u) = 0, and 
these reduce to {xu + rf „ \xv) =0 and {xv + rf „ | Xu) = 0. 

Equations (46) say that the vectors Xu + rf„ and + rf,,, 
which are linear combinations of vectors in the tangent plane, 
are perpendicular to the tangent plane. Hence, the vectors are 
null vectors and 

(47) Xu — rftt, Xv ~ rft,. 

Differentiating the first of these equations with respect to v, 
and the second with respect to u, and comparing the results, we 
find that 

(48) rvfu = r^fv. 

The vectors f„ and fv are not parallel, since, otherwise, according 
to (47), Xu Xv would vanish. Hence it follows from (48) that 
7 -^ = 0, rv = 0 and r is a constant. 

From (47) we conclude that dx — — rd^. Since r is a con- 
stant, this equation is readily integrated, and the result is 
x — c = — rf, where c is a triple of constants. Consequently, 
(x — c I X — c) = r®, and 5 is a sphere. 

Conversely, if /S is a sphere with center at M: (ci, C 2 , cs) and 
radius a, and the normal vector f at P: (w, v) is taken opposite 
in sense to the directed radius PM, then x — c = — af . Hence 
Xu = - afu, Xv = - ofp and E = ae, F = af, G = ag. 

It is to be noted that equations (45) have a more limited con- 
tent than the equations e = kE, f = kF, g = kG. For, in the 
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latter equations, k may be identically zero, and S is then, not a 
sphere, but a plane. 

These considerations give rise to the following theorem. 

Theorem 4. The surface S is a sphere or a plane if and only 
if the second fundamental form is a multiple of the first, 

EXERCISES 

1. Find the first and second fundamental forms of the sphere of § 25, and 
verify the fact that they are proportional. 

2. Prove that 

Xs = axi bx2 + c(xi 4- + d{xi + te)*, + (P 9 ^ 0, 

is a developable surface. In computing e, /, use the last set of formulas in 
(38). 

38. Classification of points on a surface. In § 36, we learned 
that the directions at the point P: (u, v) of a surface S in which 
the tangent plane has contact of at least the second order are 
the directions at P for which 

(49) edu^ + 2fdudv + gdv^ = 0. 

These directions, if they exist, are known as the asymptotic direc^ 
tions at P, 

A point at which e = 0, / = 0, ^ = 0 we shall call a planar 
point. A nonplanar point P is said to be hyperholiCf parabolic, 
or elliptic according as d^ < 0, d* = 0, or > 0 at P, 

The results of § 36 we may now restate as follows. 

Theorem 1. At a planar point every direction is an asymptotic 
direction. At a nonplanar point there are two, one, or no asymp- 
totic directions according as the point is hyperbolic, parabolic, or 
elliptic. 

The nature of a planar point we shall discuss later. In investi- 
gating the properties of nonplanar points, we first establish the 
following lemma. 

Lemma. At an elliptic point, edu^ + 2fdudv + gdv^ has in all 
directions the same sign; at a parabolic point, it is zero in the single 
asymptotic direction and has in all other directions the same sign; 
at a hyperbolic point, it is zero in the two asymptotic directions, has 
one sign for the directions in the one pair of openings determined 
by the asymptotic directions, and the opposite sign for the directions 
in the other pair of openings. 
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In giving the proof, we assume that g is not zero at the point, 
and write 


edu^ + 2fdudv + gdv^ = (e + 2/X + g\^)du^, 

where X = dvldu. The sign of the quadratic form is, then, the 
same as the sign ole + 2 f\ + g\^. But the equation 

z = e + 2f\ + g\^ 

represents in the Cartesian (X, z)-plane a parabola whose axis is 
parallel to the axis of 2 , and e + 2 f\ + g\^ is always of one 
sign, always of one sign or zero, or varies in sign, according 
as the parabola fails to cut the X-axis, is tangent to it, or cuts 
it in two distinct points, that is, according as e + 2 /X + g\^ = 0 
has no, one, or two real roots. But the real roots of this equation 
define the asymptotic directions, and there are no, one, or two 
asymptotic directions according as the given point is elliptic, 
parabolic, or hyperbolic. Hence, the Lemma is proved. 

The distance 2), 

2 D = edu^ + 2fdudu + gdv^ + cAs®, 

from a point P', neighboring to P, to the tangent plane at P is 
a directed distance, positive for points P' on the one side of the 
tangent plane, and negative for points P' on the other side. 
But, when P' is sufficiently close to P, the sign of D is given, 
except along an asymptotic direction, by the sign of the quadratic 
form. Hence our Lemma guarantees the following conclusions 
concerning the surface in a restricted neighborhood of the point 
P, the point itself being excluded. 

Theorem 2. At an elliptic point the surface lies wholly on one 
side of the tangent plane; at a parabolic point, it lies on one side of 
the tangent plane except perhaps in the single asymptotic direction; 
at a hyperbolic point, it lies partly on the one side, and partly on 
the other side, of the tangent plane, and pierces the plane along the 
two asymptotic directions. 

An ellipsoid, for example, consists exclusively of elliptic points; 
a hyperboloid of one sheet has only hyperbolic points; and a cone, 
only parabolic points. 
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A good example of a surface which possesses points of all three 
types is the torus, the surface obtained by rotating a circle about 
a line which lies in its plane but does not cut it. The points 
on the torus which lie outside the 
cylinder shown in Fig. 18 are elliptic, 
those which lie within the cylinder 
are hyperbolic, and those on the two 
circles in which the cylinder meets 
the torus are parabolic. 

According to § 37, a surface is 
a developable if and only if d? = 0, 
but e, /, g are not all zero. In other 
words, the developable surfaces are 
the only surfaces all of whose points 
are parabolic. The single asymptotic direction at a point of a 
developable is that of the ruling through the point. 

An elliptic point at which £? = re, F = r/, G = rg (and hence 
(P = D^/t^) we shall call a circular point. By § 37, Theorem 3, 
the only surfaces all of whose points are circular are the spheres. 
Hence, at a circular point of a surface, not a sphere, the surface 
behaves like a sphere; that is, is approximately spherical in shape. 
The vertex of the paraboloid of revolution obtained by revolving 
the curve y = about the ?/-axis is an example of such a point. 

Since a planar point is characterized by the vanishing of e, /, g, 
the only surfaces all of whose points are planar are the planes. 
An example of a planar point of a surface, other than a plane, is 
the vertex of the surface obtained by revolving the curve y = x* 
about the 7/-axis. At such a point the surface is approximately 
flat. 

A point at which e = kEy f = kFy g = kG either a planar 
point {k = 0) or a circular point (k 9 ^ 0). For reasons which 
will appear presently, a point of this type, whether planar or 
circular, is known as an umbilic. 

EXERCISES 

1 . Show that the upper half of the torus of Fig. 18 is represented by the 
equations 

X\ = u cos Vy X 2 = uB,mVy xt = ^ (u — b)\ b > a > 0, 

and establish the facts given in the text. 

2. Find the umbilics on the surface xiXtXz » L 
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39. Invariant properties of the fundamental forms. With re- 
spect to rigid motions. Since they have geometrical interpreta- 
tions which are independent of the position of the surface in 
space, both fundamental forms are invariant with respect to 
rigid motions. So also are their coefficients, E, F, (?, e, /, g. 
For, each of these coefficients is the scalar product of two vectors, 
and the scalar product of two vectors, inasmuch as it can be 
interpreted as the product of the lengths of the vectors and the 
cosine of the angle between them, is preserved by every rigid 
motion. 

Behavior with respect to a change of parameters. The para- 
metric equations x = x(uy v), when subjected to the change of 
parameters 

U = U(U, V), V = V{Uy V)y 

become x = x{Uy v). Since 

xiiiy v) = x{Uy v) where u = u{uy v)yV — v(Uy v)y 

it follows that dx = dxy and {dx\dx) = [dx\dx). Hence, the 
first fundamental form is preserved. 

From 

( 50 ) Xu = XuUu + XvVuy Xi = XuUv + XvViy 

we obtain, as the law of transformation of F, F, G, 

E = Eu\ + 2 FuuVu + Gv\y 
F = EUuUl + F{UuVv + VuUi) + GVuVvy 
G = Fu| + 2 FuvVi + Gvp. 

According to (4), 


(51) 

Xv = AXtf Xv 

Hence 


(52) 

W = A*Z)* 

and 


(53) 

D = ±AD, 

where the plus or 
A > 0 or A < 0. 

the minus sign is to be taken according as 
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From (51) and (53), we conclude that 

(54) f = ± f . 

Hence, — (dx|df) = it [ — (da;|df)], that is, the second funda- 
mental form is invariant except perhaps for a change of sign. 
Using (50) and 

(55) ftt ” it (fliUu “1“ “f" ^vVv)f 

we get 

e = ± (eul + 2fuuVu + gvl), 

/ = zb {eUuUu + fiUuV-v + vuUi) + gVuV-v), 

g = ziz (eul + 2fu,Vi + gvl). 

From (55) we obtain the relation 

fu ~ Afu fv, 

which, combined with (51), yields 

(56) d" = 

Finally, we have, from (52) and (56), 

(57) = (PID\ 

Thus, the expression which we know is preserved by rigid 

motions, is also preserved by every change of parameters. Its 
geometrical significance will be considered in the next chapter. 

The content of equations (52) and (56) we express by saying 
that and are relative invariants of weight two with respect 
to a change of parameters. In distinction, we call d^jD^ an abso- 
lute invariant. 

According to (54), the sense of the normal vector is preserved 
or reversed according as A > 0 or A < 0. Hence, according as 
the Jacobian of the change of parameters is positive or negative 
at a point, the direction of rotation about the point from the 
positive direction of the first parametric curve to that of the 
second is preserved or reversed by the change of parameters; see 
§ 36. In the first case, the plus sign is to be taken in the fore- 
going formulas, and, in the second case, the minus sign. 
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CURVATURE. IMPORTANT SYSTEMS OF CURVES 

40. Curvature of a curve on the surface. Let there be given 
on the surface S: x = x{u, v) a curve C:u - m(5), v = v{s), not 
a straight line. In order to apply the 
theory of a space curve to C, we have 
merely to think of C represented, as 
a curve in space, by the symbolic equa- 
tion X = x{u{s)y v{s)). We have, in par- 
ticular, at an arbitrary point P: (u, v) 
of C, the relations a = dx/ds and P/R 
= da/ds. Taking the inner product of 
each side of the latter equation with f, 
we obtain, as an expression for the curvature, 1/B, of C at P, 



cos (j) 

~ir 



where ^ is the angle between the principal normal vector, jS, to 
C at P and the normal vector, f, to S at P. Inasmuch as 
(«|f) = 0, 



= 0 . 


Consequently, since a = dxldn, we have 


cos 0 (cte I d^) 

R ~ \ds ds / ~ (dz I dx) ’ 


cos <t> _ edu^ + 2fdudv + gdv^ 
R Edv? + 2 Fdudv + GdiP‘ 


If the direction dvjdu of the tangent line to C at P is an 
asymptotic direction, (1) fails to define l/f2. For, when 
edu* + 2 fdudv + gdt^ = 0, then it is cos 0, and not II R, which 
usually vanishes, as we shall see later. Accordingly, we exclude 
this case for the present. 


104 



CURVATURE. IMPORTANT SYSTEMS OF CURVES 105 


When the direction of C at P is not asymptotic, cos cannot 
vanish and (1) determines a value, not zero, for 1/P. Since 
E, Ff G, e, /, g are evaluated at P, and dv/du and cos <l> depend 
only on the positions of the tangent and principal normal to C 
at P, the value of 1/P depends only on the position of the oscu- 
lating plane to C at P. In other words: 

Theorem 1. If two curves on S passing through a point P have 
the same osculating plane at P and their common direction at P is 
not an asymptotic direction y they have the same curvature at P. 

The theorem says, in particular, that the curvature at P of 
the given curve C is equal to the curvature at P of the plane 
curve in which the osculating plane of C at P cuts S» Conse- 
quently, we may restrict ourselves to plane sections of S. 

Consider the sections of by the planes through the tangent 
line PT which has the given, nonasymptotic direction dv/du. 
Among these sections, there is one whose plane is normal to the 
tangent plane at P. For this normal section, 

<t> = 0 or 4> = Tj 

according as its principal normal at P has the same sense as f 
or the opposite sense. Hence the curvature, 1/Pn, of the normal 
section at P is 

1 _ edu^ + 2fdudv + gdv^ 

^ Edu^ + 2 Fdudv + ’gW ’ 

where the plus sign is to be taken in the first case, and the minus 
sign, in the second. 

For an arbitrary one of the sections under consideration, (1) 
becomes, in the two cases, 

(3) P = Pn cos </>, P = — Rn cos 0. 

As the plane of the section, starting from the normal position, 
rotates about PT toward the tangential position, the angle </> 
varies continuously. Thus we have, in the two cases, 

(4) 

inasmuch as, for the normal section, 0 = 0 in the first case, and 
0 = TT in the sjecond. 
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The content of formulas (3) and (4) is represented in the two 
cases by Figs. 20a and 20b. Hence, in both cases, the center 

of curvature of the variable section 
is the projection, on its principal nor- 
mal, of the center of curvature, Cn, of 
the normal section. This result, due 
to Meusnier, may be stated as follows: 

Theorem 2. If P is a point of a 
curve C on S at which the direction of 
C is nonasymptoticj the center of curva- 
ture of C at P is the projectiony on the principal normal toC at Py 
of the center of curvature of the normal section which is tangent to 
C at P. 



It follows that the locus of the center of curvature of the vari- 
able section through the tangent line PT is a circle described on 
the line-segment PCn as diameter. Moreover, the circle of cur- 
vature of the section is the circle in which its plane cuts the 
sphere whose center is at Cn and whose radius is Pn. 

To combine the results of the two foregoing cases in a single 
set of formulas, we attach to the curvature IjRn of the normal 
section through PT a plus sign in the first case, and a minus sign 
in the second case, and call the signed curvature the normal 
curvature of S at P in the direction dvfdu. If we denote this 
normal curvature by 1/r, we have in both cases 


1 _ edu^ + 2fdudv + gdv"^ _ 

(dx 


r Edu^ + 2 Fdudv + Gdv^ 

{dx 

dx) ’ 


for, in the first case, 1/r = 1/Rn, and, in the second, 1/r = — l/Rn, 
so that (2) becomes (5). 

The center of curvature, Cn, of the normal section through PT 
evidently has, in both cases, the coordinates x + rf ; for, in the 
first case, r = Rn, and, in the second, r = — Rn, and Figs. 20a 
and 20b guarantee, then, the result. The point Cn is called the 
center of normal curvature, and r, the radius of normal curvature, 
in the direction dvfdu. 

Curves in an asymptotic direction. If the direction of the curve 
C at P is an asymptotic direction, equation (1) says that cos 0 
* 0 or 1/B = 0, that is, that the osculating plane to C at P is 
the tangent plane to S at P, or that P is a singular point of C. 
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The first of these cases is evidently the general one. The 
very definition of an asymptotic direction implies that the tan- 
gent plane to S at P has contact of at least the second order with 
C. Consequently, the tangent plane is the osculating plane to C 
at P and cos </> = 0, except perhaps when P is a singular point of C. 

Thus, most of the curves through P in a given asymptotic 
direction have the same osculating plane at P, whereas their 
curvatures at P are unrelated. The remaining curves all have 
the same curvature, zero, at P, while their osculating planes at 
P are unrelated. 

Theorems 1 and 2 do not hold, then, for curves in an asymp- 
totic direction. In particular, they break down completely when 

is a plane, inasmuch as every direction at every point of a 
plane is an asymptotic direction. 

The case of a straight line on which we have thus far ex- 
cluded, belongs here. Since the tangent plane to at a point 
of the line certainly contains the line, the direction of the line is, 
at every point on it, an asymptotic direction. 

We have seen that, if C is a curve, not a straight line, whose 
direction at P is asymptotic and whose osculating plane at P is 
not the tangent plane to S, the curvature of C at P is zero. 
Hence, a normal section at P in an asymptotic direction always 
has zero curvature at P. Accordingly, we should, and do, take 
zero as the value of the normal curvature, 1/r, in an asymptotic 
direction. This is in agreement with formula (5) and this for- 
mula is, then, univeioally valid. 

41. Normal curvature. In the previous section, we found that 
the curvature at a point P of an arbitrary curve on the surface 
S is, in general, simply related to the normal curvature at P in 
the direction of the curve. To complete the treatment of curva- 
ture, it remains to study the law of change of the normal curva- 
ture at P in a variable direction. 

The normal curvature at P in the direction dvjdu is given by 
. . 1 __ edu^ + 2fdudv + gd^ 

r ~ Edu^ + 2 Fdudv + Gdv^^ 
or, if we set dvjdu = X, by 

1 _ c + 2/X + gX" 

r P + 2PX + GX2' 
where E, F, G, e, /, g are evaluated for P. 
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We shall consider first the special case in which the normal 
curvature at P is the same in every direction. It is evident from 
(7) that this occurs when and only when e = hE,f = kF, g = kG 
at P. The point P is then an umbilical point or an umbilic 
(§ 38), and is, in particular, a circular point ii k ^ 0 and a planar 
point if fc = 0. According to § 37, I'heorem 4, a surface all of 
whose points are umhilics is a sphere or a plane. 

In considering the general case in which e, /, g are not a mul- 
tiple of Ey Ff G, we shall assume, in particular, that Fg — Gf 9^ 0, 
and plot the curve which represents 1/r as a function of X, — the 
cjirve (7). Since the denominator in (6), because of its geomet- 
rical significance, is always positive, the denominator in (7) is 
never zero, and the curve in question is continuous for all values 
of X. Moreover, the curve is cut by a line parallel to the X-axis 
in at most two (real) points; for, when 1/r is given, a quadratic 
equation is obtained for the determination of X. 

When X becomes infinite, either positively or negatively, 1/r 
approaches g/G as a limit. Hence, the curve has a horizontal 
asymptote which it approaches in both directions. Furthermore, 
it cuts this asymptote at a finite point; for, when we set g/G 
for 1/r in (7), we get 2{Fg — Gf)\ = (?e — Eg^ and Fg — Gf 0, 
by hypothesis. 

It follows, now, that the curve has the character of either the 
unbroken or the dotted graph in Fig. 21. 
Consequently, the normal curvature has 
two extrema, an absolute maximum and 
an absolute minimum. 

The two directions in which the normal 
curvature has its extrema are known as the principal directions at 
the point P. Since they are the directions for which the deriva- 
tive of 1/r with respect to X vanishes, it is readily shown that the 
values of X which define them are the roots of the quadratic equa- 
tion 

{Ef - Fe) + {Eg - Qe)\ + {Fg - Gf)\^ = 0. 

Thus, the principal directions at the point P are defined by the 
equation 

(8) {Ef — Fe)du^ + {Eg - Ge)dudv + {Fg — Gf)dt^ = 0, 
where E, F, G, e, /, g are evaluated for P. 



Fig. 21 
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Theorem 1. The principal directions at a point are mutually 
perpendicular. 

This important fact is easily verified by applying Theorem 2 
of § 35 to equation (8). 

The two extreme values of the normal curvature are called the 
principal normal curvatures at the point P, They are the values 
of 1/r for which the two corresponding values of X, as determined 
from (7), are equal. But the quadratic equation in X obtained 
from (7), namely 

has equal roots if and only if its discriminant vanishes. Thus, 
we obtain, as the equation in 1/r whose roots are the principal 
normal curvatures, 

(9) (EG - nli-(Eg -2Ff+Ge)-^+(eg-P) = 0. 


We shall henceforth denote the principal normal curvatures by 
l/n, l/r 2 . We shall, however, be interested, not so much in these 
curvatures themselves, as in their product and sum, which we 
shall designate respectively by K and K': 


( 10 ) 


K = 


11 

rir^' 


K' =- + -■ 

ri r2 


The product K is called the total curvature, or the Gaussian curva- 
ture, of the surface at P, and the sum iC' is known as the mean 
curvature of the surface at P. 

Since l/n, l/r 2 are the roots of (9), we have 


( 11 ) 



X' = 


Eg — 2 Ff + Ge 


In § 39, we noted that and are relative invariants of 
weight two with respect to a change of parameters. It follows 
now, since K' is surely an absolute invariant, that Eg -- 2 Ff + Ge 
is also a relative invariant of weight two. It is known as the 
simultaneous (relative) invariant of the two fundamental forms. 

The foregoing results are independent of the initial assumption 
that Fg — Gf ^ 0. Since P is not an umbilic, at least one of the 
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quantities Fg — Gf, Ef — Fc, Eg — Ge is not zero. If Fg — Gf 
were zero, but Ef — Fe not zero, we would set duldv = /i in (6) 
and proceed precisely as before. If Fg — Gf and Ef — Fe were 
both zero, it would follow that F = 0, / = 0. The graph of 1/r 
as a function of X would then be somewhat changed in character, 
but the general procedure would remain the same. 

The principal directions at P have been defined only when P 
is not an umbilic. If P is an umbilic, 1/r is the same in all direc- 
tions. Moreover, the coefficients in (8) are all zero. Thus, it 
is natural to think of every direction at an umbilic as a principal 
direction. Every direction at a point of a sphere or a plane is, 
then, a principal direction. 

As the common value of the principal normal curvatures at 
an umbilic, 7^, we take the constant value of 1/r at P. As a 
matter of fact, this is the result which (9) would give in this case. 
For, if 1/a is the constant value of 1/r, then e = F/a, / = F/a, 
g = Gja, and both roots of (9) reduce to 1/a. 

It follows that, at the umbilic P, K = 1/a^. In the case of 
the sphere, 1/a is evidently equal numerically to the curvature 
of a great circle and so is the same for each point P. Thus, the 
total curvature of a sphere is constant and positive. In the case 
of a plane, 1/a = 0: the total curvature of a plane is zero. 

Applications. In § 40, we learned that the asymptotic direc- 
tions at P are the directions at P in which the normal curvature 
is zero. In other words, the normal section at P in a given 
direction behaves at P like a straight line if and only if the 
direction is an asymptotic direction. 

The fact that K = has the same sign as may be inter- 
preted as follows: 

Theorem 2. A nonplanar point P is an elliptic^ parabolic, or 
hyperbolic point according as K > 0, K = 0, or K < 0 at P, 

We are now in a position to prove anew Theorem 2 of § 38. 
If P is an elliptic point, K > 0 and l/n, l/r 2 are of the same sign. 
Then 1/r is always of this sign, since 1/r varies between 1/ri 
and l/r 2 . Hence, the centers of curvature of the normal sections 
at P all lie on one half of the surface normal, and therefore the 
surface in the neighborhood of P lies on one side of the tangent 
plane. 
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If P is a hyperbolic point, K <0 and l/n, l/r 2 are opposite in 
sign. In this case, 1/r is positive for some directions, negative 
for others, and zero in the two asymptotic directions. Conse- 
quently, the surface lies in part on the one side, and in part on 
the other side, of the tangent plane, and cuts through it along 
the asymptotic directions. 

Finally, if P is a parabolic point, K = 0 and either 1/ri = 0 
or l/r 2 = 0. In other words, the single asymptotic direction 
coincides with a principal direction. Except perhaps along this 
direction, the surface lies on one side of the tangent plane. 

If every point of a surface is an elliptic point, K is always 
positive and the surface is known as a surface of positive curvature. 
An ellipsoid is a surface of positive curvature, and a sphere is a 
surface of constant positive curvature. 

A hyperbolic paraboloid is an example of a surface of negative 
curvature, that is, a surface all of whose points are hyperbolic. 

If K = 0, that is, if all the points of a surface are parabolic or 
planar, then (P = 0, and conversely. Hence, by § 37, Theorem 
2, we pass to the following conclusion. 

Theorem 3. The only surfaces for which the total curvature is 
identically zero are the developables and the planes. 

EXERCISES 

1. Prove that, if at every point of a surface a principal direction coincides 
with an asymptotic direction, the surface is a developable or a plane. 

2. Show that an ordinary surface is a sphere if and only if A'* = 4 A. 

42. Euler’s equation. Lines of curvature. A curve on a sur- 
face whose direction at each and every point is a principal direc- 
tion is known as a line of curvature. If the surface is not a 
sphere or a plane, there are two principal directions at each 
point, other than an umbilic, and they are mutually perpendicu- 
lar. Hence, in this case, there are two families of lines of curva- 
ture, and they form an orthogonal system. According to (8), 

(12) [Ef — Fe)du^ + {Eg — Ge)dudv + {Fg —Gf)dv^ = 0 

is the differential equation of this system. 

Every curve on a sphere or a plane is a line of curvature, since, 
in these cases, every direction at a point is a principal direction. 
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However, by a system of lines of curvature on a sphere or a plane, 
we shall always understand an orthogonal system. 

Theorem 1. A necessary and sufficient condition that the system 
of parametric curves consist of lines of curvature is that F = 0 and 
/ = 0. 

The theorem is true for a sphere or a plane, since, in these 
cases, e = kE^ f — kF, g = kG, so that, whenever F = 0, then 
/ = 0 also. 

For a surface, other than a sphere or a plane, equation (12) 
reduces, when F = 0 and / = 0, to dudv = 0, and hence the lines 
of curvature are the parametric curves. Conversely, if (12) re- 
duces to dudv = 0, then Ef — eF = 0 and Gf — gF = 0. But, 
since Eg — Ge ^ 0, the only solution of these two equations in / 
and F is / = 0, F = 0. Thus, the theorem is established. 

Euler^s equation. We assume that the parametric curves are 
lines of curvature: F = 0,f = 0. Then 

. . edu^ + gdv^ 

Edu^ + Gdv^ ' 

Since the directions of the parametric curves at a point are now 
principal directions at the point, the principal normal curvatures 
are obtained by setting in turn dv = 0 and du = 0 in (13). Con- 
sequently, if 1/ri is the principal^ normal curvature in the direction 
of the w-curve, and l/r 2 that in the direction of the v-curve, 

1=1 1=1 

n E^ ra G’ 

We now write (13) in the form 

1 _ 1 Edu^ 1 Gdv^ 

r ri Edu^ + Gdv^ r^ Edu^ + Gdi^ ’ 

and note that 


Edu^ + Gdt;® 


= cos* 0, 


Edu^ + Gdv^ 


= sin* 6, 


where 6 is the angle from the positive direction of the t^-curve to 
the direction dvjdu. Hence 

1 _ cos*^ ^ sin*^ 
r ” ri ra 


( 15 ) 
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This equation, which is due to Euler, expresses the normal 
curvature in a given direction at a point P in terms of the prin- 
cipal normal curvatures at P and the angle through which one 
of the principal directions at P must be 
rotated in order that it coincide with the 
given direction. Inasmuch as all of these 
quantities pertain only to the surface 
and are independent of the particular 
systems of axes and parametric curves 
to which the surface is referred, the equa- yiq. 22 

tion is an intrinsic or natural equation. 

It portrays the behavior of the normal curvature at P in the 
simplest and most striking manner possible. 

Euler^s equation tells us that 1/r has the same value for two 
angles 6 which are negatives of one another. Hence, the normal 
curvatures at P in two directions which are symmetrically situated 
with respect to a principal direction are equal. 

If P is not an umbilic, we know that there are two directions 
in which the normal curvature has a prescribed value between 
1/ri and l/r 2 . It is now clear that these two directions are equally 
inclined to each principal direction. In particular: 

Theorem 2. The asymptotic directions at a hyperbolic point are 
equally inclined to each principal direction at the point. 

The previous result, to the effect that the single asymptotic 
direction at a parabolic point coincides with a principal direction, 
follows also from (15). 

The asymptotic directions at a hyperbolic point are perpen- 
dicular if and only if 1/r = 0 when d = =b 7r/4, that is, when and 
only when 1/ri + l/r 2 = 0. In other words: 

Theorem 3. A necessary and sufficient condition that the asymp- 
totic directions ai a hyperbolic point be mutually perpendicular is 
that the mean curvature, K\ vanish at the point. 

A surface, other than a plane, for which K' vanishes identically 
is known as a minimal surface. It is a surface of negative curva- 
ture, at every point of which the asymptotic directions cut or- 
thogonally. 

Theorem 4. The sum of the normal curvatures at a point P in 
two perpendicular directions is the same for each two perpendicular 
directions, and is equal to the mean curvature at P. 
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The theorem follows readily from Euler's equation. 

Example. A right helicoid is a ruled surface which is generated 
by a variable line which always inter- 



Fig. 23 


sects a fixed line at right angles and ro- 
tates about, and slides along, the fixed 
line so that its points trace circular 
helices. It has the appearance of a 
double winding staircase without steps, 
— the circular ramp of a motor mart. 

If we take the axis of Xs as the fixed 
line and the axis of Xi as one of the po- 


sitions of the variable line, parametric 


equations of the right helicoid are 


(16) Xi = u cos V, X 2 = u sin v, Xz = av, a 0, 


where u is the directed distance on an arbitrary ruling, L, meas- 
ured from the point in which L meets the X 3 -axis, and v is the 
angle which L makes with the positive axis of Xi (Fig. 23). The 
circular helices on the helicoid are the curves u = const, and the 
rulings are the curves v = const. 

The comp)onents of Xu and Xv are respectively cos r, sin v, 0, 
and — u sin v, u cos i^, a ; therefore. 


E ^ 1, F = 0, G = + = u^ + a\ 


Since F = 0, the parametric curves, the rulings and the circular 
helices, form an orthogonal system. As a matter of fact, we 
know, from § 15, that the rulings are the common principal nor- 
mals of the helices. 

For Xuu, Xuvt Xvv we find the components 0, 0, 0; —sin y, cos v, 0; 
— wcosr, — usinr, 0. Hence, the values of e, /, g, computed 
by means of the last set of formulas in equations (38) of Chapter 
IV, are 

c = 0, / = — a/D, g = 0, d* = — 


Since c = 0 and g = 0, the asymptotic directions at P: (u, w), 
as given by equation (49) of Chapter IV, are the directions dv = 0 
and du == 0 at P, that is, the directions of the ruling and the 
circular helix passing through P. At every point P these direc- 
tions are mutually perpendicular, and therefore the right helicoid 
is a minimal surface. 
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Equation (12) becomes, in this case, du^ — (u* + a^)dv^ = 0. 
Hence, the differential equations of the two families of lines of 
curvature on the helicoid are 

du — dv = 0, du + Vu* + dv = 0. 

Integration of these equations gives the finite equations of the 
lines of curvature, namely, 

sinh“^ {u/a) — v = const., sinh“^ (u/o) + v = const. 

By (11), we find that K = — aV(w® + a^)^. Hence, the total 
curvature of the helicoid is the same at all the points of a circular 
helix, u = const., and approaches zero when the radius of the 
circular cylinder containing the helix becomes infinite. 

EXERCISES 

1. The general ruled surface which is generated by a variable line which 
always intersects a fixed line at right angles is known as a right conoid. It may 
be represented parametrically by the equations 

Xi « w COB V, Xi — u sin v, Xi = ^(v). 

Compute E, F, G, e, /, g, Kj K' for the conoid. Show that the only conoid 
which is a minimal surface is the right helicoid. Prove also that, if the total 
curvature of the conoid is the same at all the points of an arbitrary orthogonal 
trajectory of the rulings, the conoid is the right helicoid. 

2. Determine the lines of curvature on the torus of § 38, Ex. 1, and identify 
them geometrically. Find 1/ri, l/r 2 and show that they are equal numerically 
to the radius of the generating circle and the distance from the chosen point to 
the axis, measured along the normal. Hence prove that, if the torus contains 
“horizontal’* circles of radius 6/2, the mean curvature is zero in the points of 
these circles and in no other points. 

3. What are the lines of curvature on the tangent surface of a space curve? 
Find the principal normal curvatures and the curvatures of the lines of 
curvature. 

4. Show that the sum of the normal curvatures at a point in two perpendicu- 
lar directions is the same for each two perpendicular directions. 

43. Dupin’s indicatrix of the normal curvature. In each direc- 
tion dv/du at a nonplanar point P, except the asymptotic direc- 
tions, the normal curvature, 1/r, is not zero, and the radius, r, of 
normal curvature exists. We may, then, mark on the tangent 
line at P in the direction dvfdu the two points which are at a 
distance from P equal to V]r| . The locus of these points is a 
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curve which pictures the manner in which VJH varies with the 
direction. This curve is known as the Dupin indicatrix of the 
normal curvature. 

The Dupin indicatrix lies in the tangent plane at P. We shall 
write its equation in terms of Cartesian coordinates ({i, { 2 ) in 
this plane. As the axes of fi, {2 we 
take, respectively, the directed tangents 
to the i4-curve and y-curve through P, as- 
suming, as in § 42, that these curves are 
lines of curvature. Then, the point of 
the Dupin indicatrix which lies on the 
radius vector making the angle 6 with the 
fi-axis has the coordinates fi = Vlr] cos d, 
(2 = VFi sin Hence, it follows, from 
(15), that the equation of the Dupin indicatrix is 



(17) 


JL+ ^1. 

ri I r I r 2 |r] r 


If P is an elliptic point, n, r 2 , and r are all of the same sign 
and hence may be replaced in (17) by kil, k2|, and |r|. Then 
(17) becomes 



= 1 . 


Thus, the Dupin indicatrix at an elliptic point is an ellipse whose 
axes coin cid e wi th the principal directions and whose semi-axes 
are V|ri|, V | r 2 1 . If the point is, in particular, circular, the 
ellipse is a circle. 

If P is hyperbolic, n and r 2 are opposite in sign and r may have 
the sign of either. If r has the same sign as n, then r, ri, and 
— r 2 have the same sign, and (17) becomes 

_ JL = 1 

k*! 

If r has the sigo of rj, (17) reduces to 


__^ 4 . 

kil 


= 1 . 


Thus, the Dupin indicatrix at a hyperbolic point consists of two 
conjugate hyperbolas. The directions of the common asymi^ 
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totes of these hyperbolas, since they are the directions for which 
|r| becomes infinite, are the asymptotic directions at the point. 
Hence, the one hyperbola is the indicatrix of the normal curva- 
ture for the directions in which the surface lies on one side of the 
tangent plane, and the other hyperbola Represents the normal 
curvature for the directions in which the surface is on the other 
side of the tangent plane. 

If the point P is parabolic, either l/n or l/r2 is zero. Assume, 
say, that 1/ri = 0 . Then r is of the same sign as ra and ( 17 ) 
becomes 

fi= |r2|. 

Thus, the Dupin indicatrix at a parabolic point is a degenerate 
parabola consisting of two distinct straight lines which are parallel 
to the asymptotic direction at the point. 

Form of the surface in the neighborhood of a point The Dupin 
indicatrix amounts to something more than an artificial repre- 
sentation of the variation of the normal curvature at a point. It 
actually represents the form of the surface in the neighborhood 
of the point. The nature of this representation is described in 
the following theorem. 

Theorem 1. If the surface in the neighborhood of a nonplanar 
point P is cut by a plane which is parallel to the tangent plane at P 
and near to it, the curve of intersection is approximately a conic 
which is similar and similarly placed to the Dupin indicatrix at P, 
or, if P is a hyperbolic point, to one of the hyperbolas constituting 
the Dupin indicatrix. 

Since the parametric curves are lines of curvature, formula ( 41 ), 
of Chapter IV, for the directed distance D from the point P': 
(u -f Au, V + Av) of the surface to the tangent plane, T, at P: 
(u, v) becomes 

( 18 ) 2 D = eAu* + gAv* + • • • . 

If D is thought of as the fixed directed distance from T to a 
neighboring plane, M, parallel to T, this equation represents the 
curve in which the surface in the neighborhood of P is cut by M, 

To find the equation of the curve, as a curve in M, we intro- 
duce in M Cartesian coordinates (771, 172), taking as the axes of 
nil m the projections on M of the axes of (1, (2 in T. Then, the 
coordinates 171 and 172 of P' are the directed distances from P' to 
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the planes through P which are normal, respectively, to the unit 
vectors Xu/V^ and XvHG. Consequently 


^71 


{y - X I Xu) 
<E 


^ {y - x|x,) 
<G 


where (^/i, 2/2, t/s) are the space coordinates of P'. Since 

y = X + x„Aw + XvAv + • • • , 

and P = 0, we find that 

7Ji = VP A?x + • • • , 7^2 = VG Av + • • • , 

where the omitted terms are of at least the second degree in 
Am, Av, It follows, then, by a theorem in analysis, that 

Am = Tji/ VP + • • • , Av = 772/VG 

where the omitted terms are at least of the second degree in 
Vu V2- Substituting these values for Am and Av in ( 18 ) and re- 
calling that ejE = 1/ri and gjG = l/r2, we obtain, as the desired 
equation of the curve, 

(19) 2D =2i+5l+ ... 

Tx r2 

where the omitted terms are at least of the third degree in 771, 7/2. 
Consequently, the curve approximates to the conic Tyf/ri + TjHlrz 
= 2 D, and the theorem is proved. 

It follows that the planes which are normal to the surface at 
P and meet T in the tangents to the lines of curvature at P are, 
approximately, planes of symmetry of the surface in the imme- 
diate neighborhood of P, 

44. Lines of curvature. The lines of curvature on a surface, 
which were defined as the curves whose directions are always 
principal directions, have a second, equally important, charac- 
teristic projjerty, which may be stated as follows. 

Theorem 1 . A curve C on the surface S is a line of curvature 
if and only if the normals to S at the joints of C generate a develop- 
able surface or a plane. 

For example, the meridians on the torus, that is, the various 
positions of the circle whose rotation generates the torus (Fig. 18), 
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are curves with this property. So, also, are the parallels; the 
circles traced by the points of the generating circle. Thus the 
lines of curvature on the torus, and, in fact, on any surface of 
revolution, are the meridians and parallels. 

In establishing the theorem, we shall show, first, that a neces- 
sary and sufficient condition that the normals to S at the points 
of C:u = u{s)y V = ?;(s) generate a developable or a plane is that 
there exists a function, 1/p, of s such that the equation 


( 20 ) 


1^ ^ = n 

pds^ ds ^ 


is an identity in s. 

If the normals to S at the points of C envelope a curve, there 
exists a function, p(s), not zero, so that 


( 21 ) 


X = X + P^y 


where x = x(u{s)y v(s)) and f = f(M(s), v{s))y represents this 
curve, that is, so that dXjds = fcf, where fc 5 *^ 0. Since 


( 22 ) 


ds ds ^ ds ds 


the relation dX Ids = fcf becomes 

Taking the inner product with f, we find that dp/ds = fc, and 
hence that relation (20) holds. 

If the normals to S at the points of C go through a point, then 
p(s), not zero, exists so that (21) represents this point, that is, so 
that dXjds = A;f, where A; = 0. Hence, we arrive at the relation 
(20), as before. We also conclude that, in this case, p is con- 
stant. 

Finally, if the normals to S at the points of C are all parallel, 
then d^/ds = 0. Evidently, (20) holds here also, for we have 
merely to take 1/p = 0. 

Conversely, let there be given a curve C along which an iden- 
tity of the form (20) is valid. If 1/p = 0, then df/ds = 0 and 
the normals to S along C are all parallel. If I/p is constant, not 
zero, it follows from (22) that (21) represents a point, and hence 
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that the normris to S along C go through a point. Finally, if 
1/p is not constant, (21) represents a curve whose tangents are 
the normals to S along C. Hence, our proposition is proved. 

It remains to show that a curve C for which a relation of the 
form (20) holds is a line of curvature, and conversely. In dis- 
cussing this question, we shall write (20) more simply as 

(23) — + df = 0. 

P 

Expanding this relation so that it reads 

- {Xudu + Xvdv) + {iudu + ^t>dv) = 0, 

P 

and taking the inner product with Xu and Xv in turn, we obtain 
the equations 


- {Edu + Fdv) - (edu + fdv) = 0, 

(24) J 

- {Fdu + Gdv) - (fdu + gdv) = 0. 

P 

Eliminating 1/p, we get the equation 

I Edu + Fdv edu + fdv ^ ^ 

^ ' I Fdu + Gdv fdu + gdv \ ’ 

which, when expanded, becomes 

(Ef - Fe)du^ + (Eg — Ge)dudv + {Fg — Gf)dt^ = 0. 

Hence, the curve C is a line of curvature. 

Suppose, conversely, that the given curve C is a line of curva- 
ture, that is, a curve for which (25) is valid. Then equations 
(24) in 1/p are compatible and determine 1/p uniquely. But 
equations (24) can be written in the forms 

(y + df|i.)-o, (y + drii,)*o, 

and hence dxfp + dj* « cf. Taking the inner product of both 
aides with f, we find that c « 0. Hence, dx/p -f df * 0 along C. 
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The proof of Theorem 1 is now complete. Moreover, we have 
obtained a new anal 3 rtic criterion for a line of curvature: 

Theorem 2. A curve is a line of curvature if and only if a 
function 1/p exists so that along the curve 

(23) — + dr = 0. 

p 

It is to be remembered that equation (23) is a simplified form 
of (20), that the left-hand side is actually a function of the pa- 
rameter in terms of which the curve is represented and is to vanish 
identically for all values of this parameter. The equation is due 
to Olinde Rodrigues. 

Taking the inner product of each side of (23) with dxjdsy or, 
more simply, with dxy we get 1/p = — (dx|df)/(dr|dx). Hence, 
1/p is precisely the principal normal curvaiurey 1/r, in the direction 
of the line of curvature. 

This result, combined with the detailed facts concerning 1/p 
obtained in the first half of the proof of Theorem 1, leads us to 
the following conclusions. 

Theorem 3. According as the principal normal curvature in the 
direction of a line of curvature is variabhy constant but not zero, 
or zerOf the normals to the surface along the line of curvature envelope 
a curve, go through a point, or are parallel. 

In general, the normals to a surface along a line of curvature 
actually envelope a curve. According to § 31, this curve is an 
evolute of the line of curvature. 

The theorems of J oachimsthaL Suppose that two surfaces Si 
and Si intersect in a curve C which is a line of curvature on both 
surfaces. Since the normals to Si along C and the normals to 
Si along C constitute two one-parameter families of normals to 
C, both of which form developables or planes, the angle between 
the two normals at a point of C is the same at all the points of C, 
by § 31, Theorem 2. But this angle is one of the angles at which 
the surfaces Si and ^St intersect. Hence, we draw the following 
conclusion. 

Theorem 4. If a curve of intersection of tvH> surfaces is a line 
of curvature on both siafaces, the surfaces intersect at the same angle 
aU along the curve. 
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Similarly, we may establish a converse: 

Theorem 5. If two surfaces intersect at the same angle at all 
the points of a curve and the curve is a line of curvature on one of 
the surfaces, it is a line of curvature on the other. 

Recalling that every curve on a sphere or a plane is a line of 
curvature, we deduce from Theorems 4 and 5 the following inter- 
esting result. 

Theorem 6 . A plane or a sphere intersects a surface at the 
same angle at all the points of a curve if and only if the curve is a 
line of curvature on the surface. 

Closely related to these theorems is a theorem of Dupin on 
triply orthogonal systems of surfaces. A system of surfaces is 
said to be triply orthogonal if it consists of three one-parameter 
families of surfaces such that (a) through each point there passes, 
in general, just one surface of each family, and ih) two surfaces 
of different families intersect always at right angles. Dupin's 
theorem, which we shall state without proof, reads as follows: 

Theorem 7. The curve in which two surfaces of different fami- 
lies of a triply orthogonal system intersect is a line of curvature on 
both surfaces. 

It is a fact, with which the reader may be familiar, that if a 
central quadric, Q, is given, there exists a triply orthogonal sys- 
tem of quadric surfaces of which Q is a member. It follows from 
Dupin ^8 theorem that the two families of lines of curvature on 
Q are the curves in which Q is met by the quadrics of the two 
families of the system to which Q does not belong. Hence, a line 
of curvature on a central quadric is, in general, a twisted quartic, 
that is, a twdsted curve which is met by a plane, in general, in 
four points, real or imaginary. 

EXERCISES 

1. Using the results of this section, prove anew the facts concerning the 
principal normal curvatures of the torus given in § 42, Ex. 2. 

2. Show that a curve on a surface is a line of curvature along which the 
normals go through a point when and only when the curve is spherical and a 
sphere on which it lies is tangent to the surface all along it. (The meridians 
and all but two of the parallels on the torus are lines of curvature of this type.) 

3. Prove that a curve on a surface is a line of curvature along which the 
normals are all parallel if and only if the curve is a plane curve and a plane in 
which it lies is tangent to the surface all along it. (The rulings on a develop- 
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able surface and two of the parallels on the torus are lines of curvature of this 
type.) 

4. Show that when the osculating plane of a line of curvature makes 
always the same angle with the tangent plane to the surface, the line of curva- 
ture is a plane curve. 

5. Show that an orthogonal trajectory of the rulings of a cone is a plane 
curve if and only if the cone is a cone of revolution. 

6. The symbolic equation x = x(Uf w, w), w'here the Jacobian of Xi, a?a, 
with respect to Uf v, w does not vanish identically, defines three families of 
surfaces, namely, the surfaces u — const., on each of which v, w serve as curvi- 
linear coordinates, the surfaces v — const., and the surfaces w = const. Show 
that, if the surfaces form a triply orthogonal system, (x„ | x„) = 0, {Xv | x„) * 0, 
{Xv I =0 and therefore {x^ | Xw) = 0, {xv | Xum) = 0, {xu> | x^v) — 0. Hence 
prove Dupin’s theorem. 

45. Conjugate systems of curves. Conjugate diameters of a 
central conic. We recall that a diameter of a central conic, that 
is, a line through the center, bisects a certain set of parallel 
chords, and that, if one of two diameters bisects the chords 
parallel to the other, the second bisects the chords parallel to the 
first. Two diameters related in this way are said to be conjugate 
to one another. Two diameters of the conic x^jA + y^jB = zt I 
are conjugate if and only if they are the axes of the conic or their 
slopes, X and X', satisfy the equation XX' = — B/A. 

A parabola has no conjugate diameters. It is true that the 
mid-points of a set of parallel chords of a parabola lie on a line, 
but the line is parallel to the axis and the parabola has no chords 
parallel to the axis. 

Conjugate directions. The directions of a pair of conjugate 
diameters of the Dupin indicatrix at an elliptic or hyperbolic 
point P of a surface S are known as conjugate directions at P. 
Since there exists a unique direction which is conjugate to a pre- 
scribed direction, there are infinitely many pairs of conjugate 
directions at P. Evidently, two conjugate directions which are 
mutually perpendicular are necessarily principal directions; in 
particular, each two conjugate directions at a circular point are 
mutually perpendicular. 

Conjugate directions are not defined at a parabolic or planar 
point. Hence, developables and planes are excluded completely. 

In deducing an analytic criterion for conjugate directions at 
an elliptic or hyperbolic point P, we assume, first, that the para- 
metric curves on S are lines of curvature and that the tangent 
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plane at P has been referred to the Cartesian coordinates ((i, ( 2 ) 
employed in § 43. The equation of the Dupin indicatrix at P is, 
then, fi/ri + (^/r 2 = r/|r| . Hence, the two directions dv/du and 
Sv/Su at P are conjugate, according to the above condition, when 
and only when 

(26) tan ff tan , 

where and are respectively their slope angles referred to the 
positive direction of the li-curve at P. 

From (14), we have 

^ . fO dv X n/ . [G Sv 

tantf=±^^^ tane =±^£5^' 

where the same choice of sign is to be made in both formulas. 
Hence, since 1/ri = ejE and l/r 2 = g/G, (26) becomes 

(27) edubu + gdvhv = 0 . 

This, then, is the form of the criterion for conjugate directions 
when the lines of curvature are parametric. 

Consider, now, the tangent planes to S at the points of a 
curve C: u = u{s), v = v{s). Since these planes depend on one 
parameter, they envelope a developable surface, and each has a 
characteristic line, the ruling of the developable which lies in it. 
As a matter of fact, the characteristic line of the tangent plane 
at the point P of C is the line through P in the direction conjugate 
to that of the tangent line to C at P. In other words: 

Theorem 1. The characteristic lines of the tangent planes to the 
surface at the points of a curve C are the lines through the points of 
C in the directions which are conjugate to those of the tangent lines 
to C. 

The equation of the tangent plane to S at an arbitrary point 
Pof Cis 

f^{X-x\i) =0, 

where u *= u(s), v = v{s). The characteristic line of the tangent 
plane is the line in which it is intersected by the plane 
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Hence^ the characteristic line goes through P and is the line 
through P in the tangent plane which is perpendicular to the 
vector d^/ds at P, or, more simply, to the vector df. Thus, if 
5v/6u is the direction of the characteristic line, then Sx is per- 
pendicular to df : (5x|df) = 0. Since 

— {6x I df ) = edudu + f(du6v + dvSu) + gdvBv, 

{8x I dr) = 0 reduces, when the lines of curvature are parametric, 
to (27), and so the theorem is proved. 

Furthermore, we have obtained the criterion for conjugate 
directions when the parametric curves are arbitrary. 

Theorem 2. The two directions dv/du and bvjbu at the elliptic 
or hyperbolic point P are conjugate directions if and only if at P 

(28) edubu + f(duhv + dvhu) + gdvhv = 0. 

Conjugate systems. A system of curves on a surface is known 
as a conjugate system if the directions of the curves of the system 
at each and every elliptic or hyperbolic point are conjugate direc- 
tions. The system of curves consisting of the two families of 
curves in the directions dv/du and Sv/Su is a conjugate system 
when and only when at every elliptic or hyperbolic point 

(29) edudu + fidubv + dvbu) + gdvbv = 0. 

This equation is identically satisfied by dt; = 0 and 5u 0 if 
and only if / = 0. In other words: 

Theorem 3. A necessary and sufficient condition that the paror 
metric curves form a conjugate system is that / = 0. 

Since the parametric curves form an orthogonal system if and 
only if F = 0, and the vanishing of F and / characterize the para- 
metric curves as lines of curvature, we conclude that a conjugate 
system is orthogonal when and only when it consists of lines of 
curvature. 

It is evident from (29) that the theory of conjugate systems 
bears the same relation to the second fundamental form of the 
surface as does the theory of orthogonal systems to the first 
fundamental form. Hence, we may state, without detailed 
proofs, the following theorems analogous to Theorems 2 and 3 
of § 35. 
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Theorem 4. The system of curves defined by 
Idu^ + 2 mdudv + ndv^ = 0 
is a conjugate system if and only if 

en — 2/m + gl = 0. 

Theorem 5. If a family of curves is given, there exists, in gerv- 
eral, a second family of curves such that the two families form a 
conjugate system. If the differential equation of the given family is 
Mdu + Ndv = 0, that of the second family is 

(eN — fM)du + (fN — gM)dv = 0. 

The exception to the theorem will be discussed in the next 
paragraph. 

EXERCISES 

1. Prove that the parametric curves on the surface 

Xi = cos V, X 2 = sin u -f- sin v, xs = cos v 
are all circles of radius unity and form a conjugate system. 

2. Show that the parabolas in which the planes Ji *= const, and X 2 * const, 
meet the elliptic paraboloid xl/a^ xj/b^ = 2 xa form a conjugate system. 

3. Find the family of curves on the right conoid which is conjugate to the 
orthogonal trajectories of the rulings. 

4. Are the normal curvatures in two conjugate directions at a point ever 
equal? 

5. Show that the sum of the radii of normal curvature at a point in two 
conjugate directions is the same for each two conjugate directions. 

46. Asymptotic lines. Imaginary points and directions. Thus 
far, we have recognized only the real points of the surface x 
= x{Uf y). Henceforth, we shall frequently find it convenient to 
introduce imaginary points represented by pairs of values of 
u, v, at least one of which is imaginary. Similarly, we shall 
recognize in the tangent plane at a point imaginary, as well as 
real, directions. 

In dealing with imaginary elements we agree to apply the 
same terminology as in the case of real elements, and, what is 
more important, we agree to extend to imaginary elements the 
formulas developed for real elements, so long as they retain 
meaning. 
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Asymptotic directions. If 6, g are not all zero at a point P, 
the equation 

(30) edu^ + 2 fdudv + gdv^ = 0 

defines at P two directions, which are real and distinct, real and 
coincident, or conjugate-imaginary, according as d® < 0, d* = 0, 
or d^ > 0 at P. In other words: 

Theorem 1. At a planar pointy every direction is an asymptotic 
direction. At a nonplanar pointy there exist just two asymptotic 
directionsy which are real and distincty real and coincidenty or con- 
jugate-imaginary y according as the point is hyperbolic y parabolic y or 
elliptic. 

The asymptotic directions at a point P were defined as the 
directions in which the tangent plane at P has contact of at least 
the second order. They may also be characterized as the direc- 
tions at P in which the normal curvature is zero. At an elliptic 
or hyperbolic point, they are the directions of the asymptotes of 
the Dupin indicatrix, and, at a parabolic point, they coincide in 
a principal direction. 

Asymptotic lines. A curve on the surface whose direction at 
each and every point is an asymptotic direction is an asymptotic 
line. In other words, the asymptotic lines are the curves defined 
by the differential equation (30). 

Theorem 2. Every curve in a plane is an asymptotic line. On 
a surfacty other than a planCy there exist two families of asymptotic 
lines. On a surface of negative curvaturCy these two families are real 
and distirict; on a surface of positive curvature y they are conjugate- 
imaginary; andy on a developable surfacey they are real and coin- 
cident. 

The single (doubly counting) family of as 3 rmptotic lines on a 
developable surface consists of the rulings. For, the normal cur- 
vature at a point in the direction of the ruling which passes 
through the point is zero, and hence the single asymptotic direc- 
tion at the point is that of the ruling. Since this direction is a 
principal direction, the rulings form also one of the families of 
lines of curvature. The second family consists of the ortho- 
gonal trajectories of the rulings and therefore, in the case of 
the tangent surface of a twisted curve, of the involutes of the 
curve. 
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It is a fact, with which the reader may be familiar, that there 
exist on every nonsingular quadric surface two families of straight 
lines. On a hyperboloid of one sheet or a hyperbolic paraboloid, 
these lines are real, whereas on an ellipsoid, a hyperboloid of two 
sheets, or an elliptic paraboloid, they are conjugate-imaginary. 
In every case, they constitute the asymptotic lines of the surface. 

Theorem 3. A straight line on a surface is always an asymp- 
totic line. 

For, the tangent planes at the points of the line contain the 
line, and so the direction of the line is always an asymptotic 
direction. 

Theorem 4. A curve, not a straight line, is an asymptotic line 
if and only if the osculating plane at each point is the tangent plane 
to the surface at the point. 

The theorem follows from the formula, 

cos </> _ edu^ + 2fdudv + gdt^ 

R Edu^ + 2 Fdudv + Gd^i^ ^ 

for the curvature IjR of the curve. Since 1/fl 0, the curve is 
an integral curve of (30) when and only when <f> = 7r/2. 

We give a second proof. If the given curve C is an asymptotic 
line, its tangential directions are conjugate to themselves. Hence, 
the characteristic lines of the tangent planes to the surface, S, 
at the points of C are the tangent lines to C. Thus, C is the edge 
of regression of the developable surface enveloped by the tangent 
planes. But the planes enveloping the tangent surface of a 
curve are the osculating planes of the curve. Consequently, the 
tangent planes to S at the points of C are the osculating planes 
of C. Conversely, if the osculating planes of C are the tangent 
planes to ^S, the characteristic lines of these tangent planes are 
the tangent lines to C, the tangential directions of C are self- 
conjugate and therefore asymptotic, and C is an asymptotic line. 

Since asymptotic directions are self-con jugate, a family of 
asymptotic lines is conjugate to itself. Herein lies the exception 
to Theorem 6 of § 45. 

Theorem 5. The asymptotic lines form an orthogonal system if 
and only if the surface is a minimal surface. 
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For, the condition that the curves (30) form an orthogonal 
system, namely Eg — 2 Ff + Ge = is precisely the condition 
that K' = 0; see, also, § 42, Theorem 3. 

Theorem 6. The parametric curves on a surface, other than a 
developable or a plane, are the asymptotic lines if and only if e = 0, 
^ = 0. 

For, equation (30) is identical with the differential equation 
of the parametric curves when and only when e = g = Q. 

Example. Since the circular helices on the right helicoid (16) 
have the rulings of the helicoid as their common principal nor- 
mals, the osculating planes of the helices are the tangent planes 
to the helicoid. Hence, the helices form one of the two families 
of asymptotic lines on the helicoid. Inasmuch as the second 
family necessarily consists of the rulings, the asymptotic lines 
form an orthogonal system and the helicoid is a minimal surface. 
The same results may be obtained analytically by use of the data 
given in § 42. 

EXERCISES 

1. Find the finite equation of the second family of asymptotic lines on the 
right conoid. 

2. Show that the asymptotic lines on the surface Xs = x} — x} are the curves 
in which the surface is met by the two families of cylinders xf + x] « const, 
and xf — xf = const. 

3. Show that the locus of points on the hjrperbolic paraboloid xf/a* — xJ/6* 
B 2 Xs at which the rulings cut at right angles is the hyperbola in which the 
paraboloid is cut by the plane 2 Xs = 6^ — a^. How many rulings of the one 
family cut a given ruling of the other family orthogonally? 

Suggestion. Begin by finding a parametric representation for which the 
rulings are the parametric curves. 

4. The surface xs = /(xi, X 2 ) has the representation Xi = Xj, xi = X|, 
X| ■■ /(xi, xs) in terms of Xi, xs as parameters. Find, in terms of the quantities 

^ " axi ' ^ 3X2* dxf ' dxidxa * dx| ' 

the fundamental forms and curvatures, the differential equations of the im- 
portant systems of curves, and the conditions that the surface be mininuJ or 
developable. 

47. Isometric systems. Isotropic curves. The simplest ap- 
proach to the so-called isometric systems of curves on a surface 
is through the introduction as parametric curves of certain imagi- 
nary curves on the surface known as isotropic or minimal curves. 
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A curve is said to be isotropic when the distance, measured along 
the curve, between each two points of the curve is zero. In 
other words, a curve is isotropic if and only if ds = 0. 

On the surface S: z = x(u, v), there exist two conjugate- 
imaginary families of isotropic curves, defined by 

(31) ds^ = Edu^ + 2 Fdvdv + Gdv^ = 0. 

In order to introduce these curves as the parametric curves, we 
first factor the quadratic form: 

^ VE du + ^ dv^ ^yfE du + ^ dv ^ , 


and then introduce integrating factors for the two component 
expressions. Since these two expressions are conjugate-imagi- 
nary, it follows that, if <Ti(uj v) + i<T 2 {u, v), where (Ti, are real 
functions of w, v, is an integrating factor of the first expression, 
then ai(Uj v) — ic 2 (Uy v) is an integrating factor of the second. 
Hence, there exist two functions ii{Uy r), v{Uy v) such that 


(32) 


((Ti + ^< 72 ) ^ yfE du + 
((7i — 1(72) ( du + 


F + tP 
F - zD 



The finite equations of the two families of isotropic curves are, 
then, jll(u, v) = const, and p(u, v) = const. In other words, the 
change of coordinates = ix{u,v)y v = v{Uj v) introduces the iso- 
tropic curves as the parametric curves. The linear element in 
(31) thereby takes on the form 

( 33 ) ds^ = Xdfidvy 

where X = l/(o-? + al)- 

Isometric systems referred to isometric parameters. It is evident 
from (32) that m and v are conjugate-imaginary functions of u 
and Vy that is, that they are of the form 

M = Ul{Uy V) + iVl{Uy V)y V = Ul{Uy V) ” V) y 

where Ui(w, v) and ri(w, v) are real functions of u, v. Hence d/i 
= dui + idvi, dp = dui — idvi, and (33) becomes 

(34) ds* = X(duf + dvl). 
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The new parameters Ui = ui(u, v), Vi = Vi(u, v) which we have 
thus introduced are real parameters. Hence, X should be a real 
function of them. In fact, since X = l/((ri + (tI) is a real func- 
tion of u, V and u, v are real functions of wi, vi, X is a real function 
of Wi, Vi. 

Since the new parameters Wi, Vi are real functions of u, v, the 
new parametric curves are real curves. The system which they 
form is known as an isometric, or isothermic, system, and the 
parameters Wi, Vi are called isometric, or isothermic, parameters. 

Definition. If a system of real curves can he introduced as 
parametric curves so that the linear element of the surface takes the 
form 

( 35 ) ds^ = \(du^ + dv^), 

the system is said to he an isometric^ or isothermic^ systemy and the 
parameters u, v are called isometricy or isothermicy parameters. 

We have proved that there exists at least one isometric system 
on a given surface. We proceed now to determine all the iso- 
metric systems. To this end we assume that the given para- 
meters Uy V are isometric, and seek conditions necessary and suffi- 
cient that new parameters 

( 36 ) U = U{Uy v)y V = V{Uy V) 

be isometric. Since Xu = XuUu + XvVuy Xv = x^iUp + XpVvy we have 

E = Eul + 2 FuuVu + Gvly 
F = EuuUv + F{uJVv + UvVu) + GvuVv, 

G = Eul + 2 FupVp + Gvl 

By hypothesis, F = 0 and E = G, lienee, the (^ndiUons that 
M, be isometric parameters, namely, F = 0 and E = Gy become 

/gyx ul + vl = ul + vly 

UuUv + VuVv = 0 . 

If, for the moment, we interpret m„, Vu and Up, % respectively 
as the components of two vectors in a Cartesian plane, the second 
of these equations says that the two vectors are perpendicular, 
and the first, that they are equal in length. Consequently, if 
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the vectors have their initial points at the origin, the second 
vector has, relative to the first, one of the two positions shown in 
Fig. 25. But, when the initial point of a vector is at the origin, 
the components of the vector are the co- 
ordinates of the terminal point. Hence, 
we conclude from the figure that equa- 
tions (37) have the two solutions 

(38a) Uu = Vvj Uv = — Vuy 

(38b) Vu = Uvf Vv = — Uu. 

Two functions m(w, v)y v(uy t;), in the 
order given, are said to be conjugate func- 
tions if they satisfy equations (38a). 

Equations (38b) are precisely equations (38a) with the roles 
of ti and V reversed. Hence, equations (38b) say that v, u are 
conjugate functions. We may, then, state our results as follows: 

Theorem 1. If u and v are isometric 'parameters ^ u = u{u, v) 
and V = t}(u, v) are isometric parameters when and only when 
u{Uy v) and v{u, v) are^ in one or the other order y conjugate functions 
of u and v. 

If Uy V are, in the order given, conjugate functions, then u + iv 
is a so-called analytic function of the complex variable u + iVy 
and conversely. Similarly, v, u are conjugate functions if and 
only if f; + iu is an analytic function of u + iv. 

Since there are infinitely many analytic functions of a complex 
variable, there are infinitely many pairs of isometric parameters, 
and infinitely many isometric systems on a given surface. 

For example, u + iv = {u + ivy is an analytic function of 
u + ty. Hence, if u and v are isometric parameters, then u 
= u* — V*, V = 2uv are isometric parameters, and the curves 
M* — y2 = const, and 2 uv = const, form an isometric system. 

Isometric systems referred to nonisometric parameters. Consider 
the change of parameters 

(39) u = u{u)y V = y(y), 

where u is an arbitrary function of and v is an arbitrary func- 
tion of €. Evidently, when u = const., u = const, and, when 
V » const., d « const., and conversely. Hence, the new para- 
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metric curves u = const, and ^ = const, are identical with the 
original parametric curves u = const, and v = const. Thus, 
equations (39) represent- a change of parameters which does not 
change the parametric curves. The same can be said of the 
equations u = u(t;), v = *?(«), but these equations are reducible 
to (39) by renaming the variables. In fact, every change of 
parameters which does not affect the parametric curves may be 
written in the form (39). 

If, in the linear element (35) of a surface referred to isometric 
parameters, we make the change of parameters (39), the result is 

(40) ds^ = 

where w' = dujduy v' = dv/dv. Hence, though the parametric 
curves, since they remain unaltered, still form an isometric sys- 
tem, the new parameters v are not, in general, isometric pa- 
rameters. 

The linear element (40) is of the form 
ds^ = Ed0 + Gdv\ 


where E : G = U(u) : V(v). Conversely, if the linear element of 
a surface is of this form, the parametric curves form an isometric 
system. For, by hypothesis, E = \U{u), G = XV'(iJ), where 
U (w), V{v) may both be assumed positive. Hence, we may write 

ds^ = \{JJ{u)d0 + V{v)dv^). 

The cha nge of parameters defined by du = ^U{u) dU, dv 
= VV(v) dv then reduces the linear element to the form (35). 

The proposition thus established may be stated as follows: 

Theorem 2. A necessary and sufficient condition that the paror 
metric curves form an isometric system is that F = 0 and E : G 
= U{u) : V{v). 

Example. In § 46, we showed that the parametric curves on 
the right helicoid, Xi= u cos v, X2 = u sin v, Xs = av, are the 
as 3 rmptotic lines (the rulings and the circular helices), and in 
§ 42, we found, as the linear element: 


ds* = du* + («* + o*)d5* = (u* + a*) * 
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It follows, then, by Theorem 2, that the asymptotic lines form 
an isometric system. 

In order to reduce the linear element to the form (35), we 
set du = + a\ dv = dv. Integrating and taking both 

the constants of integration equal to zero, we get u = sinh“^ (w/a), 
V = a or u = a sinh u, v = r. The linear element now becomes 
ds^ = a* cosh® u{du^ + dv®), and the parameters u and v are iso- 
metric. 

The equations, in terms of m, v, of the lines of curvature are 
sinh"^ (u/a) — v = const, and sinh”^ (w/a) + v = const. See § 42. 
The corresponding equations in u, v are w — v = const., u + v 
= const. Accordingly, when we make the change of parameters 
M — V = Ml, M + V = wi, the new parametric curves, Ui = const, 
and vi = const., are the lines of curvature. But u, v are iso- 
metric parameters and u — v and u + are conjugate functions 
of Uf V, Hence, the parameters Mi, vi are isometric and the lines 
of curvature form an isometric system. 

EXERCISES 

1. The parametric curves form an isometric system if and only if F 0 
and a* log lEfG)/dudv = 0. 

2. Show that the curves which bisect the angles between the curves of an 
isometric system also form an isometric system. 

3. Show that the meridians and parallels on the sphere of § 25 form an 
isometric system, that u\ = log tan Vi = 9 are isometric parameters, and 
that the parametric representation and linear element in terms of these param- 
eters are xj « a sech ui cos t;,, xs » a sech Ui sin Vi, xs = — a tanh U\ and 
ds* ■■ o* sech* wi(dwl+ dv\). 

4 . Show that the rulings on a right conoid and their orthogonal trajectories 
form an isometric system if and only if the conoid is a right helicoid. 

5 . The lines of curvature on any quadric surface form an isometric system. 
Establish this fact in the case of a h>'perbolic paraboloid. 

6. Prove that the lines of curvature on a cylinder or a cone always form an 
isometric system, whereas those on the tangent surface of a twisted curve never 
do. 
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THE FUNDAMENTAL THEOREM 

48. The formulas of Gauss. The geometric properties of the 
surface x = x{u, v) which we have thus far developed have been 
expressible in terms of the two fundamental differential quad- 
ratic forms and their coefficients, E, F, G, e, /, g. Is this true of 
all the properties of the surface? In other words: Is the surface 
determined, except for position, by the two fundamental forms? 

If this question is to be answered in the affirmative, as we have 
every right to expect, a second question then presents itself. If 
two differential quadratic forms are given, will there exist a sur- 
face which has them as its two fundamental forms? Here, too, 
we should expect an affirmative answer, unless the coefficients 
Ef F, G, e, /, g of the fundamental forms of a given surface are 
connected by relations which are identically satisfied. If this is 
the case, the coefficients of the given forms must be subjected 
to these relations before the given forms can possibly serve as 
the two fundamental forms of a surface. 

As a matter of fact, there actually exist relations between 
E, Ff Gy e, fy gy and their partial derivatives. Preparatory to 
deducing them, we shall establish formulas of Gauss for 

XuVy Xvv 

According to § 5, an arbitrary vector S can be written as a 
linear combination of three given vectors a, j9, 7 which are not 
parallel to a plane: 

(1) {a j8 7)5 = (5 /3 y)a + {5 y a)/3 + (5 a P)y. 

It follows that any vector at an arbitrary point P on the given 
surface is expressible as a linear combination of three vectors at 
P which do not lie in a plane. As these three vectors it is natural 
to take Xu, Xv, ^ Accordingly, we proceed to express Xm, Xuv, x„ 
as linear combinations of Xu, x„ I*. 

Since (x„ x, f) = D, ( 1 ) becomes, for a = Xu, P = x„ y = f, 

1 x» f) _ , (5 i" Xu) ^ I (i Xu Xv) y 

d g Xi -| g Xy -r i > 
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or 


£ (S I Xu Xi,) , (Xu 5 I Xu Xv) , / 1 1 

0 = Xu i ^2 Xu + Co|f)f. 


Substituting Xuu, x«u, Xw in turn for 5, we get 

Xu« “ C^iiXu H” CiiXv “1“ cf, 
(2) Xuv = CJaXu + CfgXi, + /f, 





Xw C'22 Xu 

CliXv 

+ 

where 







C\r = 

(Xuti 

,x^\x^x^) 

J)2 » 

Cf,= 

^Xfi Xuu 1 Xu Xp^ 

D* 

(3) 

Ch = 

(Xu. 

Xu 1 Xu Xu) 

2)2 » 

Cl2 = 

(Xu Xuu 1 Xu Xu) 

2)2 * 



(X,v 

Xv\Xu X„) 

2)2 > 

Ch = 

(Xu XppIXu Xp) 

D* 

Formulas (2) 

are 

due to Gauss. 

The 

s coefficients of Xu and x. 


which are here denoted by the use of the single letter C with two 
subscripts and one superscript, are frequently represented, espe- 
cially in classical treatises, by the symbols 

mm.mM 

which were introduced by Christoffel. Accordingly, we shall re- 
fer to the C^s as Christoffel symbols. 

In expanding the composite inner products on the right-hand 
sides of (3), we need values for the scalar products of Xuu, Xur, Xw 
with Xu and Xv. These six scalar products appear in the six 
equations obtained by differentiating partially each of the equa- 
tions E = (xu|xu), F = (xu|xu), G = (xv|xc), first with respect to 
u and then with respect to v. Moreover, the six equations can 
be readily solved for the six scalar products and yield for them 
the values: 


(Xuw I Xu) “ (Xuu I Xu) — Fu ^Evy 

(Xuv|Xu) ” \Fdvi (Xuw I Xu) ” \Gu} 

(Xu,|Xu) = F, - iGu, (Xu.|Xu) = iGr. 


( 4 ) 
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Expansion of the right-hand sides of (3) now gives us 


(5) 


= 

GEu- 

F{2 F„ - 



D(2K 

-E,) - 

- FE, 

Un — 


2D* 


Uil — 


2D* 

f 

Ch = 

GEv — FGu 

2iy ’ 


c?,= 

EGu - FE„ 
2D* ’ 


CL = 

G(2F, 

- Gu) - 

FG. 

r® = 

EG,- 

F(2 F, - 

-G„) 

^22 


2D* 


^22 


2D* 



Thus, the Christoffel symbols are expressible in terms of E, F, 
G and their first partial derivatives. 

Besides the formulas of Gauss, we shall need, for the purpose 
in view, expressions for fu and Since (f,i| f) = 0 and (fv| f) 
= 0, the vectors fu and lie in the tangent plane at P and 
hence are expressible as linear combinations of Xu and Xv- In fact. 


( 6 ) 


^ _Ff-Ge^ . Fe - Ef^ 

fu 2)2 ' J^2 




Fg-Gf 


Xu ” 1 “ 


Ff- Eg 


These formulas may be established by the method employed 
to obtain those of Gauss. The method of undetermined coeffi- 
cients is, however, just as simple in this case. We have, for 
example, 

(7) fu ~ A-iXu H” BiXp. 

Taking the inner product of each side of this equation, first with 
Xu and then with Xv, we obtain the equations 

EAi + FBi = — c, FAi + GBi = — /. 

When these equations are solved for Ai and Bi and the values 
found are substituted in (7), the result is the first of the equations 
(6). The second equation may be similarly established. 

49. The equations of Gauss and Codazzi. By reasoning which 
is now familiar to the reader, Xuuu, Xuuvf Xuw, Xwp are expressible 
as linear combinations of Xu, Xv, f. These linear combinations 
are most easily obtained by differentiating the formulas of Gauss, 
and then replacing the derivatives Xuut Xuv, Xw, fu, fv which ap- 
pear in the right-hand members of the resulting equations by 
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their values in terms of Xu, Xxy as given by formulas (2) and 
(6). For example, when we differentiate the first of the Gauss 
formulas with respect to w, we get 

X-uuu C/iiXuu “I" ^\\Xuv “I” Cfu “1“ Xyi “I “1“ 

and we then reduce the expression on the right to a linear com- 
bination of Xu, f by replacing Xu«, Xu^, and fu by their values 
in terms of Xu, x^, f. 

There are two ways of applying this process to get Xuuvl we 
may differentiate x„„ with respect to v or Xuv with respect to u. 
Similarly, Xu^ may be obtained by differentiating Xuv ^ith re- 
spect to V or Xvv with respect to u. In each case, the two linear 
combinations of Xu, x^, f obtained must be equal, or, what is the 
same thing, the difference between them must be identically 
zero. Hence, we have 

dXuT* SXvv I I V r\ 

-7 ^ == a2Xu + C>2Xv + C2f — 0. 

dv au 

Since the vectors x„, Xv, f are not parallel to a plane, it follows 
that 

(8) ai =0, 6i = 0, Cl = 0, 

«2 =0, 62 = 0, C2 = 0. 

Actual computation shows that no one of the expressions a\, 
021 hiy hif Cl, C 2 reduces formally to zero. Hence, the six equations 
(8) constitute relations between E, F, G, e, /, g, and their partial 
derivatives. 

It so happens that the first four of these equations, namely, 
Oi = 0, 02 = 0, bi = 0, 62 = 0, all reduce to a single equation. 
This equation is due to Gauss and is known as the Gauss equation. 


It may be written in either of the following forms: 

(9a) 



(9b) 


)]’ 
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where K = cP/D^ is the total curvature of the surface. It is to 
be noted that these two forms are symmetric, one to the other; 
that is, that each becomes the other when u and v, and hence 
E and G, and the indices 1 and 2, are interchanged. 

The last two equations of (8), ntoely, ci = 0 and C2 = 0, are, 
when written out, 

. - /u - CUe + (C}, - ch)f + cig = 0, 

^ ^ ff. - /. + Cl^e 4- (Ci* - Cl*)/ - C5*g = 0. 

These equations are symmetric to one another, but, unlike equa- 
tions (9a) and (9b), they are not equivalent. They are generally 
known as the Codazzi equations, inasmuch as Codazzi discovered 
equations equivalent to them. As a matter of fact, prior to 
Codazzi, Mainardi had made similar discoveries, and equations 
(10), themselves, though not given in the work of Gauss, are 
readily deducible from his results. 

Equations (10), taken with one of the equations (9), are com- 
monly known as the Gauss-Codazzi equations. These three equa- 
tions constitute the only relations between E, F, G, e, /, g and 
their derivatives, in that every other relation can be derived 
from them by the processes of algebra and the calculus. For 
example, it is conceivable that the identity 

+ b^v + Csf = 0, 

which is obtained from the values of fu and in (6) by the 
process described above, might yield new relations: as = 0, 
bs = 0, Cs = 0. Actually, cs reduces formally to zero, and the 
equations as = 0 and 63 = 0 are those of Codazzi. 

We are now ready to answer the questions propounded in § 48. 

Fundamental Theorem. If E, F, G, e, /, g are given func- 
tions of u, V which satisfy the Gauss-Codazzi equations, there exists 
a surface, x = z(u, v), uniquely determined except for its position 
in space, which has respectively as its first and second fundamen- 
tal forms the quadratic forms Edu^ + 2 Fdudv + Gdv'^ and edu^ 
+ 2 fdudv + gdt^, provided merely that the first of these quadratic 
forms is positive definite, that is, that EG — F* > 0 and F > 0, 
G>0. 



140 


DIFFERENTIAL GEOMETRY 


The theorem was first proved by Bonnet in 1867. It answers 
both the questions of § 48. It says, not only that a surface 
exists subject to the given conditions, but also that if two sur- 
faces have the same fundamental forms, the surfaces are con- 
gruent. In other words, all the properties of a surface which are 
independent of its position in space are expressible in terms of its 
two fundamental forms and their coefficients. 

Let us look more closely at the Gauss-Codazzi equations. The 
equations of Codazzi are linear and homogeneous in e, /, g and 
their first partial derivatives, with coefficients C which involve 
Ef F, G and their first partial derivatives. 

The right-hand member in either form of the Gauss equation, 
since it involves derivatives of the C^s, is a function of F, G, 
and their first and second partial derivatives. The quantities 
e, /, g enter into the equation only through the total curvature K. 
In other words: 

Theorem 2. The total curvature of a surface is expressible in 
terms of the coefficients E, F, G of the first fundamental form and 
their first and second partial derivatives. 

This remarkable theorem is perhaps the most important in all 
surface theory. Its geometrical significance will become more 
apparent later. Analytically, it says that the total curvature of 
a surface is completely determined by the first fundamental form. 
Accordingly, we may speak of the curvature determined by a 
quadratic form, or, more simply, of the curvature of a quadratic 
form. 

In bringing this discussion to a close, we note a form of the 
Gauss equation which is due to Frobenius : 


- 4 D*K = 2 

\du D 


d Fu Ev \ 
dv D 


E F G 

Eu Fu Gu 
Ev Fv Gv 


Similar forms of the Codazzi equations were found by Study.” 

EXERCISES 


1. Show that 


d log D 
du 


C\i + Cf„ 


d log D 
dv 


= CU + Ch 


and hence that 
dco 


*See Blaachke, DiffererUidl{/eoTneiriet Vol. 1, third edition, p. 117. 


- ^CL 

Tv- 



THE FUNDAMENTAL THEOREM 


141 


where co is the angle between the parametric curves. By means of the latter 
identities establish the equivalence of the two expressions (9) for K, 

2. Prove that, if the curvature of the quadratic form ds* =» X(u)(du* + dvP) 
is unity, X(it) = c* sech® {cu -h d), c 5 ^ 0, and that the form can then be reduced 
to ds* = sech® wj(duJ - 4 - dv?); see § 47, Ex. 3. 

3. The foregoing problem, if the curvature of the quadratic form is —1. 

50. Spherical representation. In addition to the fundamental 
forms {dx\dx) and — (dx|df), we shall now introduce a third 
fundamental form, namely, the linear element, (dfldf), of the 
spherical representation of the surface. 

The spherical representation, f = f (u, v), is two-dimensional 
only when the surface is an ordinary surface. In this case, we 
shall restrict the surface, if necessary, so that the normal vector 
f has, in general, a different oriented direction at each point. 
There will be, then, in general, a one-to-one correspondence be- 
tween the points of the surface and the points of the spherical 
representation, and hence a one-to-one correspondence between 
the points of the spherical representation and the permissible 
pairs of values of w, v. 

The linear element of the spherical representation is 

(11) (df |df) = + 2 ^dudv + §dt^, 

where 

(12) 8 = (fuifO, (Mr.), § = (Mf.). 

Its discriminant is 

(13) 3)2 = gg _ ^ 

Evidently, 3) = Vf « f v | fu f v is non-negative when the given sur- 
face is ordinary, and is identically zero when the given surface 
is a developable or a plane. 

The third fundamental form and its coefficients and discrimi- 
nant behave in the same way, with respect to rigid motions and 
changes of parameters, as do the first fundamental form and its 
coefficients and discriminant; see § 39. 

Since the first and second fundamental forms determine the 
surface completely, the third fundamental form must be expres- 
sible in terms of them. To find the actual relationship, we 
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assume that the lines of curvature are parametric. Then the 
equation = — dxjr of Olinde Rodrigues holds for the para- 
metric curves, and we have 

(1^) tu ~ ^/ri, tv ~ 

where 1/ri, 1/rt are the principal normal curvatures. Hence 

{dx\dx) = Edvi^ + Crdy*, 

- (dxl df) = i Edu^ + i Gdv^, 

{di\d^) = \Edv? + ^Qdd^. 

Eliminating Edv? and Gdv^^ we obtain the equation 
{dx I dx) 1 1 

F, F. 1 = 0, 

which, when we expand the determinant and divide by 1/ri — l/r*, 
becomes 

(16) K{dx\dx) + K\dx\dt) + {dt\dt) = 0. 

At an umbilic, 1/ri = and we cannot divide by 1/ri — l/r 2 . 
The relation (16) is, however, still valid. For, if 1/a is the con- 
stant value of 1/r at the umbilic, then K — lla^, K' = 2/a, and 
dt = — dx/a for every direction of departure. Hence, (16) 
holds. 

We have established relation (16) under the hypothesis that 
the lines of curvature are parametric. But the separate terms 
in (16) are invariant with respect to a change of parameters. 
Consequently, the relation holds when the parametric curves are 
arbitrarily chosen. 

Equivalent to (16), when the parametric curves are arbitrary, 
are the equations 

KE - K'e+ ^ = 0, 

(17) KF - K'f + ^ = 0, 

KG- K'g + § = 0. 
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We next note that 

J>*= IPD^. 

This relation is true when the lines of curvature are parametric, 
as is evident from (15). That it is always valid follows, then, 
from the fact that D* and tD* are relative invariants, and is an 
absolute invariant, with respect to a change of parameters. 
From it we conclude that 

(18) 3> = ± XD, 

where the plus sign or the minus sign is to be taken according as 
X > 0 or X < 0. 

Since d* = XD* and KD = ± D, it follows that d* = zh DSD. 
Comparison of this equation with equation (40) of Chapter IV, 
namely, d* = D(f f,), gives us D = it (f f.). lienee, since 
D = (f X,), we have 

(19) D = (f Xm Xr), d* = (f x« x»)(f f»), 3) = ± (f f*). 

Finally, we note 

(20) x« X, = Df, ± aor. 

The first of these formulas is familiar ;J^e second follows from 
equation (35) of Chapter IV, namely, = (f r»)f. 

Properties of the spherical representaiion. If a point P of the 
surface is a parabolic or planar point, it is evident from (18) that 
the corresponding point P* of the sphere fails to be regular. 
Accordingly, in discussing the representation of the surface on 
the sphere, we assume that the surface is ordinary and consider 
only the elliptic and hyperbolic points on it. 

The first of equations (20) says that the direction of rotation 
about the point P on the surface from the positive direction of 
the u-curve to the positive direction of the iMSurve, as viewed 
from the terminal point of the normal vector, f , at P, is counter- 
clockwise (§ 36). The corresponding direction of rotation, about 
the point P* on the sphere which corresponds to P, is that from 
the positive direction of the u-curve at P' to the positive direc- 
tion of the tMSurve. We agree to view this direction of rotation 
about P* from outside the sphere, for example, from the terminal 
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point of the normal vector, f, to the sphere at P'. The second 
equation in (20) then tells us that the direction of rotation about 
P' is counterclockwise or clockwise according as if > 0 or if < 0 
at P. Hence, corresponding directions of rotation aboni a point 
P of the surface and the corresponding point P' of the spherical 
representation are the same or opposite according as P is an elliptic 
or a hyperbolic point of the surface. 

It follows from (17) or (15) that, when F = 0 and / = 0, then 
<? = 0, that is, that if the parametric curves on the surface are 
lines of curvature, the parametric curves on the sphere form an 
orthogonal system. Thus, a system of lines of curvature on the 
surface is represented by an orthogonal system of curves on the 
sphere. 

Equations (14) say that a line of curvature on the surface and 
the curve representing it on the sphere have parallel tangents at cor- 
responding points. The lines of curvature are the only curves 
with this property. For, the vector dxjds tangent to the curve 
X = x{u{s)y t;(s)) on the surface is parallel always to the vector 
d^jds tangent to the curve f = f(wGs), v{s)) on the sphere if and 
only if 1/r exists so that df + dxjr = 0 is an identity in s. But 
the curve on the surface is then a line of curvature. 


Surface determined by the second and third fundamental forms. 
It is evident from (17) that, if the surface is ordinary, E, P, G 
are expressible in terms of e,/, g, 8, <?', and if, if'. But if, if' 
may be expressed in terms of e, /, g, 6, §. We have, in fact. 


( 21 ) 


if = 5! 


K' = ^ 


2 fff+§e 


Thus, E, P, G are expressible in terms of e, /, g, 8, §. Hence, 

an ordinary surface is uniquely determined by its second and 
third fundamental forms. 

The first of equations (21) follows from (19), since it is evident 
from (19) that dVD® = 3)7^^ To establish the second equation, 
we note that the usual expression for if' (§41) may be rewritten 
in the form if' = (KEg — 2 KFf + KGe)/dK Substituting for 
KE, KF, KG the values given for them by (17), we obtain an 
equation which reduces to the one desired. 
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EXERCISES 

1 . Show that the system of curves on the sphere which represents the asymp- 
totic lines on a right helicoid is an isometric orthogonal system. 

2. The same for the system of curves on the sphere which represents the 
lines of curvature on the torus. 

3. Prove that corresponding to an asymptotic direction at a point of an 
ordinary surface is the direction at the corresponding point of the spherical 
representation which is perpendicular to the asymptotic direction. 

4. Show that the angles between the asymptotic lines on a surface of nega- 
tive curvature are supplements of the corresponding angles on the spherical 
representation. 

5. If two directions at a point of an ordinary surface are conjugate direc- 
tions, each is perpendicular to the spherical representation of the other. 

6. The angles between the curves of a conjugate system at a point of a 
surface are equal or supplementary to the corresponding angles on the spherical 
representation according as the total curvature of the surface at the point is 
negative or positive. 
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51. Geodesic curvature. Let there be given on the surface 
S: z = x(u, v) a directed curve C: u = u^), v = p(s). Let P: 
(u, v) be an arbitrary point of C, and let C be the projection of 

C on the tangent plane to S at 
P. The curvature at P of C, 
taken with a sign which we shall 
prescribe presently, is known as 
the geodesic curvature of C at P, 
and shall be denoted by 1/p. 

Unless 1/p = 0, when there is 
no call for a sign, the center of 
curvature , Oc, of C exists and 
lies on the principal normal PK 
of C at P. We direct PK so 
that the directed tangent PT, the 
Fra. 26 directed line PK, and the di- 

rected normal to the surface have 
the same disposition as the axes. We then take p = POc- In 
^her words, the geodesic curvature of C at P is the curvature of 
C at P or the negative thereof, according as the directed line- 
segment POc has the same sense as the directed line PK or the 
opposite sense. If the positive direc- 
tion on C is reversed, the geodesic cur- 
vature changes sign; for, the positive 
direction of the tangent to C is then 
reversed, and hence so is the sense of 
the line PK. 

The curve C is the section by the 
tangent plane at P of the i^linder 
formed by the lines through the points 
of C perpendicular to the tangent plane. Pn. 27 

More specifically, it is the normal section 
of the cylinder in the direction of the curve C. Hence, by 
Meusnier’s Theorem, applied to the cylinder, the center of curva- 
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ture, Oc, of C is the projection, on the principal normal to C, of 
the center of geodesic curvature, Oc (Fig. 27). But, by Meus- 
nier's Theorem applied to S, Oc is the projection, on the principal 
normal of C, of the center of normal curvature, 0^, of S in the 
direction of C. Consequently, O^ is the point in which the line 
joining Ojv and Oc meets the line PK. 

To express this result analytically, we introduce, in the plane 
of PK and f, a positive direction of rotation for the measurement 
of angle, namely, the direction which is clockwise when the 
plane is viewed from the terminal point of the tangent vector 
to C at P. Then, if yp is the angle from the directed line PK to 
the principal normal vector /3, we have p cos rp = R, where 1/-R is 
the curvature of C at P, Hence, 

<« 

Furthermore, if <p is the angle from f to P, cos yp = sin 0, and 


( 2 ) 


1 _ sin 0 
p R 


Thus, the geodesic curvature is positive or negative according as 
the directed ray PK and the vector /3 lie on the same side of the 
normal to the surface or on opposite sides of this normal. 

Theorem 1. The geodesic curvature of a curve is equal numeri- 
cally to the ordinary curvature at every 'point of the curve if and 
only if the curve is an asymptotic line. 

For, equation (1) says that the numerical value of 1/p is equal 
to IJR for a curve, not a straight line, if and only if the oscu- 
lating plane of the curve at each point is the tangent plane to 
the surface at the point. But, the curve is then an asymptotic 
line, and conversely (§ 46). On the other hand, a straight line 
is always an asymptotic line, and both curvatures of it are zero. 

Beltrami's formula for geodesic curvature. Since the unit vector 
at P in the direction of PK is f a, where a is the tangent vector 
to C at P, cos ^ = (f a|j8). But a = dz/ds and fi/R = (Px/ds*. 
Hence 

cos yp __ f dx d^x\ 
y ds dsV' 
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and we obtain for the geodesic curvature of C the expression 


1 _ J. / \dx ^ \ 

-- dsV 


(4) 


dx _ 
ds 

(5) 

dPx _ 

(Pu dh 

ds^ 



/^y 

Ads/ 


dudv 


Substituting these values in (3), and expanding, we obtain Bel- 
trami^s formula, 

nf — ^ — — — 

W p'^^ldsds^ dsds^ 


where the C’s are the Christoffel symbols (3) of Chapter VI. 

Recalling equations (5) of Chapter VI, we arrive at the follow- 
ing conclusion. 

Theorem 2. The geodesic curvature of a curve may he expressed 
in terms of E, F, G, arid their first partial derivatives, in conjunction 
•with the functions defining the curve. 

In other words, geodesic curvature, unlike ordinary curvature 
or normal curvature, depends only on the first fundamental form 
of the surface. 

If the given curve is a i^-curve, dx/ds = xj^ and therefore, 
by (4), dujds = 1/V^ and dvjds = 0. On the other hand, for a 
v-curve, dulds = 0 and dvjds = 1/VG. Hence, we obtain, as the 
geodesic curvatures, 1/pi and l/p 2 , of the ^^•curves and r-curves, 

1- — r'* ^ — = — (71 ^ , 


(7) 
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If the parametric curves form an orthogonal system, then 
F = 0 and the values of Cu and C 22 , as given by Chapter VI, (5), 
become —Evl{2 G) and — Gu/(2 E). Thus, we find, in this case, 

(S) L=-JL^i25^ 1 _ 1 aiogVG 

Pi Vg * p* 

EXERCISES 

1 . Show that the square of the curvature of a curve on a surface at a point 
is equal to the sum of the squares of the geodesic curvature of the curve at the 
point and the normal curvature at the point in the direction of the curve: 

2. If the curves of one family of an isometric system of curves on a surface 
have constant geodesic curvature, so also have the curves of the other. Prove 
this theorem and show that a surface possesses an isometric system of curves 
of this character if and only if its linear element can be put into the form 

du^ -f dv^ 

(U(u) 4- (VW)* 

52. Geodesics. A curve, not a straight line, whose principal 
normal at every point coincides with the normal to the surface 
at the point, is known as a geodesic on the surface. A straight 
line is always to be reckoned as a geodesic. 

The meridians on a surface of revolution, that is, the various 
positions of the plane curve whose revolution about the axis 
generates the surface, are geodesics on the surface, as is immedi- 
ately verified by application of the definition. In particular, 
every great circle on a sphere is a geodesic on the sphere. 

Since the principal normal of a plane curve, if it exists, lies 
always in the plane of the curve, it follows that the geodesics 
in a plane are the straight lines. 

Theorem 1. A curve on a developable surface, other than a 
straight line, is a geodesic if and only if the surface is the rectifying 
developable of the curve. 

According to the definition of the rectifying developable of a 
curve, not a straight line, the tangent plane to the developable 
at a point of the curve is the rectifying plane of the curve at the 
point. Hence, the normal to the developable coincides always 
with the principal normal to the curve, and the curve is a geo- 
desic on the developable. Conversely, if a curve, not a straight 
line, is a geodesic on a developable surface, the tangent planes to 
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the surface are the rectif 3 ring planes of the curve and therefore the 
surface is the rectifying developable of the curve. 

The following theorem is a direct consequence of (2), for a 
curve which is not a straight line, and is obvious for a straight 
line. 

Theorem 2. A curve is a geodesic on a surface if and only if 
its geodesic curvature is identically zero. 

The theorem says that characteristic of a geodesic is that its 
projection on the tangent plane at an arbitrary point behaves 
at the point like a straight line. 

From (7), we conclude the following proposition. 

Theorem 3. The urcurves on a surface are geodesics if and only 
^f Cii = 0; ond, the rhcurves^ if and only if C 22 = 0. 

It is worth while to give a geometric proof. The vanishing 
of Cii, for example, is ^ui valent to the vanishing of (xu x« | Xu Xuu) 
or (f |xu Xu«). But Xu Xuu is a vector in the direction of the bi- 
normal of the general tz-curve, and (f |xu Xuu) = 0 is, therefore, a 
condition necessary and sufficient that the incurve be a geodesic. 
The argument breaks do^ if the u-curve is a straight line; but, 
then, on the one hand, Xu Xuu = 0, and, on the other, a straight 
line is a geodesic. 

The next theorem is a direct consequence of (8). 

Theorem 4. If the parametric curves form an orthogonal sys~ 
temy the vrcurves are geodesics when and only when E is a function 
of u aloncy and the v-curves are geodesics when and only when G 
is a function of v alone. 

If both the Incurves and the t>-curves are geodesics, E and G 
are respectively functions, U(u) and V[v)y of u and v. Hence, 
since F = 0, the linear element is 

ds^ = U{u)du^ + V{v)dv^y 

and may be reduced, by virtue of the change of parameters de- 
fined by du = VI7 duy di; = VT dvy to 

cb* = d0 + dv^. 


The total curvature, Ky of, this quadratic form is zero, as is at 
once evident from the Frobenius form of the Gauss equation 
given in § 49. Thus, we arrive at the following conclusion. 
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Thxobem 5. If there exists on a surface an orthogonal sy^em of 
geodesicSf the surface is a developable or a plane. 

exercises 

1. Show that the straight lines on a surface are the only asymptotic lines 
which are geodesics. 

2. When is a particular parallel on a surface of revolution a geodesic? 

3. Prove that the evolutes of a curve are geodesics on the polar developable. 

4. A geodesie, not a straight line, is a plane curve if and only if it is a line of 
curvature. 

5. If a line of curvature is a geodesic, it is a plane curve. Is the converse 
true? 

0 . A necessary and sufficient condition that the curvature of a line of curva- 
ture be equal, within sign, to the corresponding principal normal curvature is 
that the line of curvature be a geodesic. 

7. A line of curvature on an ordinary surface is a geodesic if and only if its 
spherical repr e s e ntation is a great circle, or a portion thereof. 

8. Show that, if two families of geodesics on a surface cut under a constant 
angle, the surface is a developable or a plane. 

S3. Geodesic parallels. The orthogonal trajectories of a fam- 
ily of lines in the plane have the property that the segments cut 
from the lines by any two of them are all equal. For, if the 
lines of the family are all parallel or all go through a point, the 
fact is obvious. Otherwise, the lines envelope a curve, their 
orthogonal trajectories are the involutes of this curve, and we 
know that each two involutes of a curve cut equal segments from 
the tangents to the curve, — here the lines of the given family. 

The orthogonal trajectories of a family of geodesics on an 
aiiutrary surface have the same property: each two of them cut 
equal segments from the geodesics. Conversely, if each two 
orthogonal trajectories of a family of curves on a surface cut 
equal segments from the curves of the family, the curves of the 
family are geodesics on the surface. In other words: 

Theorem 1. A necessary and sufficient condition that the seg^ 
msnts cut from the curves of a family of curves on a surface by two 
arbitrarUy chosen orthogonal trajectories of the family be aU equal 
is that the curves of the family be geodesics on the surface. 

Let the curves of the given family be the u-curves and let 
their orthogonal trajectories be the t^-curves. Then, si nce the 
differential of arc of the iMsurve, r = Po, is cfe » VJ?(u, vo) du^ the 
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segment cut from this t^-curve by the v-curves, u= Ui and u = 

{u 2 > ui)y is given by the integral 

5=1 ^E{u, Vo) du. 

«/«i 

This segment is the same for every i^-curve if and only if the in- 
tegral is independent of vo, and it can be shown that this is the 
case if and only if £ is a function of u alone. But, since the 
parametric curves form an orthogonal system, the li-curves are 
geodesics when and only when E does not involve v. Hence, the 
theorem is proved. 

The orthogonal trajectories of a family of geodesics are known 
as geodesic parallels. They are called parallels, since each two 
of them are equally distant, and, geodesic parallels, since the dis- 
tances in question are measured along geodesics. 

An example of geodesic parallels is to be had in the so-called 
parallels on a surface of revolution, that is, the curves traced by 
the individual points of the plane curve which is rotated to gen- 
erate the surface. The parallels of latitude on a sphere are, then, 
geodesic parallels. 

A family of geodesic parallels can consist of geodesics, accord- 
ing to § 52, Theorem 5, only if the surface is a developable or a 
plane. Even in these cases, geodesic parallels are not, in general, 
geodesics; parallel curves in the plane, for example, are not, in 
general, straight lines. 

Geodesic parameters. According to the previous discussion, a 
necessary and sufficient condition that the w-curves be geodesics 
and the t^-curves be the geodesic parallels orthogonal to them is 
that E = U{u) and F = 0, that is, that the linear element be of 
the form 

ds* = Uiu)du^ + Gdv^. 

But it is then possible, by setting du = VI/ (u) du, v = v and 
afterward dropping the bars, to reduce the linear element to the 
form 

(9) ds* = du* + Gdr*. 

Inasmuch as £ is now unity, the distance along an arbitrary 
u-curve from the geodesic parallel u = 0 to the geodesic parallel 
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u = u is equal precisely to u. Hence, the parameter u is now 
the common arc of all the geodesics, measured from one of the 
geodesic parallels. 

Conversely, if the incurves are geodesics and have the para- 
meter u as their common arc, and the y-curves are the geodesic 
parallels orthogonal to them, then the linear element is neces- 
sarily of the form (9). For, since the element of arc of an arbi- 
trary w-curve, namely, duy reduces to du, it follows that 
E = \. But F = 0 by hypothesis, and hence the statement is 
proved. 

The result thus established may be stated as follows: 

Theorem 2. A necessary and sufficient condition that the linear 
element of a surface he of the form (9) is that the u~curves he geo- 
desics with the parameter u as their common arCy and the v-curves 
be the geodesic parallels orthogonal to them. 

The parameters u and v are then called geodesic parameters. 
On account of the simplicity of the form (9), these parameters 
are frequently the most convenient to which to refer the surface. 
When they are employed, the Gauss equation, for example, be- 
comes simply 


( 10 ) 


1 

VG au» ' 


Geodesics as curves of shortest distance. We remind the reader 
that by a family of curves on a surface we mean a one-parameter 
Bet of curves which has the property that through a given point 
of the surface there passes, in general, just one curve of the set. 
By a family of geodesics we mean, then, a one-parameter set of 
geodesics with this property. For our present purposes, we de- 
mand, further, that the property hold, not merely in general, but 
without exception. The family of geodesics is then known as a 
field. 

It is to be remarked that a field of geodesics does not have to 
cover the whole surface. As a matter of fact, more often than 
not, the field covers only a portion of the surface. The only 
fields of geodesics which cover the entire plane, for example, are 
the families of parallel lines. Again, there is no field of geodesics 
which covers the whole sphere, inasmuch as each two great circles 
(geodesics) on the sphere intersect. 
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Theorem 3. If Pi and P* are two points of a geodesic which 
can be imbedded in a field of geodesics, then the arc P 1 P 2 of the 
geodesic is shorter than any other arc which connects Pi and Pi and 
lies entirely in the portion of the surface covered by the field. 

Let the portion of the surface in question be referred to geo- 
desic parameters u, v, where the tt-curves are the geodesics of the 
field. If, then, y = i^o is the given geodesic, the points Pi and 
Pi have the coordinates (ui, vq) and {u^, vo)- Hence, if we assume 
that U 2 > ui, the geodesic arc P 1 P 2 has the length ui — ui. 

An^ arbitrary curve which passes through Pi and Pi and lies 
within the prescribed region on the surface may be represented 
by an equation of the form v = 4>(u), where = vo and 

^(ui) = Vo. The arc PiPi of this curve is given, according to (9), 
by the integral 



jl + 0(u,4>(u))</>'^du. 


Now, O > 0, and, unless the curve is the given geodesic, 0. 
Hence, for a curve other than the geodesic, the integrand is, in 
general, greater than unity, and the integral is, therefore, greater 
than ut — ui. Thus, the theorem is proved. 

S4. Differential equations of the geodesics. According as the 
curve C:u = u{s), v = v(s) is, or is not, a straight line, the vector 
d^xjds^ is a null vector or a vector in the direction of the principal 
normal to C. Hence C is a geodesic if and only if the (proper 
or null) vector d^xjds^ is perpendicular to each of two nonparallel 
vectors in the tangent plane to the surface. 

If we take as these vectors and we obtain the pair of 
equations 



characteriiing the curve C as a geodesic. ^ 

Instead of and x^, we may take the vectors f z« and f 
We then get, after slight changes in form, the equations 

( 12 ) ^ = 0 , 
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When we set for (Pxldti‘ its vcJue, as given by (5), these equa- 
tions become 


(13) 




On the other hand, if we should set for cPxld^ its value in 
equations (11), the terms in (Pulds* and dhjd^ in the resulting 
equations would be, respectively. 




F^ + Q^. 


These equations would not be so simple as equations (13), and 
the result of solving them simultaneously for d^ujdf? and 
would be precisely equations (13). For, equations (11) and 
equations (12), since they both characterise C as a geodesic, are 
equivalent. 

THSORra 1. The curve C repreeenivd parameiricaUy in terms 
of the arc by the eq^ions u « u(«), v ^ v(s) is a geodesic if and 
ordy if the functions u(8), v(s) satisfy the differential equations (13), 
or the equivalent equations (11). 

Equations (13) are two ordinary differential equations of the 
second order in the two dependent variables u, v and the one 
independent variable Acocmling to the theory of differential 
equations, they have a unique solution u = u(8), v = v(8) such 
that, for a given value So of s, the functions u(8), v(s), dujds, dvjds 
have prescribed values, uo, vo, (du/ds)o, (dr/ds)®. Hence, there 
exists a unique geodesic, u « u(8), v — v(s)f passing through a 
given point (u«, ve) and having at the point a prescribed direction 
{dxlds)o: 

Thbobbu 2. There ie a unique geodeeie paeeinq through a gieen 
regular point on the eurfaoe and having at the point a preeeribed 
diredion. 

Tlie proof of the theorom is not yet complete. The equations 
u = u(«), V = v(<) obtained as the solution of (13) certainly rep* 
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resent & curve which goes through (wo, Vo) &nd has there the 
required direction (da:/ds)o. But, in order to apply Theorem 1, 
so as to conclude that this curve is a geodesic, we must know 
that s is its arc, that is, that (a|a) = 1, where a = dx/ds. 

Since u = m(s), v = »(s) satisfy equations (11) as well as (13), 

ld/dx\dx\^/ / (Px\dv_ 

ds^Jds 

and hence 

We return now to (14) and make the natural demand that 
(dulds)o and (dvJds)Q be so chosen that (dxlds)o is a unit vector. 
Then the left-hand side of (15) is equal to unity for s = sq and 
hence identically equal to unity. The proof of the theorem is 
thus complete. 

The theorem implies that there is a two-parameter family of 
geodesics on a given surface. 


EXERCISES 


1 . Prove geometrically and analytically that, if one of the equations (11) 
is satisfied for a curve which is not a parametric curve, so is the other. 

2. Show that a curve, other than a w-curve (v-curve), is a geodesic if and only 
if the first (second) of equations (11) is satisfied. 


is 


3. Find the finite equation of the geodesics on a surface whose linear element 
ds^ = v{du^ + dv^)f V > 0. 


Solution. Since the w-curves are not geodesics, all the geodesics are defined, 
according to Ex. 2, by the first of equations (11). This equation becomes in 
the present case 


d^u dudv 
^ ds^ dsds 


= 0 , 


and hence has the first integral 


du 

ds 


k. 


Eliminating ds from this relation and the equation defining the linear element, 
we obtain the differential equation 

(v - k^)du* - kW = 0, 

whose solution is 


(u - cy = 4kHv - k'). 

4 . Determine the geodesics on a surface whose linear element is 
(fo* « X(w)(du* -h dv*). 
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5. Find the finite equation of the geodesics on the paraboloid of revolu- 
tion, Xi-u cos V, X 2 = w sin v, 2 Xs = au*. 

6. A surface on which there exists a conjugate system of geodesics is known 
as a surface of Voss. Show that a right helicoid is a surface of Voss in an 
i nfini ty of ways depending on one parameter. 

Suggestion. Show that the geodesics on the helicoid of § 42 are the integral 
curves of the differential equation — (u^ 4- + a* — B)dv- = 0 

where k is an arbitrary constant. 

7. Prove that the curvature of a twisted geodesic on a cone of revolution 
varies inversely as the cube of the distance from the vertex to the point tracing 
the geodesic. 


55. Bonnet’s formula for geodesic curvature. Let the curve 
C now be defined by an equation of the form 

(16) v) = const. 

Then 4>udu + <f>vdv = 0 and hence du/ds = k<l>v, dvjds = — 
where s is the arc of C. Since Edu^ + 2 Fdudv + Gdv^ = dsi^, we 
find that A; = zh 1/S, where 

S = ^lE<t>‘i — 2 F<f>v<l>u + G<t>l. 

Consequently, du/ds = zb <#>r/S, dv/ds = T </>u/S and the tangent 
vector a to C is 

/t^\ I <l>vXu <l>uXv 

(17) ot = zb , 

^E4>1 - 2 F4>v<t>u + G<f>l 


where the sign depends on the direction on C in which s is meas- 
ured. 

According to (3), the geodesic curvature 1/p of the directed 
curve C is 


(18) 


1 

P 




) 


Since a, as given by (17), is a function simply of u and v, 


da 

ds 


du , dv 


Substituting this value of da/ds in (18), we have 
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Sinoe a » Xm(dufdt) + *,(dvlda). 


dll d» 

Thnefom 


— =» (ac,|aa») + (x.a|aa,). 

P 

Inasmueh aa (a|a) « 1, (ala.) » 0 and (a|a.) » 0. Thua 


(19) — * (x.|a.) — (Xalo.). 

P 

Since 

^ (x,|a) = (x,|a,) + (*..|«), ^ (x,|a) = (x«|a,) + (x„|a), 
it foUowB that 


(x,|a,) - (x.|a,) - 
and we obtain, finaUy, 


The result of substituting for a the expression given in (17) 
is Bonnet’s formula for the geodesic curvature of the curve C, 
namely, 


(21) 


1 _ , 1 r ^ 

p“ Z>LdttV£^ - 2P^4h, + 6*5 

, d 

^ ^Eii — 2 F + 6^ 


The sign depends on whidi direction along C is taken as the posi- 
tive direction. 

Bonnet’s formula is simider in structure and more convenient 
tor most applications than that of Bdtrami. On the other hand, 
Beltrami’s formula presents no ambiguity. 
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1. Tlie ourvwCi and Ci of ftnoithogooftlflystam on a surface are 80 directed 
that at each point the directed an^ from the directed curve Ci to the directed 
curve Cl is r/2. If 1/pi, l/pi *are the geodesic curvatures, and dsi and dsi the 
differentials of arc, of the curves Cl and Cl respectively, a necessary and sufficient 
condition that the ^tem of curves be isometric is that 

Suggestion. Ehnploy equations (8) and the theorem of i 47, Ex. 1. 

2. Liounlle^a formula for geodesic curvature. With reference to an ortho- 
gonal system of directed curves on a surface such as described in the preceding 
exercise, the geodesic curvature of an arbitrary directed curve C: u * u(s), 
V * v(a) is given by the formula 

1 ^ cos B ^ sin 6 ^ 

P Pi PI da* 

where 0 is the directed angle at an arbitrary point P of C from the directed 
curve Cl through P to the directed curve C. Starting with equation (20), 
establish this formula. 

3. A one-parameter set of families of curves on a surface which has the 
property that each two families of the set intersect under a constant angle is 
called a pencil of families of curves. Show that the sum of the squares of the 
geodesic curvatures of two orthogonal families of curves belonging to a given 
pencil is the same for each two orthogonal families of the pencil. 

4. Prove that the expression on the left-hand side of the equation in Ex. 1 
has the satne value for each two orthogonal families of a pencil of families of 
curves. Hence, show that every pair of orthogonal families of the pencil 
forms an isometric system if one pair does. 

5. The geodesic curvature of a line of curvature on an ordinary surface is 
equal, except perhaps for sign, to the geodesic curvature of its spherical repre- 
sentation multiplied by the correspoiiding principal normal curvature. In 
establishing this theorem, make use of equations (15) and (10) of Chapter VI. 

6. The geodesic curvature of the spherical representation of a line of curva- 
ture is equal, except perhaps for sign, to the tangent of the angle which the 
principal normal of the line of curvature makes with the normal to the surface. 

56. Geodesic torsion. Torsion of a geodesic. Let there be 
given on a surface a geodesic, not a straight line, and let a, y 
be the vectors of the trihedral of the geodesic at an arbitrary 
point P. Then the torsion, 1/r, of the geodesic at P, obtained 
from the formula dfilds = — ajR — yjr by taking the inner prod- 
uct of eachjnember with 7 , is 1/r = — (c^/dslv). But /J = ± f 
and 7 = a ft where a = dzlds. Hence, 



( 22 ) 


(df dx f ) 

(fa* 
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Since dx = Xudu + Xvdv and df = f 

(dfda; J-) = (fuXu Ddw^ + f) + (f^Xu f)]di^ + (fpX„ 

Setting f — x„ x„/D and evaluating each of the resulting com- 
posite inner products, we obtain, finally, as the expanded form 
of (22), 

yooN 1 _ (^f “ Fe)du^ + (Eg — Ge)dudv + (Fg — Gf)dt^ 

^ ^ T D(^du* + 2 Fdudv + Gdr*) 

Theorem 1. A geodesic, not a straight line, is a plane curve 
if and only if it is a line of curvature. 

For, the result of equating to zero the right-hand member of 
(23) is precisely the differential equation of the lines of curvature. 

Incidentally, since every curve on a sphere is a line of curva- 
ture, every geodesic on the sphere is a plane curve, a fact which 
we know to be true. 

Geodesic torsion of the surface at a point in a given direction. 
The expression (23) is similar in structure to the normal curva- 
ture; it depends only on the point P and on the direction dvjdu 
at P. We shall call it the geodesic torsion of the surface at P 
in the direction dvjdu. 

Though the torsion at P of the geodesic which issues from P 
in a given direction fails to exist when the geodesic is a straight 
line, the geodesic torsion always exists. For, (23) defines 1/r 
for each and every direction at P, regardless of the nature of the 
geodesic in the direction. Moreover, when this geodesic is a 
straight line, it is not in general true that the geodesic torsion 
is zero. For the geodesic torsion vanishes only in the principal 
directions, whereas the direction of a straight line is always an 
asymptotic direction. 

We shall next deduce a formula for geodesic torsion analogous 
to Euler’s formula for normal curvature. Assuming that the 
lines of curvature are parametric, and introducing the principal 
normal curvatures 1/ri = eJE and l/r 2 = gjG, we find that 

1 = _ Eg — Ge dudv _ / 1 _ 1 \ 

T dsds \ri r 2 / ds^ ds 


If 0 is the directed angle from the positive direction of the incurve 
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to the direction dvjdu^ we have, according to Chapter V, (14), 

cos ^ = it VE ^ , sin ^ = ± VG ^ • 
os' ds 


For the positive direction of the it-curve, ds = VE du and ^ = 0; 
and, for the positive direction of the i^-curve, ds = VG dy and 
d = 7r/2. Accordingly, the plus sign must be taken in both for- 
mulas. Hence, 


(24) 



sin 2 B. 


At an umbilic, the geodesic torsion is zero in every direction. 
Excluding this case for a moment, we conclude from (24) that 
the geodesic torsion is zero in the principal directions, and takes 
on its extreme values in the two (perpendicular) directions which 
bisect the angles between the principal directions. 

Since sin2(^ + 7r/2) = — sin 2^, and sin2(— ^) = — sin 2^, 
we draw the following conclusions. 

Theorem 2. The geodesic torsions at a point in two perpendicvn 
lar directions y or in two directions which are equally inclined to a 
principal direction, are negatives of one another. 

In particular, the two extreme values of the geodesic torsion 
are negatives of one another, and the geodesic torsions in the two 
asymptotic directions are negatives of one another. 

Geodesic torsion of a curve. By the geodesic torsion of a curve 
C at a point P is meant the geodesic torsion of the surface at P 
in the direction which C has at P. All the curves through P 
which have at P the same direction have, then, the same geodesic 
torsion at P. 

The results which we have obtained for the geodesic torsion 
of the surface may be reworded to apply to curves. We note, 
for example, that the geodesic torsion of a curve is identically 
zero if and only if the curve is a line of curvature. 

The geodesic torsion of the curve C: u = m(s), v = v(8) is 
given by either (22) or (23). The relation between it and the 
ordinary torsion, l/T, of C involves the directed angle 0 from 
the vector f , normal to the surface, to the principal normal vec- 
tor, to C. If the positive direction for the measurement of 0 
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is taken as that from the binormal vector 7 to the vector j3, then 

C08^=(f|/9), 8in0=(f|7). 

Differentiating the first of these relations with respect to the 
arc 8 of Cf and emplo3dng the second to simplify the result, we 


get 



(25) 

sin 0 1 


Now 

m 



Since d^/ds and a = dx/ds are both in the tangent plane, a d^/ds 
= Taking the inner product of each side of this relation with 
f, we find, by referring to (22), that k = l/r. Hence, 



1 /.I N ^ sin<^ 


and (25) becomes 

It follows that 


(26) 


i - ^ 

T ds' 


For, the conclusion is obvious if sin <t> ^ 0. And, if sin 0 = 0, 
C is a geodesic and hence, by definition, l/r = IjT and d0/ds = 0, 
so that (26) is automatically satisfied. 

Relation (26) is due to Bonnet. It comprises the following 
theorem. 

Theorem 3. If C is a curve f not a straight line, which passes 
through the point P and has cU P a given direction, the difference, 
at P, of the torsion of C and the rate of change, with respect to the 
arc of C, of the angle which the osculating plane of C makes with the 
tangent plane to the surface is the same for all curves which pass 
through P and have at P the given direction, and is equal to the 
geodesic torsion at P in the given direction. 

Equation (26) also gives the condition that l/T = l/r: 
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Theorem 4. The ordinary torsion and the geodesic torsion of a 
curve C, not a straight line, are identically equal if and only if the 
osculating plane of C makes a constant angle with the tangent plane 
to the surface. 

The curved geodesics form one case in point, and the curved 
asymptotic lines another. 

It follows from (26) that, if 1/t = 0, then l/T = 0 when and 
only when = 0. In other words: 

Theorem 5. A necessary and sufficient condition that a line of 
curvature, other than a straight line, he a plane curve is that its oscvr- 
lating plane make always the same angle with the tangent plane to 
the surface. 

Suppose, now, that C is the curve of intersection of two sur- 
faces, Si and Ss, and that 1/ri and 1/rs are the values of 1/r, and 
^ and 4>3 are the values of 4>, for the two surfaces. Then, since 
1/r and s are independent of the surface on which C lies, we have, 
from (26), 

1 - 1 + - <h) ^ Q 

Ti Tj ds 

Hence, the angle ^ is constant when and only when l/ri 
and l/ra are equal. Thus: 

Theorem 6. Two surfaces intersect under a constant angle if 
and only if the curve of intersection has the same geodesic torsion 
with respect to the one surface as it has with respect to the other. 

Joachimthars theorem to the effect that, if the surfaces inter- 
sect under a constant angle, the curve of intersection is a line of 
curvature on both surfaces or on neither follows as a corollary. 
For, if 1/ri and l/r 2 are the same, either both are zero, or neither 
is zero. 

EXERCISES 

1. The square of the geodesic torsion at a point in an asymptotic direction 
is equal to the negative of the total curvature at the point. 

2. Prove that the foregoing theorem is also true of the square of the torsion 
of a curved asymptotic line at a point which is not an umbilie. 

57. Hie trihedral of a curve on a auiface. In the treatment 
of a space curve, considered by itself, the Frenet-Serret formulas, 
g;iving the rates of change with respect to the arc of the curve of 
the vectors of the trihedral a, ft, y proved of great value. We 
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shall now develop similar formulas for a trihedral associated 
with a curve C considered as a curve on a surface. 

To form the new trihedral at a point P of C, we take the unit 
vector a tangent to C at P, the unit j^ector f normal to the sur- 
face at Pf and the unit vector p = ^ ct which is normal to C at 
P, lies in the tangent plane at P to the surface, and is so oriented 
that a, Vj f have, in the order given, the same disposition as the 
axes. The three vectors a, v, J* of the trihedral are, then, the 
unit vectors at P which have respectively the same directions and 
senses as the directed lines PT, PK, PN of Fig. 26. 

Inasmuch as the vectors a, p, ( sd P do not lie in a plane, any 
vector 8 at P is expressible as a linear combination of them. In 
particular, since a, p, f are mutually perpendicular unit vectors, 
it is readily shown, either by the method of undetermined coeffi- 
cients or by use of the symbolic identity (18) of Chapter I, that 

8 = (a|5)a + + (f |S)f. 

Substituting da/ds, dp/ds, d^/ds for 6, we obtain the prelimi- 
nary forms, 

da da\ , / da\ , / ^\da\ ^ 

ds ds) ^ \ ds) ^ \ ^ I ds / 

3‘(“ 2)“ + (' S)'' + ( 

of the formulas for the new trihedral which are analogous to 

those of Frenet-Serret. 

The determinant of the coefficients of a, p, f in equations (27) is 
skew-symmetric: each element in the principal diagonal is zero 
and each two elements symmetrically situated with respect to 
this diagonal are negatives of one another. This is simply an- 
other consequence of the fact that a, p, f are mutually perpen- 
dicular unit vectors. From, say, (a | a) = 1 and (a | r) = 0, we 
get, for example, (a\dalds) = 0 and (a\dp/ds) + (p\da/ds) = 0. 
Hence, the conclusion is established. 

It follows that, in order to evaluate all the coefficients in (27), 
we need to know only the values of (p\dalds), {p\d^/d8), and 
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(a|df/«is). These are respectively 1/p, 1/r, and — 1/r, where 1/p 
and 1/r are the geodesic curvature and geodesic torsion of C at 
P and —1/r is the normal curvature of the surface at P in the 
direction of C. For, according to (1), 

p R I, |fe/ \ Ids/’ 

and, by (22), 



and, finally, according to Chapter V, (5), 

1_ (d:r|dr) _ /da;|dr\_ / |df\ 

r ds^ \ ds I ds / \ | ds / 

Thus, we obtain, as the final forms of the desired equations, 


(28) 


da _ ^ ^ 

dp __ a f 

ds p T ^ 

ds r~ T 


It is to be noted that if the curve C is a line of curvature, an 
asymptotic line, or a geodesic, one of the three quantities 1/p, 
1/r, 1/r is zero, and the equations become even more simple. 

Suppose, now, that C is a curve along which two surfaces are 
tangent and assume that the normals to the surfaces in the points 
of C are similarly directed. Then, a, p, f and s, and hence da/ds, 
dvjds, d^jds are the same whether we think of C as lying on the 
one surface or on the other. It follows, therefore, from equa- 
tions (28), that 1/p, 1/r, 1/r are the same for both surfaces. 

Theorem 1. If two surfaces are tangent to one another along a 
curve and the normals to them in the points of the curve are similarly 
directed, the curve has the same geodesic curvature and the same geo- 
desic torsion with respect to both surfaces and the surfaces have the 
same normal curvature in the direction of the curve. 
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EZERCISBS 

1. Show that fijR r/p + tlr- 

2. Find the aquara of the leoi^ of the TectoTB da/da, dr/ds, and df /dv. 

3. The normalB to a surface in the points of a (real) curve are all parallel if 
and only if the curve is an asymptotic line all of whoee pointB are parabolic or 
planar. See f 44, Ez. 3. 

4. The vector » for a curve, not a straight line, has always the same direction 
when and only when Uie curve is a plane geodesic. See 1 62, Ez. 4. 

5. Prove that the sum of the squares of the geodesie curvature and geodesic 
torsion of a curve on the unit sphere is constant if and only if the curve is the 
tangent indicatrix of a hdix. 

6. What does the theorem in the text become when the normals to the two 
surfaces in the points of the curve are oppositely directed? 

7. Derive the Frenet-Serret formulas from equatkuiB (28). 
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MAPPING OF SURFACES 

58. Conformal, area-preserving, and isometric maps. Two 
surfaces, S and S, are said to be mapped upon one another if 
there exists a one-to-one correspondence between the points of 
the one surface and the points of the other. If S and S have 
the parametric representations x = x(u, v) and i = i{A, 9), the 
most general map of iS on iS is defined by equations, u = u(u, v), 
ti = v{u, v), which establish a one-to-one correspondence between 
the permissible pairs of values of u, v and the permissible pairs of 
values of ti, ti, that is, between the points of S and the points of 
S. We assume, in particular, that the functions u(u, v), v(u, v) 
are analytic functions of u and v. 

The parameters u, v on the surface iS may be introduced as 
parameters on the surface S by setting u = u(u, v) and v = v(u, v) 
ia X = x(u, v). Then, corresponding points of the two surfaces 
have the same curvilinear coordinates, and the parametric equa- 
tions of the surfaces, 

(1) X = x(u, v), x = i(u, v), 

serve, not only to define the surfaces, but also the map which 
has been established between them. Accordingly, we may speak 
of these equations as the equatio '>f the map of the one surface 
upon the other. 

Conformal maps, A map is said to be conformal if it preserves 
angles. More explicitly, the map of iS on /S is conformal if the 
angle between two directed curves through a point P of iS is equal 
always to the angle between the two corresponding directed 
curves through the corresponding point P of S. 

Theorem 1. A necessary and sufficient condition that the map 

(1) be conformal is tiud the linear elements of S and S be propor- 
tional: 

(2) W -1- 2 Fdudv -t- Gdv> = p\Edu* + 2 Fdvdv -1- W), 

or, what is the same thing, that E : F : G = E : F : G. 
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Suppose that the map is conformal, and consider two arbi- 
trarily chosen corresponding directed curves, C and C, passing 
through the arbitrarily chosen corresponding points, P and P. 
Since corresponding points of S and S have the same curvilinear 
coordinates (u, v), C and C are represented by the same equation 
in u and y, and hence have at P and P, respectively, the same 
direction coordinate dvjdu. On the other hand, the elements of 
arc, ds and ds, of C and C are, in general, different. 

If 6 and 0 are the angles which two other corresponding directed 
curves through P and P, with elements of arc hs and Ss and 
common direction coordinate 8v/Su, make respectively with C 
and C, then, by Chapter IV, (14), 


sin 6 = 


D\duhv — dvhu\ 
ds6s 


Since 6 = dy 

( 3 ) 


D 

dsds 


sin 6 

D 

ds8s 


D\du8v — dvhu\ 
dk8s 


If the directed u-curves through P and P, which surely corre- 
spond, are taken as the second pair of curves, 8s = and 

6s = and (3) becomes 


ds 


DE^/^ 


= p(u, v). 


Hence, for the elements of arc, ds and ds, of C and C at P and P, 
we have 


(4) ds = pds. 

But P and P were any two corresponding points of S and S, and 
C and C were any two corresponding curves through P and P. 
Hence, equation (4) is identically satisfied. 

Conversely, if p(u, v) exists so that (4) is an identity, the map 
is conformal. By hypothesis, ds = pds, and 6s = p6s. If, then, 
we can show that D = pW, it will follow from (3) that sin 6 
= sin dy that is, that angle is always preserved. But, we have, 
from (4), E = p^E, F = p^F, G = p^G, and hence D = p*D. 
Thus, the theorem is proved. 

Identity (4) tells us that it is characteristic of a conformal map 
that corresponding infinitesimal distances at corresponding points 
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are proportional, the factor of proportionality, p, depending only 
on the pair of corresponding points chosen. 

Theorem 2. A conformal map preserves isometric systems of 
curves and isometric parameters. Conversely ^ a map which orders 
to at least one isometric system of curves and associated isometric 
parameters a similar system and similar parameters^ is conformal. 

If the parameters Uy v on S are isometric, the linear element of 
S is of the form ds^ = \(du^ + dv^). Hence, the map (1) of S 
on S is conformal, by Theorem 1, when and only when the linear 
element of S is of the form ds^ = \{du^ + dv'^). But this form 
characterizes u, v as isometric parameters on iS, and the theorem 
is proved. 

It is always possible to establish a map which orders to a given 
isometric system, together with isometric parameters, a pre- 
scribed isometric system, together with isometric parameters. 
We have merely to introduce the isometric system on each sur- 
face as the system of parametric curves, employing isometric 
parameters in each case, and denoting them in both cases by 
Uy V. Then, the map in which corresponding points have the 
same coordinates (w, v) has the desired property. For, the para- 
metric curves, which surely correspond, constitute now the given 
and prescribed isometric systems, and w, v are isometric param- 
eters common to these systems. 

The map which we have thus established is, by Theorem 2, 
conformal. Consequently, since there are infinitely many iso- 
metric systems of curves on a surface, we conclude that two 
surfaces can he mapped conformally upon one another in infinitely 
many ways. 

In the map of an ordinary surface, x = x{Uyv)y on its spherical 
representation, f = {"(m, v), corresponding points have the same 
coordinates (u, v). Hence, the map is conformal when and only 
when the linear element, da^y of the sphere is proportional to the 
linear element, ds^, of the surface. According to § 50, 

Kds^ + K\dx\d^) + d<T^ = 0. 

Hence, da^ = fcW if and only if 

{K + k^)d^ + K\dx\di) = 0. 

Unless the second fundamental form, ^{dx\di)y of the surface 



170 


DIFFERENTIAL GEOMETRY 


is proportional to the first, when the surface is a sphere (§ 37), 
this relation can hold when and only when X' = 0 and A;* = — K, 
Hence, the only surfaces, other than spheres, which are mapped corir 
formally upon their spherical representations are the minimal sur- 
faces. 

Areorpreserving maps. A map which preserves areas is called 
arearpreserving, or equivalent, or equiareal. 

_ Theorem 3. The map (1) is arearpreserving if and only if 
D=^ D. 

For, the area of a region on S is equal to the area of the corre- 
sponding region on S if and only if (§ 33) 



Ddudv = 



Ddudv, 


where both integrals are extended over the pairs of values of 
(u, v) which yield the points of the two regions. But, a necessary 
and sufficient condition that the equality hold for every pair of 
corresponding regions is, evidently, that D = D. 

Area-preserving maps, though of importance in certain con- 
nections, have not the general interest which pertains to con- 
formal maps or the maps yet to be discussed. Suffice it to say, 
then, that any two surfaces can be mapped upon one another so 
that areas are preserved. 

Isometric maps. These are the maps which preserve distance. 
Clearly, if every length of arc on S is equal to the corresponding 
length of arc on S, the linear element of S is equal to the linear 
element of S, and conversely. 

Theorem 4. The map (1) is isometric if and only if the sur- 
faces S and S have the same linear element: 

Edu* -I- 2 Fdudv + Gdv^ = Edu^ + 2 Fdudv + Gdt^, 

or, in other words, if and only if E = E, F = F, G = G. 

It follows that an isometric map is both conformal and area- 
preserving. The converse is true. For, if the map (1) is con- 
formal, di* = p*d5* and D = pW; if it is also area-preserving, 
D ^ D, and hence p* = 1 and d? = d^. Thus: 

Theorem 5. A necessary and sufficient condition that a map be 
isometric is that it be conformal and area-preserving. 
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In other words, a map which preserves lengths also preserves 
angles and areas; and, a map which preserves both angles and 
areas also preserves lengths. 

As we shall see shortly, it is not always possible to map one of 
two given surfaces isometrically upon the other. 

EXERCISES 

1. If a map is not conformal, there exists a unique orthogonal system of 
curves on each surface to which corresponds an orthogonal system on the other 
surface. 

2. If a map of two ordinary surfaces upon one another preserves asymptotic 
lines, it also preserves conjugate systems. 

3. If a map of two ordinary surfaces upon one another does not preserve a 
family of asymptotic lines, there exists a unique conjugate system on each 
surface to which corresponds a conjugate system on the other surface. 

4. If the asymptotic lines on one of two ordinary surfaces which are mapped 
on one another correspond to a conjugate system on the other, the asymptotic 
lines on the second surface correspond to a conjugate system on the first. 

5. Prove that all the surfaces which are parallel to the surface x » x{u, v), 
that is, have the same normals, are given by j/ =« x + af , where a is an arbitrary 
constant. 

6. Determine in the map of an ordinary surface S:x — x(Uf v) on a parallel 
surface <S»: x = x + af the orthogonal (conjugate) system on each surface 
which corresponds to an orthogonal (conjugate) system on the other. Show 
that a necessary and sufficient condition that there exists a surface S such that 
the asymptotic lines on S correspond to a conjugate system on S is that be of 
constant mean curvature, not zero. 

7. The surface x = x(w, v) is carried by the inversion in the sphere with 
the origip as center and radius a into the surface x = a*a'/(x|x). Show that 
the map thus established between the two surfaces is conformal and preserves 
lines of curvature. 

8. Show that the afiine transformation of the plane, 

Xi = fliXi + 02X2 + Os, X2 ** biXi -j- 62X2 + bt, ai6a — a^bi 9^ 0, 

always preserves the ratios of areas. When does it preserve areas themselves? 

9. Show that a catenoid can be mapped isometrically on a right helicoid. 

10. If the normals at corresponding points of the surfaces (1) are parallel, 
there is, in general, a unique system of curves on each surface such that the 
curves of the two systems correspond and have at corresponding points parallel 
tangents, and these systems are the corresponding conjugate systems of the 
map. 

Suggestion. First show that functions a, &, c, d oi v exist such that 

* oxu + bxvy Vv = cxu + dx„, ad — be 9 ^ 0. Then base the discussion 
on these equations, simplifying them, after the first fact has been established, 
by a convenient choice of parametric curves. 
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59. The absolute properties of a surface. Applicability. We 

have just seen that the map (1) is isometric if and only if the 
two surfaces, S and S, have the same first fundamental form, 
Edu^ + 2 Fdudv + Gdv^. Hence, an isometric map preserves 
every geometric magnitude which is expressible in terms of E, F, 
G and their partial derivatives with respect to u and v. Distance, 
angle, and area are evidently magnitudes of this type. Total 
curvature and geodesic curvature are also, for we have shown 
that both are expressible in the manner described (§§ 49, 51). 

On the other hand, the mean curvature of a surface, the normal 
curvature and the geodesic torsion at a point in a given direction, 
and the ordinary curvature of a ciUT'e on the surface are geo- 
metric magnitudes which depend, not only on E^ F, G, but also 
on c, /, g, and hence are not, in general, preserved by an isometric 
map. 

It is evident, for the same reason, that an isometric map does 
not, in general, carry a line of curvature into a line of curvature, 
or an asymptotic line into an asymptotic line, or a conjugate 
system of curves into a conjugate system of curves. It does, 
however, carry an isometric system into an isometric system, 
and a geodesic into a geodesic. 

With a view to finding a geometric distinction between the 
properties preserved by isometric maps and those which are, in 
general, changed, let us tabulate them. 

A . Properties preserved : distance, angle, area, total curvature, 
geodesic curvature, geodesics, isometric systems. 

B. Properties changed: mean curvature, normal curvature, 
geodesic torsion, curvature and torsion of a curve on the surface, 
lines of curvature, asymptotic lines, conjugate systems. 

Into all the properties B there enters, directly or indirectly, 
either the concept of the curvature, or that of the torsion, of a 
space curve. Now, the curvature and torsion of a space curve 
cannot be measured without getting off the curve. In other 
words, they are not properties of the curve in itself, but proper- 
ties of the curve in its relationship to the space in which it is 
imbedded. Hence, all the proj>erties B pertain, not to the sur- 
face in itself, but to the surface in its relationship to surrounding 
space. 

On the other hand, properties A are all possible of definition 
on the surface, and are actually independent of the relationship 
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of the surface to the space in which the surface is imbedded. 
This is intuitively evident in the case of distance, angle, and 
area; it is unnecessary to leave the surface to measure any of 
these magnitudes. Similarly, it is true of isometric systems and 
geodesics, inasmuch as both may be defined in terms of distance. 
Total curvature and geodesic curvature, however, were defined 
with reference to the space surrounding the surface and it might 
appear that they belong more properly with properties B. But 
both, like the rest of properties A, depend only on the first funda- 
mental form of the surface, and hence there is good reason to 
believe that it is really unnecessary to leave the surface in order 
to define them. As a matter of fact, this is the case, as we shall 
show later. 

Properties A and all other properties which pertain merely to 
the surface, regardless of the surrounding space, we shall call the 
absolute 'properties of the surface. They make up the geometry 
on the surface in the sense of Gauss, who was the first to investi- 
gate them systematically. 

Two surfaces may have the same absolute geometry and yet 
look entirely different to an observer who views them from sur- 
rounding space. A plane and a cylinder certainly do not look 
alike, and yet they have the same absolute geometry. 

In this connection, it is essential that the reader recall that 
we are dealing only with properties of a surface in the small (§ 1). 
Accordingly, we mean by the foregoing statement, not that the 
plane and the cylinder in their unrestricted extents have the 
same absolute geometry, but that sufficiently restricted portions 
of them have the same absolute properties. 

Applicability. We seek now the geometric operations which, 
when applied to the surface, change the properties of the surface 
relative to the surrounding space, but preserve the absolute prop- 
erties. Certainly, the rigid motions of space are not to be in- 
cluded among these operations, since they preserve both types of 
properties. Consequently, the operations must actually deform 
the surface, in some such way as the plane of the foregoing ex- 
ample may be deformed into the cylinder. 

The absolute properties of a surface depend, as we have seen, 
only on distance. Accordingly, the deformations of a surface in 
which we are interested are simply those which preserve distance. 
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A deformation which stretches, compresses, or tears the surface 
obviously changes distance. There is left, then, only the defor- 
mations whose sole effect is the bending of the surface. Thus, 
the deformations of a surface which preserve its absolute geometry 
are those which bend but do not stretch, compress, or tear the 
surface. 

For example, a cylinder, or better, a portion thereof can be 
deformed by bending, without stretching, compression, or tear- 
ing, into a plane. 

Definition. Two surfaces, each of which can he deformed into 
the other by bending, without stretching, compression, or tearing, are 
said to be applicable to one another. 

The process of deforming one of two applicable surfaces into 
the other establishes a map of the one surface on the other. 
Since distance is preserved, this map is isometric. Hence, the 
applicability of two surfaces implies the existence of an isometric 
map of one on the other. 

The converse is, to all intents and purposes, true. E. E. Levi 
has shown that, if two surfaces are mapped isometrically, then 
one is applicable either to the other or to a surface symmetric to 
the other, that is, to a surface which is the reflection of the other 
in a point or a plane.* 

Henceforth, we may, then, think of applicability and the ex- 
istence of an isometric map as equivalent. 

The fact that an isometric map preserves total curvature may 
be stated as follows: 

Theorem 1. A necessary condition that two surfaces be appli- 
cable is that it be possible to establish between their points a one-to- 
one correspondence so that the total curvatures at corresponding 
points are equal. 

The condition is not, in general, sufficient. It is sufficient, 
however, in case the total curvatures are constant. 

Theorem 2. Two surfaces of the same constant total curvature 
are always applicable. 

For the present, we content ourselves with a proof of the 
theorem in the case in which the total curvature is zero. We 
have, then, to show that each two developable surfaces, including 
planes, are applicable to one another. 

See Bianchi, Vortesufiijen Ober Di^ererUialge<mietrie, second edition, p. 178. 
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It suflSces to prove that every developable is applicable to a 
plane. The fact is obvious in the case of a cylinder or a cone. 
In discussing the case of the tangent surface of a twisted curve Ci, 
we think of Ci as represented by the intrinsic equations 

Ci: = 

and consider in conjunction with it the plane curve, 

Co: i = ^=0- 

The parametric representations and 

= of the tangent surfaces, iSfi and So, of Ci and Co, 

since they are in terms of the same parameters r, s, establish a 
map of Si on So. Computation shows that Si and So have the 
same linear element, namely, 

(5) ( ^ ^ ^ 

Hence, the map is isometric and Si is applicable to So. But Si 
is the given developable and So is a plane. 

We can go further and establish Levies theorem in this case. 
Consider the variable curve 

C,: i = 

where t? is a parameter. The tangent surface, S„ of C, has the 
linear element (5), and hence is always isometrically mapped on 
Si or So. But, when rj decreases continuously from 1 to 0, S, 
varies continuously from Si to So- Thus, we have actually before 
us a continuous bending, without stretching or tearing, of Si 
into So. 

We have already noted that an isometric map preserves the 
property that a curve be a geodesic. In other words: 

Theorem 3. A necessary condition that two surfaces be appli- 
cable is that they can he mapped geodesically, that is, so that to a 
geodesic on the one surface corresponds always a geodesic on the other 
surface. 
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This condition, too, is not, in general, sufficient, as is evident 
from the following result, due to Dini. 

Theorem 4. If two surfaces are mapped geodesicaUyj then either 

(а) the map is homothetic, or (h) the linear elements of the surfaces 
can be reduced simultaneously to the forms 

(б) ds* = (C7 - y)(d«* + iv ^), di* = , 

where U = Uiu) andV= V(v)* 

A map is said to be homothetic if corresponding distances are 
always in the same ratio, that is, if the linear element of the one 
surface is a constant multiple of the linear element of the other: 
d? = cHs^. It is readily seen, then, by application of the Gauss 
equation, that K = X/c^, where K and K are the total curvatures 
of the two surfaces at corresponding points. 

Though neither of the necessary conditions of Theorems 1 and 
3 is, in itself, sufficient, the two conditions together are sufficient. 

Theorem 5. A necessary and sufficient condition that two sur- 
faces be applicable is that they can be mapped geodesically so that 
the total curvatures in corresponding points are equal. 

We give, in outline, the proof of the sufficiency of the condition. 
Since the map is geodesic, it is in any case of one of the two types 
described in Dini’s theorem. If it is of type (a), the added pre- 
scription that K = K implies that ds^ = ds^ and the surfaces are 
applicable. If it is of type (b), it can be shown, though not 
without difficulty, that the requirement that K = K makes the 
common total curvature of the surfaces constant. Hence, by 
Theorem 2, the two surfaces are actually applicable to one an- 
other. 

A surface whose linear element is reducible to either of the 
forms (6) is known as a surface of Liouville. We have just seen 
that these surfaces comprise, among others, the surfaces of con- 
stant curvature. Hence, Dini’s theorem would lead us to be- 
lieve that any two surfaces of constant curvature can be mapped 
geodesically. To establish this important proposition, it would 
suffice to show that any surface of constant curvature can be 
mapped geodesically on a plane. As a matter of fact, Beltrami 

* A proof of the theorem will be found in Darbouz, Legona suf la thiorie oMrale 
dea aur/aeea, VoL S, p. 49. 
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has proved, not only that the surfaces of constant total curvature 
can be mapped geodesically on the plane, but also that they are 
the only surfaces with this property.* 

By means of the theory of applicability,' we may establish the 
theorem of § 28 to the effect that a curve on a developable sur- 
face, other than a straight line, is rectified by rolling the surface 
out on a plane if and only if the developable surface is the recti- 
fying developable of the curve. For, the curve is rectified when 
and only when it is a geodesic on the surface, and we know, from 
§ 52, Theorem 1, that it is a geodesic if and only if the surface is 
its rectifying developable. 

60. Applicability of surfaces of constant curvature. To show 
that two surfaces of the same constant total curvature are appli- 
cable, we shall prove that the linear element of an arbitrary sur- 
face of given constant curvature is reducible to a form which 
depends merely on the curvature. 

Let P be an arbitrarily chosen point on the surface and let C 
be an arbitrarily chosen geodesic passing through P. Take C as 
the parametric curve u = 0 and let v be the arc of C, measured 
from P. Choose as the it-curves the geodesics orthogonal to C, 
taking u as their common arc, measured from C. Then u and v 
are geodesic parameters and the linear element of the surface has 
the form 

(7) = du^ + (rdv*. 

The element of arc and the geodesic curvature of the curve C: 
u = 0 are (^G)odv and (d log ^Idu)^, where the subscript zero 
indicates that the expressions have been evaluated for u = 0. 
Since the arc of C is y and C is a geodesic, it follows that 


( 8 ) 


(Vg)o = 1, 




According to § 53, we have, for the determination of VO, the 
differential equation 


( 9 ) 


^ + irV3=o, 


subject, of course, to the initial conditions (8). 

* For a proof, see Bianchi, Vcrlesungen iiber I>iffereniidlgeomeif%e, second edition, 
p. 442. 



178 


DIFFERENTIAL GEOMETRY 


K > 0. The general solution of the equation (9) in this case is 

Vs = a{v) COS (VX u) + b(v) sin (VX u). 

The ** constants of combination ” a and b are functions of v 
inasmuch as VO depends theoretically on i; as well as on u. Ap- 
plying the initial conditions (8), we find that a(t;) = 1 and 
6(t;) = 0. Hence, ^|G = cos (VXu), and the linear element be- 
comes 

(10a) du^ + cos* (VX u)dt^, 

K <0. Here, the general solution of (9), 

^^G = a(v) cosh (V— X u) + b{v) sinh (V— X u), 

when it is s ubject ed to the initial conditions (8), reduces to 
VG = cosh (V— -K u), so that the linear element becomes 

(10b) dfi* = du^ + cosh* (V — X u)di;*. 

K = 0. In this case the general solution of (9), namely, 
VG = a(v)u -|- b(v), reduces to VG = 1 when the initial conditions 
are applied. Hence, the linear element takes the form 

(lOc) ds* = dw* + dv^. 

We remark, next, that the parameters u and v are determined, 
except for sign, once the point P and the geodesic C have been 
chosen. Consequently, since there are points on a surface 
and 00 1 geodesics through a point, the linear element of the given 
surface can be put into one of the forms (10) in oo 3 ways. 

Consider, now, any two surfaces, S and >8, of the same constant 
curvature. Let P te a given point on S and C a given geodesic 
through P. Then S can be applied to S so that an arbitrarily 
chosen one of the oo^ points on S coincides with P and an arbi- 
trarily chosen one of the geodesics through this point coin- 
cides with C. Thus, we come to the following conclusion. 

Theorem 1. Ttoo surfaces of the same constant total curvature 
are applicable to one another in oo > ways. 

The two surfaces have, then, the same absolute geometry. 
Accordingly, if we know the absolute geometry on one surface 
of given constant curvature, we know that of every other surface 
of the same curvature. 
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As the typical surface of constant positive curvature, 1/a, it is 
natural to take the sphere of radius a. 

As the typical surface of constant negative curvature, it is 
customary to take the surface of revolution obtained by revolv- 
ing the tractrix (Fig. 28) about its asymptote. The tractrix is 
characterized by the fact that the segment 
PQ of its tangent is always of the same 
length. If this constant length is a, the cur- 
vature of the surface is — 1/a^ 

Since our theory of applicability applies 
merely to restricted portions of surfaces, the 
foregoing remarks apply to absolute geom- 
etry in the small, and not to absolute geometry 
in the large. In fact, two surfaces of the same 
constant curvature have, in general, different 
absolute geometries in the large. For ex- 
ample, through two points qf a circular cylinder 
there pass infinitely many geodesics, whereas 
through two points of a plane there passes just one geodesic. 

It follows from Theorem 1 that a surface of constant total 
curvature is applicable to itself in oo* ways. In the case of a 
plane, it is evident that no bending is necessary; the oo* opera- 
tions of applicability may be taken as the oo * rigid motions of 
the plane into itself. Similarly, the oo® rotations of a sphere 
about its center effect the applicability of the sphere to itself. 

61. Continuous deformations of surfaces of variable curva- 
ture. We seek the surfaces of variable curvature, K, which 
are applicable to themselves in a continuous infinity of ways, or, 
as we say, admit continuous deformations into themselves. A 
surface of revolution is an example of a surface of this type, for 
it is carried into itself by a continuous rotation about its axis, 
that is, by the od rotations about its axis; thereby, the paths 
traced by the individual points of the surface are the parallels. 
Again, a right helicoid admits a continuous screw motion into 
itself in which the path curves are the circular helices on the 
helicoid. 

In these cases and, in fact, in every case, the path curves of the 
continuous deformation, since the deformation preserves the total 
curvature, are the curves K = const, on the given surface. 
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Consider, now, an arbitrary, but fixed, one of the isometric 
transformations which constitute the continuous deformation of 
the surface into itself. This transformation^ T, carries each point 
on a chosen curve K = const a fixed distance along this curve. 
For, T is contained in the continuous deformation, carries each 
curve K = const, into itself, and preserves distance. Hence, it 
carries every directed distance measured along a chosen curve 
K = const, into an equal directed distance along this curve. 
But this is possible only if it transports each point of the curve 
along the curve through a fixed distance. 

It is clear from the foregoing examples that the fixed distance 
varies with the curve K = const, chosen. However, if it is known 
for just one curve, it is determined for all. In other words: 


Theorem 1. A constituent isometric transformation^ T, of a 
continuous deformation of a surface into itself is uniquely deter- 
mined if the distance, d, through which it transports the points of 
just one of the curves K = const, is known. 


By hypothesis, T carries an arbitrarily chosen point Fo on the 
preferred curve K = const, into a specific point Pq on this curve. 

Hence, since it is conformal, it must carry 
the orthogonal trajectory, C, of the curves 
K = const, which passes through Po into 
the orthogonal trajectory, C', of the curves 
K = const, which passes through Pq (Fig. 
29). Consequently, it must carry an ar- 
bitrarily chosen point P on C into the point 
P' on C' in which C' is met by the curve 
K = const, which passes through P. Thus, 
the effect of T on every point on the sur- 
face is fixed, and T is uniquely determined. 



We now introduce the curves K = const, as the t;-curves and 
their orthogonal trajectories as the t^^curves, and, in particular, 
take, as v, the arc of the preferred curve K = const. By the 
h 3 rpothesis of Theorem 1, if (mo, v) are the coordinates of Po, 
(uo, » + d) are those of PJ. Hence, if P has the coordinates 
(u, v), those of P' are (m, r + d). In other words, the transfor- 
mation T, thought of as carrying P: (u, v) into P': (u', v'), has 
the equations u' = u, v' v + d. 
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Since T was an arbitrary one of the transformations which 
constitute the given continuous deformation, the equations 
u' = u, v' V + d, when d takes on all values in a certain inter- 
val including d = 0, represent the deformation. Hence: 

Theorem 2. A continuous deformaiion of a surface of variable 
curvature depends on one parameter. By a proper choice of curvi- 
linear coordinates, its equations are reducible to the form v! = u, 
v' = t; + d, where d is the parameter. 

When the points PJ and P', starting from the positions Po 
and P, are transported by the deformation along the v-curves 
{K = const.) through Po and P, the distance PJP' measured 
along C' remains always the same as the distance PoP along C. 
It follows, then, that each two t;-curves cut equal segments from 
their orthogonal trajectories, — the i4-curves. Hence, the li^curves 
are geodesics and the v-curves are geodesic parallels. 

We may now choose, as u, the common arc of the ^^•curves. 
Then u, v are geodesic parameters and the linear element of the 
surface has the form du^ + Gdt^. 

Since the surface admits the continuous deformation w' = u, 
»' = r + d, the linear element formed for the point P': (u, v + d), 
namely du* + G{u, v + d)dv\ must be identical with the linear 
element, du^ + G(u, v)dv^, formed for the point P: (u, r); that 
is, G(u, V + d) must be equal to G(u, v) for all values of d. But 
this is possible if and only if G is a function of u alone. Thus, 
we have arrived at the following conclusion. 

Theorem 3. A necessary and sufficient condition that a surface 
admit a continuous deformation into itself is that its linear dement 
he reducible to the form 

(11) ds* = du* + U(u)dv^. 

Comparison of (10a), (10b), and (10c) with (11) shows that 
the theorem holds for a surface of constant curvature as well as 
for a surface of variable curvature. 

If the linear element of a surface is in the form (11), the family 
of tHSurves, besides consisting of geodesic parallels, is an isometric 
family, that is, forms with its orthogonal trajectories an isometric 
system. Conversely, if there exists on a surface an isometric 
family of geodesic parallels, the linear element is reducible to the 
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form (11), as may readily be shown. Thus, we may restate 
Theorem 3 as follows: 

Theorem 4. A surface admits a continuous deformaiion into 
itself if and only if it contains an isometric family of geodesic 
parallels. 

In case the curvature of the surface is variable, the curves of 
the family are the path curves of the deformation and hence are 
the curves K = const. 

Theorem 5. Two mutually applicable surfaces of variable cur- 
vature are applicable in a continuous infinity of ways if and only 
if one, and hence each, of them admits a continuous deformation into 
itself. 

For, there exists a continuous infinity of isometric maps of the 
one surface upon the other if and only if, after the one has been 
deformed into the other, the single resulting surface admits a 
continuous deformation into itself. 

The continuous infinity of isometric maps depends on one 
parameter, namely the parameter of the continuous deformation. 
Hence, two surfaces of variable curvature are mutually applicable 
in at most oo i ways. 

According to Theorem 5, every surface which is applicable to 
a surface of revolution admits a continuous deformation into 
itself. Moreover, the converse is true: 

Theorem 6 . Every surface which admits a continuous deformor 
lion into itself is applicable to a surface of revolution. 

We shall prove the theorem in the general case later (§69). 
For the moment we content ourselves with a proof in the special 
case of the right helicoid. Based on the usual parametric equa- 
tions, Xi= u cos v, X 2 = w sin V, Xz = av, the linear element of 
the helicoid is 

(12) (fe* = du® + (u* + a^)di^. 

Incidentally, we note that this is of the form (11). 

Parametric equations of a surface of revolution whose axis is 
the a;8-axis are Xi = r cos y, xa = r sin v, Xs = /(0» where r, v are 
polar coordinates in the (xi, X 2 )-plane and x» = f(r) represents the 
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plane curve whose rotation generates the surface (Fig. 30). The 
r-curves are the meridians and the iMSurves, 
the parallels, on the surface. 

The linear element of the surface is found 
to be 

ds*= (1 + f) dr^ + 

where f = dfjdr. When we set 

(13) du=ylTTfdr, 
it reduces to 

(14) ds^ = du^ + rHv^, 



Fig. 30 


Here, r is of course a function of w, the inverse of the function 
u = <t>{r) defined by (13). 

Comparison of (14) with (12) shows that, if it is possible to 

determine /(r) so that or — a^, we will have 

at hand a surface of revolution to which the helicoid is applicable. 
Setting — a* in (13), we readily find that a suitable choice 

of /(r) is a cosh“^ (^/u)- But the equation = a cosh^^ (r/o) or 

r = a cosh (xa/a) represents, in the (xa, r)-plane, a catenary with 
the axis of Xs as axis. 

Thus, a right helicoid may be deformed into the surface of 
revolution obtained by revolving a catenary about its axis, a 
so-called catenoid. Thereby, the helices on the helicoid go over 
into the parallels on the catenoid. 


EXERCISES 

1. Prove that the surface 

Xi = a(co8 u + cos i), X 2 oCsin u + sin w), Xs = c(u + v), oc ^ 0 
admits a continuous deformation into itself. Begin by showing that the curves 
K = const, are the curves u — v = const., and then introduce these curves and 
their orthogonal trajectories as the parametric curves. Show finally that the 
surface is a right helicoid. 

2. Show that an isometric family of geodesic parallels on a sphere consists 
necessarily of circles lying in planes perpendicular to a diameter of the sphere. 
See §49, Ex. 2. 
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THE ABSOLUTE GEOMETRY OF A SURFACE 

62. Geodesic polar coordinates. For the purposes of this 
chapter, it will be necessary to develop a new type of curvilinear 
coordinates on the surface, similar to polar coordinates in the 
plane. As the basis for these coordinates, we take the geodesics 
which pass through a given regular point 0 of the surface. It 
can be shown that there exists a region about 0 such that there 
is just one of these geodesics which goes through an arbitrarily 
chosen point of the region, other than 0, before passing out of 
the region.* Hence, in this region, to which we shall restrict 
ourselves, the geodesics form a family of curves in the sense in 
which we defined the term. 

Consider, in conjunction with the geodesics through 0, the 
geodesic circles with 0 as center, that is, the loci of points 
moving at fixed distances, measured along the geodesics, from 0. 
It is reasonable to expect that these geodesic circles cut the geo- 
desics orthogonally, and that the two families of curves can be 
employed as the basis for a system of polar coordinates on the 
surface. 

In discussing these questions, we shall mean by the geodesics 
through 0 merely the half-geodesics issuing from 0. When we 
introduce these geodesics as the t<-curves, taking their common 
arc, measured from 0, as the parameter u (u ^ 0), the tMmrves 
(u = const.) are the geodesic circles with 0 as center. 

Since u is the arc of every tt-ciuve, it follows, in the usual way, 
that E = 1. Then the condition, Cu = 0, that the tHSurves be 
geodesics reduces to = 0, and F = FCv). 

Since u » 0 fixes the point 0, regardless of the value of v, we 
have 2(0, v) ~ c, where (ci, ct, c») are the space coordinates of 0. 
Hence x*(0, v) = 0. Now F = (lul*.), and therefore F = 0 
when u B 0. It follows, since F is independent of u, that 
F B 0. Hence, the geodesic circles are the orthogonal trajec- 
tories of the geodesics, and u, r are geodesic parameters. 

* Sae Dirbooz, L«cmi Mir la IMorit gtntnle dtt turfacet, Vol. 2, pp. 408, 400. 
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The parameter u is definitely fixed as the common arc of the 
geodesics. It is evident geometrically that 
we may choose as the parameter v the di- 
rected angle at 0 from a fixed geodesic to 
an arbitrary geodesic. The curvilinear coor- 
dinates Uj V on the surface are, then, known as 
geodesic polar coordinates. 

Theorem 1. A necessary and sufficient 
condition thaJt geodesic parameters w, v be geo- 
desic polar coordinates is that 


( 1 ) 


lim-^= 1. 



We suppose first that u, v are geodesic polar coordinates and 
deduce relation (1). Developing the functions x(u, v) in power 
series in u, we have 

x{u, v) = x(0, v) + XuiO, v)u + Xuu(0, v) ^ + • • • , 
or, since a:(0, v) = c, 

(2) x(u, v) = c + a(v)u + P(v) |j + • • • • 

Since u is the arc of the geodesic v = v, a(v) = Xu{0, v) is the 
unit vector tangent at 0 to this geodesic. Hence, if M is the 
angle at 0 from the geodesic v = i; to the geodesic v = w + Av, 
measured in the direction of increasing 

sin AS = (a a + Aa|a a + Aa)^^*, 

where Aa is the increment in a due to the increment Av in v. 
Then 

sinA^A^_/ Aa| AaV'* 

Ad Av \ Auj^ Av/ * 

and 

Since (a|a) == 1, («]«') =* 0 and therefor© 

(3) i-’GV- 
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From (2), 


x,(u, v) = a'{v)u + + 

Thus, 

G = (a'|a')M* + + 

and 

(4) lim (a'|a'). 


By hypothesis, ddjdv = 1. Hence (a'|a') = 1, and relation 
(1) is established. 

Conversely, if u, v are geodesic parameters for which (1) holds, 
they are geodesic polar coordinates. For, in the first place, 
(1) implies that (?(0, v) = 0, inasmuch as, if G(0, v) were not 
zero, G/u^ would become infinite when u approaches zero. 
It follows, then, since G = {xv\xv)j that Xr(0, v) = 0, and a:(0, v) 
= c. Thus, the geodesics v = const, all go through a point 0, 
and their common arc is measured from this point. 

Equation (2) and equations (3) and (4), which follow from (2), 
are now valid. Since (1) holds, equations (3) and (4) tell us that 
ddjdv — 1. Consequently, v is actually the angle at 0 from the 
geodesic t; = 0 to the geodesic v — v, and the proof is complete. 

Equivalent to the r elations G(0, i;) = 0 and lim (G/u^) = 1 are 
the relations VG(0, v) = 0 and lim {^Gju) = 1. Thus, we may 
restate Theorem 1 as follows: 

Theorem 2. The parameters u, v are geodesic polar coordinates 
if and only if dsr^ = du^ + Gdv^, and the power series in u for ^IG 
is of the form 

(5) VG = W + 02 + 03 + • • • . 


Comparing this series with 



where each of the coefficients is evaluated for w = 0, we see that 


(6) 0 = (VG)„ I 
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According to Chapter VII, (10), 

d«VG ^^^lG f^dK 

-T-j- = — KsG, ^-5- = - K — VG-t- ' 

dir du® du du 

Hence, 0, as = — Xo, and (5) becomes 


(7) ^ u-^Kou» + 

where Kq is the value of the total curvature at 0. 

We may now compute the length of the circumference, and 
also the area, of the geodesic circle, u = u, whose center is at 0, 
and whose radius is u. For the circumference, we have 

(8) C = jr"'VGdt>= 2 tu -|a:oU»+ ••• , 
and for the area 


( 9 ) 


=rr 


VG dvdv = TTU® — KqU^ + 


Hence, the circumference and area, when the radius u is suffi- 
ciently small, are less than or greater than 2 tu and ttu^ respec- 
tively, according as the total curvature at 0 is positive or nega- 
tive. 

From (8) and (9) we obtain the expressions. 


(10) Ko = - lim 


2 TTW — C „ 12 TTU* — A 

= , Ko = — hm -T — , 

* TT tt— 0 


for the total curvature at 0. Since these expressions involve 
merely distance and area, they constitute interpretations of the 
total curvature which are independent of the space in which the 
surface is imbedded. Hence, they definitely establish total cur- 
vature as an absolute property of the surface. 

63. A differential equation of the geodesics in terms of geo- 
desic parameters. Let C: u = u{s), v = v{s) be a curve on the 
surface, other than a Ti-curve, and let it be directed in the direc- 
tion in which v increases. Let 6 be the directed angle at an arbi- 
trary point P of C from the directed ?i^curve through P to the 
directed curve C. Then, if w, v are geodesic parameters, so that 

= du^ + Gdi^, 
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we readily find that 

( 11 ) = 


The curve C is a geodesic provided the vector d^xld^ is per- 
pendicular to each of two nonparallel vectors in the tangent plane 
(§ 54). Since C is not a i/-curve, we may 
take as these vectors Xu and the unit vec- 
tor a tangent to C. But d^xjds^ is always 
perpendicular to a. Consequently! C is a 
geodesic if and only if {Xu | d^xjd^) = 0, or 



+ (Xt 


\ ( _ n 

'“Hds/ “ 


Employing relations (4) of Chapter VI, we find that this equa- 
tion reduces to 






= 0 , 


and, hence, by virtue of (11), to 


( 12 ) 


— I ^^ dv 
ds du ds 


We assumed that C was not one of the geodesics v = const. 
However, (12) holds also for these geodesics, inasmuch as, for 
them, dv = 0 and dO = 0, 

Equation (12) is due to Gauss and will be referred to as the 
Gauss equation of the geodesics. 

64. Geodesic triangles. The sum of the angles of a triangle 
whose sides are segments of geodesics is closely connected with 
the integral of the total curvature, 

(13) = 

extended over the triangle. This integral, the curvaiura iniegra 
of Gauss, we shall call the integral curvature of the triangle. 
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Theorem 1. The sum of the angles ai, at, at of a geodesic tri- 
angle AiAtAt differs from ir by the integral curvature of the triangle: 

(14) ai CLt at — TT = T. 

In giving the proof, we shall restrict ourselves to the case in 
which the triangle lies wholly within the' region of definition of 
a system of geodesic polar coordinates whose pole is at one ver- 
tex. Let this be the vertex Ai, and choose the polar coordinate 
system so that the geodesics AiAt and AiAt are respectively 
i; = 0 and v = Oi. 

Since ds^ = du^ + Gdv^, we know that 


Hence, 


^ k??* dA = ^dvdv. 

^lG 




where u = <l>(v) is the equation of 
the geodesic At At. Note that we 
are first to integrate with respect 
to u along the geodesic AiBi (Fig. 
33) between w = 0 and u = 
and are then to integrate the result 
with respect to v from v = 0 to 
V = ai, that is, as the geodesic AiBi, 
starting from the position AiAt, 
sweeps out the triangle. 

The integration with respect to u 
gives 



Fig. 33 


T= r(?^) dv- r(?^) *• 

Jo \ du /ii-o Jq \ du 


The integrand in the first of the^ integrals has, according to (6), 
the value unity. That in the second integral is equal, by (12), 
to —dOldv, where 0 is the angle under which the directed geodesic 
A%At cuts the ix-curves. Hence 



dS, 
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where $2 and Oz are the values of for v = 0 and v = ai. Thus, 
r = ai + ^8 — 62 . 

It is evident that ^2 = ^ — ^2 and Oz = az (Fig. 33) ; hence 

(15) T = di (I 2 CLz — T, 

If K is always of one sign or always zero, the integral (13) is 
positive, zero, or negative according as /iC > 0, X = 0, or X < 0. 
Hence, the sum of the angles of a geodesic triangle is tt, if the 
surface is a developable; greater than tt, if the surface is of posi- 
tive curvature; and, less than tt, if the surface is of negative 
curvature. 

Theorem 2. The difference from t of the sum of the angles of 
a geodesic triangle on a surface whose curvature is always of one 
sign is equal to the area of the triangle on the Gauss sphere which 
represents the given geodesic triangle. 

According to Chapter VI, (18), SD = it KDy according as 
X > 0 or X < 0. Thus, the element of area, d€l = ^dudv, on 
the sphere has the value d6l = ± KdAy where dA is the corre- 
sponding element of area on the surface. The integral curvature 
T of a geodesic triangle on the surface is, then, equal to di €L^ 
where €L is the area of the corresponding triangle on the sphere. 
Hence 

(16) ^ = 01 + 02 + 03““^ or 6? = TT — Oi — O 2 — 08, 

according as /iC > 0 or X < 0. Thus, the theorem is proved. 

Area of a geodesic triangle on a surface of constant curvature. 
If £ is a constant, not zero, (13) becomes 

T = KffdA = KA, 

where A is the area of the given geodesic triangle. Conse- 
quently, we have, from (14), 

(17) A = 2L±fL+^iZU[. 


The content of this equation may be stated as follows: 
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Theorem 3. The area of a geodesic triangle on a surface of 
constant total curvaturey not zero, is equal to the excess over r or the 
deficit from tt of the sum of the angles of the trianglsy divided by 
the numerical value of the curvature, according asK>i^orK<Q, 

In the case of a sphere of radius r, formula (17) reduces to the 
usual formula, A = i^(ai + Oa + a» — t), for the area of a tri- 
angle formed by great circles on the sphere. 

Nonr-Euclidean geometries. We have noted (§ 59) that a sur- 
face of constant curvature admits as many deformations into 
itself as there are rigid motions of the plane into itself. We know 
also that it can be mapped geodesically on the plane. On the 
other hand, we have just seen that the sum of the angles of a 
geodesic triangle on it is not, in general, equal to two right angles. 

The explanation of these facts is connected with non-Euclidean 
geometry. The reader is perhaps familiar with the controversy 
over Euclid’s parallel postulate and knows that, if this postulate 
is suppressed, the remaining postulates lead to three different 
types of geometry, the geometry of Euclid, the hyperbolic geome- 
try of Lobatschewsky, and the elliptic geometry of Riemann. 
He may also be familiar with the fact that in these three geome- 
tries the sum of the angles of a triangle is, respectively, equal to 
X, less than x, and greater than x. 

The absolute geometry of a surface of constant curvature is, 
in the small, a complete realization of a non-Euclidean geometry; 
that of a surface of positive curvature reproduces an elliptic 
geometry, and that of a surface of negative curvature, a hyper- 
bolic geometry. For, example, the absolute geometry of a suffi- 
ciently small region on a sphere is an elliptic geometry, and that 
of a restricted portion of the surface of revolution of the tractrix 
is a hyperbolic geometry. 

65. Geodesic curvature as an absolute property. We are now 
in a position to establish the validity of a definition of geodesic 
curvature which is entirely analogous to that of the ordinary 
curvature of a plane curve. 

Theorem 1. The geodesic curvature of a directed curve C at a 
point P is equal to the limit, when As approaches zero, of the ratio 
A^/As, where A^ is the directed angle from the geodesic tangent to 
C at P to the geodesic tangent to C at a neighboring point P\ and 
As is the directed arc PP'. 
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Take as the vrcmves the geodesics which cut C orthogonally, 
and, as the v-curves, the orthogonal trajectories of these geodes- 
ics. Then, if the parameter u is chosen as the common arc of 
the geodesics, measured from the curve C, u and v are geodesic 
parameters and C is the curve u = 0. 

We assume first that the geodesics tangent to C at P: (0, vq) 
and P': (0, vo + At;) are to the right of C, as C is traced in the 

positive direction. For the sake of 
definiteness, we think of v as increas- 
ing in the positive direction along C 
and take Av > 0. 

We next consider the directed geo- 
desic, g, tangent to C at P, and intro- 
duce the directed angle 0 under which 
g cuts the u-curves. For v = vo, that 
is, at P, ^ = 7r/2; and, for i; = vo + Av, 
that is, at the point K shown in Fig. 
34, e = irl2 + Ad. 

In the geodesic triangle QKP', the 
directed angles of the figure are all 
positive and are equal, respectively, to 
Arp, jr/2 + A9, and 7r/2. Since their 
sum is A\f' + A^ + IT, we have, by § 64, Theorem 1, 

A^ + A^ = T, 

where T is the integral curvature of the triangle QKP*, Hence 

A^ /de\ ^ r 
As \ ds J a »— ^0 As 

According to the Gauss equation, (12), for the geodesic g, dd 
=* — (d^ldu)dv, and, therefore, since ds = VG dv, 



^ _ JL^ = ^ log Vg 

ds VG 

On the other hand, inasmuch as the sides of the triangle QKP^ 
all approach zero with As, T is an infinitesimal of higher order than 
As and so TjAs approaches zero. Thus 


lim 


As \ 


3logVO \ 


du 
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According to Chapter VII, (8), since E = Ij the right-hand mem- 
ber of this equation is the geodesic curvature, 1/p, of the curve C 
at the point P. Hence the theorem is proved. 

In the case which we have considered, namely, the case in 
which the concave side of C is on our left 
when we trace C in the positive sense, the 
geodesic curvature of C is positive. On 
the other hand, if the concave side of C is 
on the right when we trace C positively, 
the geodesic curvature of C is negative. 

For, in this case, it is clear from Fig. 35 
that, when As > 0, then < 0. 

The positive angles of the triangle QKP' 
in Fig. 35 are respectively — A^, ^/2 — A^, 
and 7r/2; hence, the proof of the theorem, 
in this case, begins with the equation 
— Ajp ~~ Ad = Tj and proceeds as before. 

Theorem 2. The geodesic curvature of the curve C is equal 
numerically to the ordinary curvature of the plane curve into which 
C is deformed when the developable which is the envelope of the 
tangent planes to the surface at the points of C is rolled out on a 
plane. 

Inasmuch as the developable has the same tangent planes at 
the points of C as has the surface, C has the same geodesic curva- 
ture, as a curve on the developable, as it has as a curve on the 
surface. But the geodesic curvature of C, as a curve on the 
developable, is not changed when the developable is rolled out 
on a plane, and the geodesic curvature of the plane curve into 
which C is thereby deformed is equal numerically to its ordinary 
curvature. 

Corollary. The curve C is a geodesic if and only if, when the 
developable tangent to the surface along C is rolled out on a plane, 
the curve C, considered as a curve on the developable, is deformed 
irUo a straight line. 

66. The parallelism of Levi-Civita. As a finishing toudi to 
the absolute geometry of a surface, we propose to develop a con- 
cept of parallelism on the siuface which shall be as nearly as 
possible analogous to the ordinary concept of parallelism in the 
plane. 
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It is property of parallelism in the plane that, when a vector 
is carried parallel to itself so that its initial point traces a straight 
line — a geodesic of the plane — , the vector always makes the same 
angle with the straight line. Accordingly, we shall demand that 
parallelism on a surface be so defined that, when a vector tangent 
to the surface is carried parallel to itself so that its initial point 
traces a geodesic, the vector always makes the same angle with 
the geodesic. It is understood, of course, that the vector remains 
always tangent to the surface, that is, that its position at any 
point of the geodesic is in the tangent plane at the point. 

The moving vector takes on the positions of infinitely many 
vectors, one at each point of the geodesic. When these vectors 
are thought of as attached to the geodesic as a curve of the devel- 
opable which is tangent to the surface along the geodesic and this 
developable is rolled out on a plane, the geodesic becomes a 
straight line and, since angle is preserved, the vectors attached 
to it become vectors which issue from the points of the line and 
are actually parallel in the ordinary sense. 

This relation of the displacement of a vector by parallelism 
along a geodesic to the ordinary parallel translation of a vector 
along a straight line in the plane suggests a suitable definition of 
parallel displacement of a vector along an arbitrary curve C on 
the surface. 

Let F be a vector tangent to the surface at a point P and let 
C be a curve through P, Roll the developable which is tangent 
to the surface along C out on a plane. 
Thereby C becomes a plane curve C and 
the vector V becomes a vector V issuing 
from the pmnt P of C corresponding to P. 
Trandate V by ordinary parallelism so 
that P traces C, t^s obtaining a vector 
at each point of C. Finally, wrap the 
plane about the surface in its original 
form and position. Thereby, the vectors 
at the points of C become tangent vectors 
to the surface at the points of C. It is these vectors which we 
define as the vectors into which the given vector V is carried 
by parallel displacement along the curve C, 

This definition of parallel displacement of a vector along a 
curve has the advantage that it is readily visualised and oompre- 
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bended. It has the disadvantage that it is not absolute, but 
depends on the surrounding space.* 

The following theorem is a direct consequence of the definition 
which we have given. 

Theorem 1. A necessary and sufficient condition that a curve 
be a geodesic is that a tangent vector to the curve, when it is displaced 
by parallelism along the curve, remain always tangent to the curve. 

We are now in a position to give new absolute interpretations 
of geodesic curvature and total curvature. 

Theorem 2. Let P' be a point neighboring to a given point P 
of a directed curve C, V' th£ tangent vector t'o C at P', and V the 
vector at P' which results from the parallel displacement, along C, 
of the tangent vector to C at P. Then the geodesic curvature of C at 
P is equal to the limit, when As approaches zero, of Ayf/jAs, where 
is the directed angle from V to V' and As is the directed arc PP'. 

Theorem 3. Let an arbitrary vector tangent to the surface be 
subjected to a parallel displacement so that its initial point makes 
a complete circuit of a closed curve in the direction which keeps the 
region bounded by the curve always to the left. If A^ is the directed 
angle from the vector in its initial position to the vector in its final 
position, and AS is the area of the region, then the limit of A^/AS, 
when the closed curve shrinks to a point within the region, is the total 
curvature at the point. 

We illustrate the latter theorem in the case of the sphere. 
Let the closed curve be the circle of 
colatitude </» and let the initial posi- 
tion Vj of the vector be tangent to 
the meridian at the initial point P of 
the circuit. Slit the cone which is tan- 
gent to the sphere at the points of the 
circle along the ruling MP and roll it out 
on a plane (Fig. 38). Then translate 
the given vector parallel to itself along 
the arc of the circle in the plane which 
represents the circle on the sphere. 

The angle A^ from the initial position 
Vj of the vector to the final position 7^ is evidently equal to the 
smaller angle at M. Since the radius of the circle on the sphere 

* A definition which is absolute will be found in H.Weyl, Space, Time, Matter, i 14. 
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is a sin 4>f where a is the radius of the sphere, the length of the 
circular arc in the plane is 2 ra sin <t>. The radius MP of this 
arc is a tan 0. Hence A0 = 2 -r — 2 ir cos 0. The area AS of 
the smaller zone of the sphere bounded by the given circle is 
2 ira^{l — cos 0). Therefore A0/AS = l/a* and lim A^/aS, when 
0 approaches zero, that is, when the circle shrinks to a point, is 
lfa\ But, we know that l/a^ is the total curvature of the sphere 
at every point. 



Theorem 2 may be applied in a similar fashion to show that 
the geodesic curvature of the circle of 
colatitude 0 is constant and equal to 
(cot 0)/a. 

The reader may have been surprised 
that we have failed to state conditions 
under which two vectors \ and V' tan- 
gent to a surface at two distinct points 
P and P' are parallel. To expect such 
conditions to exist is to assume that no 
matter along what curve connecting P to 
P' the vector V is carried by parallelism, 
the resulting vector F' at P' is always the same. This would 
mean that when a vector V is carried parallel to itself around a 
closed circuit, it would return to its initial position. Hence, by 
Theorem 3, the curvature of the surface would have to be zero. 

It follows that, if the surface is not a developable or a plane, 
the parallelism of the two vectors V and F' at P and P' is de- 
pendent upon the path from P to P'. In other words, the par- 
allelism is not absolute, but relative, with respect to a certain 
curve. 

Even on a developable surface, parallelism, though absolute 
in the small, is not necessarily absolute in the large; for, it is 
evident that the vector in Fig. 37, considered as a vector on the 
cone, does not return to itself when it is carried by parallelism 
completely around the circle. 


Analytic conditions for parallelism. Consider, with reference to 
the directed curve C: u = w(s), v = v{s) on a surface, a family 
of vectors, f = f (s), tangent to the surface and issuing from the 
points of C, Let « = w(s) be the directed angle, at an arbitrary 
point P of C, from the vector a tangent to C at P to the vector 
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of the family at P. Then, if the positive direction for the meas- 
urement of w is taken as the direction from the vector a to the 
vector y of § 57, the vectors of the family are mutually parallel with 
respect to C if and only if 


(18) 


^ + 1 = 0 , 

ds p * 


where 1/p is the geodesic curvature of C. 

To prove the theorem, we make use of the results of § 57. 
Evidently, if a{s) is the length of 


Thus, 


{ = a{a cos cj + V sin o)). 


ds 


d log a 
ds 


f + 


[ da 

^[ds 


. dv . 

cos oj + -j- Sin 0) 
os 


+ (— a sin w + V cos 


V d<j) 1 


Substituting for dajds and dvfds the values found for them in 
§ 57, and noting that 


7 ^ = { = a(— Of sin CO + cos co), 

we find that 


According to the theorem of § 57, all the quantities in this 
equation remain unchanged when the curve C and the family of 
vectors € = f (®) are referred to the developable which is tangent 
to the surface along C. Moreover, as this developable is rolled 
out on a plane, 1/p, co, do)lds, a and dalds remain the same. On 
the other hand, f, rj, f and 1/r, 1/t change, always satisfying, 
however, equation (19). In particular, 1/r and 1/r both ap- 
proach zero. It follows, then, since the vectors { in the plane 
are mutually parallel if and only if d^/ds is a multiple of £, that 
the vanishing of do)/ds + 1/p is a necessary and sufficient con- 
dition that the given vectors £ on the surface be mutually parallel 
with respect to C. Thus, the proposition is proved. 

Condition (18) controls merely the direction of the vector £ 
generating the given family. If, as is usually the case, it is re- 
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quired that the length a of f remain always the same, there 
should be added the condition dajds = 0. But, according to 
(19), dajds and dw/ds + 1/p both vanish when and only when 
d{/ds is a multiple of f. In other words: 

Theorem 4. The vectors ^ = f(s) tangent to a surface in the 
points of a curve C: u = u(s), v = i;(s) all have the same length and 
are mutually parallel with respect to the curve C if and only if the 
vector d^jds is normal always to the surface. 

It should be noted that, when the vector generating the family 
is the unit vector a tangent to C, the theorem simply says that 
C is, by definition, a geodesic. 

Since f is always tangent to the surface, we may write 

^ “ XiX|4 “j“ h2Xvf 


and think of the family of vectors as defined by the two functions 
Xi, X 2 of s. Then, necessary and sufficient conditions that the vectors 
of the family all have the same length and are mutually parallel 
with respect to the curve C are 



where C\i = C 12 and Ch = C 12 . 

For, the vector df/ds is normal always to the surface if and 
only if 



and when we set for d^jds its value, namely. 


ds 


dXi 


I ^2 1 \ 


( du 
Ts 


, dv 

Xuu I Xu 


) 


^ ( du , do \ 

V ds*’** ’ 


these equations take the above forms. 

If the family consists of the unit vectors tangent to C, that is, 
if Xi = du/ds and X 2 = dv/ds, conditions (20) demand, as they 
should, that the curve C be a geodesic. For, they reduce pre- 
cisely to equations (13) of Chapter VII. 
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67. The analytic theory in absolute form. Inasmuch as the 
absolute properties of a surface depend only on the linear element 
(§ 59) and may all be defined geometrically without leaving the 
surface, it devolves on us to express them analytically in terms 
of E, Fy G and quantities definable on the surface, without refer- 
ence to the surrounding space. 

What we need here, primarily, are substitutes for the space 
components of a vector. More specifically, we need new com- 
ponents, relative to the curvilinear coor- 
dinate system on the surface, of a vector, 

Vy on the surface, that is, a vector issuing 
from a point P: (w, v) of the surface and 
tangent to the surface. For this purpose, 
we introduce in the tangent plane at P ob- 
lique coordinates (Xi, X 2 ), referred to P as 
origin and to the directed tangents to the 
u- and y-curves through P as coordinate Fia. 39 

axes. In particular, we take as the coor- 
dinates (Xi, X 2 ) of a point Q (Fig. 39) the ratios of the directed 
distances PQi and PQ 2 to and VG: 

Xi = PQtf^, Xj = PQi/^!G. 

We then define the desired components of the vector V as the 
coordinates (Xi, X 2 ) of its terminal point Q and call them the sur- 
face components of V. 

The relation between the surface components Xi, X 2 and the 
space components { 1 , { 2 , fa of the vector V is given by the sym- 
bolic equation 

(21) f “ XiXt4 ”1“ X2^v* 

For, since the unit vectors at P in the positive directions of the axes 
of Xi and X 2 are xJ4E and and PQi = XiVE, PQ 2 = X 2 VG, 

we have f = XiV1(Xu/VF) + X 2 VG(xv/VG) = Xix„ + \ 2 PCv 

Comparison of (21) with Chapter IV, (19), shows that the 
ratio X 2 /X 1 of the surface components of the vector V is precisely 
the direction coordinate, X, of the line on which V lies. 

Applying the law of cosines to the triangle PQiQ in Pig. 39 
and recalling that cos cj = F, we find that the square of the 
length of the vector F, expressed in terms of Xi, X 2 , is 

FX? + 2 FXiXs + G\l 
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The same result may be obtained directly by substituting the 
value of { given by (21) in (f|€). 

If d is the angle between the two vectors at P with the compo- 
nents Xi, Xt and m, nt, 

^ E\iHi + -f- Xi/Ji) -1- CrKiitt 

COS tf = — . • 

V£Xf + 2 FXiX* + GXi ylEni + + Gd 

For, this is the result of setting f = Xix„ + }< 2 Xv, 17 = t^iXu + thXv 
in the usual formula for cos 6. 

In passing judgment on the analytic form of the absolute 
geometry of a surface from the point of view above described, it 
will be instructive to write the fundamental formulas in terms of 
a new notation. Instead of u, v, we shall use and in place 
of Ef F, and G, we shall employ gn, gn or ^ 21 , and gti- The linear 
element may, then, be written in the form 

= gndu^dv} + gi^du^du^ + g2idu^du^ + gttflu^du^, 

and hence expressed by the summation 


( 22 ) 


ds^ = Xgijdu^du^\ 


where i and j range independently over 1, 2. 

The expression for the square of the length of the vector at 
P: w*) with the surface components X* (instead of Xi, X 2 ) 

now reads 

(23) SgiyX'XS 

and the formula for the cosine of angle between the two vectors 
at P with the components X‘, X^ and /x^, /x* becomes 


(24) 


CO8 0 


Sg,7XV___ 


In terms of the new notation, the differential equations of the 
geodesics — equations (13) of Chapter VII — ^ become 


(26) 


cPu* 


V r* - 0 


1 , 2 , 


and the differential equations, (20), for the parallelism of Levi- 
Civita take a similar form : 




(26) 


0 , 


1 , 2 . 
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According to Chapter VI, (5), the C's are functions of the g*s 
and their partial derivatives, and the quantities, other than the 
g^B and C's, which enter into the foregoing equations, are all de- 
finable on the surface. Thus, we have achieved the desired end, 
an absolute form of the analytic theory of the absolute geometry 
of the surface. 

We have not, however, divorced the geometry of the surface 
completely from the space in which the surface is imbedded. In 
fact, the very core of the geometry, namely, the measure of dis- 
tance, belongs to the surrounding space. For, the linear element 
of the surface was obtained directly from the linear element, 
{dx\dx)y of the space, by substituting for xi, X 2 , xs the functions 
Xi(u\ u^)y X 2 (u\ u^)y X 3 (u\ u^) which define the surface. 


68. Riemannian geometry. Imagine, now, that the surround- 
ing space is completely blotted out so that there is left merely 
the surface, referred to a system of curvilinear coordinates 
Choose arbitrarily, as the basis for measuring distance on the 
surface, a positive definite quadratic form, (22), whose coeffi- 
cients are analytic functions of Then there is determined 

on the surface a geometry which is self-contained and finds its 
analytic expression in the formulas of § 67. 

This is the geometry of Riemann, developed in his famous 
Habilitationsschrift, Uher die HypotheseUy welche der Geometrie 
zu Grunde liegeriy 1854. In describing it in greater detail, we 
agree to think of an ordered number pair X^ as representing a 
vector V at the point P\ u^) of the surface and to call X^, X* 
the components of V. We then define the length of V by (23), 
and the angle formed by V and a second vector at P, with the 
components mS by (24). 

The geodesics on the surface are obtained as the curves of 
shortest distance. The length of arc of the curve C: 

= t^2(f) from the point Pii t = h to the point P*: i ^ is de- 
fined by the integral 


“ J,. dt 


and the necessary conditions of Euler that this arc be shorter than 
any other analytic arc lying near to it and joining Pi to P 2 ac- 
tually reduce, when the arc s of C is introduced in plaee of the 
parameter to equations (25). 



202 


DIFFERENTIAL GEOMETRY 


The parallelism of Levi-Civita may be based on the definition 
of Weyl (§ 66). More often, however, it is defined outright by 
formulas (26). The (geodesic) curvature of a curve and the 
curvature of the surface are then obtainable by the procedures 
described in Theorems 2 and 3 of § 66. 

The foregoing description of the Riemannian geometry of a 
surface, or two-dimensional manifold, admits immediate exten- 
sion to the case of an n-dimensional manifold. Here, a point has 
n coordinates • • • , w", a vector has n components X^, 

• - • , X", and the assumed linear element has coefficients gf,,, 
not all distinct, of course, since always g^J = Qji. Imagine, then, 
that the summations in the preceding formulas, and the super- 
scripts i in (25) and (26), range over 1, 2, • • •, n. Then, the 
formulas present the fundamentals of the analytic theory in the 
n-dimensional case. 

There is, however, one difficulty. It is not obvious how to 
generalize the Christoffel symbols, as given in Chapter VI, (5). 
But, these symbols are expressible in a form capable of immediate 
generalization, namely. 



Here, = Gt,/g, where g is the determinant, |(/„ |, in which the 
element in the ^-th row and j-th column is gij, and G*,- is the co- 
factor of gij in this determinant. 

The notation introduced in § 67 gives a slight idea of the gen- 
eral analytic method, known as the absolute differential calculus 
or tensor analysis, which is now universally employed in the 
treatment of Riemannian geometry. In essence, this method 
goes back to Riemann’s Hahilitationsschrift and the work of 
Christoffel (1869). The credit for it as a complete mathematical 
discipline is due to Ricci (1892). But it was not until later that 
the method and, for that matter, Riemannian geometry itself, 
received proper recognition, through their importance in the the- 
ory of relativity, 

NorirRiemannian geometry is essentially an outgrowth of Levi- 
Civita's concept of parallelism (1917). Like the geometry of 
Riemann, it deals with an n-dimensional manifold of points 
, n**) . But it has nothing to do with distance. Instead, 
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it is based either on a concept of displacement, a generalization of 
Levi-Civita’s parallelism, or on a concept of paths, a generaliza- 
tion of the idea of geodesics. In the geometry of linear displace- 
ment, inaugurated by Weyl (1918), the point of departure is the 
system of differential equations (26) for the displacement of a 
vector along a curve, and, in the geometry of paths, founded by 
Eisenhart and Veblen (1922), it is the system of differential 
equations (25) which is fundamental. In both cases, the quan- 
tities Cy are assumed outright, as functions of w*, • • •, w”. 



CHAPTER X 


SURFACES OF SPECIAL TYPE 

69. Surfaces of revolution. In § 61 we learned that the equa- 
tions 


(1) a:i = rco8t>, ij = rsint', xt=f{r), 0, 

represent a surface of revolution referred to the Praxis as axis 
and to the meridians and parallels as parametric curves. 

The fundamental quantities for the surface are found to be: 


( 2 ) 


E l+f, 


e 


f" 

Vi+r' 


F = 0, 
/ = 0 , 


G = r\ 

„ _ rr 


It follows from these formulas or, more simply, from the geo- 
metric theory of § 44, that the lines of curvature are the meridians 
and the parallels, and that the radii of principal normal curva- 
ture (ri = Eje and = Gig) at a point P are equal respectively, 
except perhaps for sign, to the radius of curvature at P of the 
meridian passing through P and the distance from P to the axis 
measured along the normal to the surface at P. 

The only minimal surface of revolution is the catenoid. For, 
K' - 0 only if Eg + Ge = 0 or /'(I +/'^) + r/" = 0, and this 
differential equation can be rewritten in the form 


df dr 

/'(i+fV »• 


0 , 


and hence has the first integral 


f'r 


= c, 


or 




edr 

ylr^ — c* 


Then /(r) = c cosh"* (r/c) + k and the curve x$ = /(r) is a cate- 
nary with the axis of Zs as axis. 
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The dififerential equation of the asymptotic lines of the general 
surface of revolution is, according to (2), f"dr^ + r/'dv® = 0. 
Hence, the finite equations are of the form r = ± J'}Kr)dr + c. 
We express this result by saying that the asymptotic lines may he 
found by a quadrature^ that is, by an integration. 

Inasmuch as F = 0 and EjG is a function of r alone, the meridr 
ians and parallels form an isometric system. Corresponding iso- 
metric parameters are w, v, where 

(3) « = J* 7 >/l+/'*dr. 

For, when we set (1 + f'^)d7^ = r^du^, the linear element evi- 
dently becomes 

(4) ds^ = + dv^), 

where r is the function of u which is the inverse of the function 
u — <t>{r) defined by (3). 

Consider, now, the map of the surface on the plane Xi = w, 
X 2 = V, xs = 0 in which corresponding points have the same curvi- 
linear coordinates. This map orders to the meridians and par- 
allels on the surface the lines parallel to the axes of coordinates 
in the plane. Furthermore, since the linear element of the plane 
is ds* = du^ + dv^j the map is conformal. 

Theorem 1. A surface of revolution can he mapped conformally 
on a plane so that the meridians and parallels correspond to an 
orthogonal system of straight lines. 

The loxodromes on the surface, since they are by definition the 
curves cutting the meridians under constant angles, correspond 
to the straight lines in the plane. Hence, the finite equation of 
the loxodromes is aw + + c = 0. 

Mercator map of the earth. The sphere 

(5) X\ = a sin 0 cos v, = a sin 4> sin v, Xz = a cos 

is the surface (1) for which r = o sin <#>, /(r) = a cos Sub- 
stituting these values of r and/(r) in the integral in (3), we obtain 
as a value of the integral u — log tan 0/2. Hence, the equations 
xi B log tan 0/2, = v, in conjunction with equations (6), estab- 

lish a conformal map of the sphere on the plane in which the 
meridians and parallels correspond to straight lines. 
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Deformation of surfaces of revolution. In § 61, we noted that 
the linear element of (1) is reducible to the form 

( 6 ) ds^ = du^ + 

where w is a function of r defined by the equation 

(7) du^ = dr* + dp, 

and r = U(u) is the inverse of this function. 

These new parameters u, v are respectively the common arc of 
the meridian curves, measured from a particular parallel, and the 
angle of longitude. The parametric equations of the surface in 
terms of them are 

(8) Xy U cosy, X 2 = ?7siny, xs = J'Vl “ du. 

For, when we set r = U{u) in (7), we get d/* = (1 — U'^)du^. 

The linear element (6) is now ds* = dw* + IPdv^. It evidently 
remains unchanged when we replace Uhy cU and v by y/c, where 
c is any positive constant. Hence, all the surfaces 

(9) Xi = cf/ cos X 2 = cU sin -, J — c*l7'^ du, c > 0, 
have the linear element 


(10) d5* = dw* + C7*dy* 

in common with the surface (8). But these surfaces are all sur- 
faces of revolution and form a continuous family. In other 
words: 

Theorem 2. A surface of revolviion can he deformed continu- 
ously into 00 ^ surfaces of revolution. 

Surfaces applicable to a surface of revolution. We are now in 
a position to prove Theorem 6 of § 61 to the effect that every 
surface which admits a continuous deformation into itself is ap- 
plicable to a surface of revolution. According to § 61, Theorem 3, 
such a surface is characterized by the fact that its linear ele- 
ment is reducible to the form (10). It suffices then to show that 
there exists a surface of revolution with this linear element. The 
surface (8) apparently fu lfils the requirement and the proof thus 
appears to be complete. 
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There is, however, a difficulty. In the foregoing work, the 
surface of revolution is given, so that we know that (8) is a real 
surface. Here, it is the positive function U(u) which is given, 
and there is no guarantee that 1 — t/'* > 0, that is, that (8) is a 
real surface. 

Instead of the surface (8) it is clear that we may employ any 
one of the surfaces (9) and herein lies the solution of the diffi- 
culty. Inasmuch as we are concerned only with a proof of the 
theorem in the small, we may restrict the consideration of U(u) 
to a closed interval a ^ u ^ b. Since U is in any case analytic, 
U' has a maximum absolute value in this interval and hence c 
can be chosen so that throughout the interval 1 — > 0. 

The corresponding surface (9) is then real and the proof is com- 
plete. 

EXERCISES 

1. Show that, if the sides of a triangle on a surface of revolution are arcs of 
loxodromes, the sum of the angles is equal to two right angles. 

2. Prove that the finite equation of the geodesics on a surface of revolution 
can be found by a quadrature. 

3. Show that a curve C on a surface of revolution, other than a parallel, is a 
geodesic if and only if r sin where r is the radius of the parallel through a point 
P of C and d is the angle at P under which C cuts the meridian through 
P, is constant along C. Hence prove that a curve, other than a meridian and a 
certain type of parallel, cannot be both a geodesic and a loxodrome unless the 
surface of revolution is a cylinder. 

4. Prove that the map of the surface (1) on the plane, 

Xi = / rVl +/'*(ir, X2 * V, Xi = 0, 

in which corresponding points have the same curvilinear coordinates, is area- 
preserving. Discuss the map in greater detail, first in the general case, and 
then in the case of the sphere. 

5. Discuss the map of the surface (8) on the surface (9) when c < 1; 
when c > 1. 

6. Prove that the differential equation of the tractrix in Fig. 28 is 

rdx 9 + Vo* ^ dr » 0. 

Hence show that, when U =* equations (8) represent the surface gener- 
ated by the rotation of this tractrix about its asymptote, and that these equa- 
tions can be reduced by a suitable change of parameters to the form 

Xi = a sin 0 cos r, » a sin ^ sin v, Xa ^ a(cos ^ + log tan 4 >/ 2 ). 

7. Show that the surfaces of revolution into which the surface of revolu- 
tion of a tractrix is continuously deformable are all identical with this surface. 
What are the path curves of the resulting continuous deformation of the surface 
into itself? Ans. The curves s sin ^ a const. 
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8. If the coefficients in the linear element of a surface are functions of u 
alone, the surface is applicable to a surface of revolution. 


Helicoids. A surface generated by the screw motion of a curve about a 
fixed line, that is, a rigid motion such that the points of the curve trace circular 
helices (or circles) which lie on circular cylinders with the fixed line as axis, 
is called a helicoid. The fixed line is known as the axis and the sections by 
planes through it are called the meridians. Evidently, the meridians are con- 
gruent plane curves and the surface can equally well be generated by the proper 
screw motion of any one of them about the axis. 

9. Show that the helicoid generated by the screw motion of the curve 
Xz « /(r) about the xj-axis has parametric equations of the form 


Xi =■ r cos t>, X 2 = r sin v, x* = f(r) + av. 

Prove that the meridians and the helices form an orthogonal system only when 
the helicoid is a right helicoid or a surface of revolution. 


10. The helices on any helicoid form an isometric family of geodesic parallels 
and their orthogonal trajectories can be found by a quadrature. Establish 
these facts and state the conclusions that may be drawn from them. 

11. Prove that there are noncongruent helicoids which are minimal 
surfaces and that they are given by 




where a, c are arbitrary constants. 


70 , Ruled surfaces. A surface, other than a plane, which 
contains a family of straight lines is called a ruled surface and 
the straight lines, its rulings or generators. If the straight lines 
are imaginary, the surface, since it is assumed real, must also 
contain the conjugate-imaginary lines and hence must be a 
quadric surface with imaginary generators. Thus, when we ex- 
clude these quadrics, the rulings of the surface must be real. 

The surface has the symbolic representation 

(11) y = x(v) + uv(v), 

where x = x(v) represents an arbitrarily chosen, but fixed, trajec- 
tory C of the rulings, ri(v) is a unit vector in the direction of the 
ruling L which passes through the point P of C whose coordinate 
is r, and u is the directed distance from P to an arbitrary point 
on L. 

As the parameter v we take the arc of the curve z = ti{v) on 
the unit sphere. This curve is known as the spherical indicatrix 
of the rulings of the surface. In taking its arc as v, we are ex- 
cluding cylinders from consideration, inasmuch as in the case of 
a cylinder the locus = 17 is not a curve, but a point. 
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It is to be noted that the arc of the spherical indicatrix is an 
invariant of the surface and hence is a better choice for v than 
the arc of the so-called directrix C, whose choice is arbitrary. 

Since is a unit vector and v is the arc of the spherical indi- 
catrix, 

(12) (, h ) = 1, (,|,0 = 0, = 1, ww ) = 0. 


From yu = Vi Vv — + uri', yuu = 0 and yuv = we readily 

find that 


(13) 


E = l, F = (x'\v), G = {x'\x') + 2u{x'\r,')+v.\ 

e = 0, /=-i(x',,0, K = 


From the value of K we conclude that a necessary and sufficient 
condition that the surface be a developable surface is that (ai' rj rf) = 0. 

Henceforth, we exclude developable 
surfaces. The curvature of the surface 
is then, in general, negative. 

Common perpendicular to two neigh'- 
boring rulings. We shall have to do 
here with a point P' on C neighboring 
to P, the ruling L' through P', the line 
Af' perpendicular to both L and L', and 
the line M which is the limit of M' when 
P' approaches P along C. 

As we pass from P to P' along C, v takes on an increment Ay, 
and rj the corresponding increment At;. Direction cosines of L 
and L' are given, then, by r; an d tj -[- A?;. Hence M' has the 
direction of the vector t; ?; + At; or t; A7;/Ay, and M that of the 
vector ri rj\ By (12), this vector is of unit length. Thus, direc- 
tion cosines of M are Xi, X2, X«, where 

(14) X = t; t;' 

We seek next the coordinates of the point Q' (Fig. 40) in terms 
of those of Q and Ay. If Q: (u, v) has the symbolic coordinates y, 
those of any point on L' are y + At/, where Ay is given by the 
Taylor’s series 

Ay = yu^u + y«Ay + 



ri^u + (x' + ur;')Ay + 
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This point will be the point Q' if the line joining it to Q is per- 
pendicular to L, that is, if (A^lv) = 0 or 

Au + (x' 1 7f)Av + • • • = 0. 

Consequently, for the point Q', Au is equal to — (x' | rj)Av to within 
terms of higher order in Av and 

(15) Ay = (x' + U7j' — (x'lrj)v)Av + a, 

where a represents terms of at least the second order in Av, 

Since the triple AyjQQ' constitutes direction cosines of M', its 
limit when Av approaches zero is X. Hence Ay = A(X + e), 
where h is the distance QQ' properly directed and 6 is a triple of 
infinitesimals. We may, then, replace (15) by 

(16) h(\ + c) = (x' + uri' — (x' \ rji)ri)Av + a. 

We are now in a position to discuss the common perpendicu- 
lar distance, | /i | , between L and L'. Taking the inner product 
of both sides of (16) with X, dividing the resulting equation, 
h(l + (e|X)) = (x'|X)Av + (crlX), through by Av, and letting At; 
approach zero, we find, since € and a/Av tend to zero, that 

(17) lim-^=(x'\\) = (x’r,v'). 

AB -♦0 

Thus, the distance between L and U is, in general, an infinitesimal 
of the first order with respect to Av. 

The coefficient of At; in (16) is evaluated at Q. Its limit, then, 
when At; approaches zero, will be its value at the point Qo which 
is the limit of Q. With this in mind, we form the inner product 
of both sides of (16) with v', divide the resulting equation through 
by Av, and take the limit when At; approaches zero. The result 
is: {x^W) + w = 0. Hence, the coordinate u of the point Qo on L 
which is the limit of the foot of the common perpendicular to L and 
%8 

(18) w - (x'h'). 

Parameter cf distribulion. For reasons which will be evident 
presently, the point Qo is known as the central point of the ruling 
L and the tangent plane to it as the central plane. The locus of 
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called the line of siriction. 

When a point Q traces a ruling of a developable surface, the 
tangent plane at Q remains the same. On the other hand, in 
the case of the general ruled surface, the tangent plane turns 
about the ruling. The law controlling its motion may be for- 
mulated as follows: 

Theobem 1. The tangent of the directed angle from the central 
plane of a ruling L to the tangent plane at an arbitrary point Q of 
L is proportional to the directed distance from the central point Qo 
to the point Q. 

We shall measure the angle ^ from the tangent plane at Qo to 
that at Q in the sense which is clockwise when we look along L 
in the positive direction of fj. It follows, then, from § 36, that 
sin 0 = (fo f ^), where fo and f are respective ly the norm al vec- 
tors to the surface at Qo and Q. Since f o = ^ a:' -f Uorj^lDo and 
^ - rix' + uyt'jDj where uq and Do are evaluated at Qo, we have 

DDo sin <) = (tj x' + Uqt} rf ri x' + utj tj' 17) = (1? x' 17 17' tj) {u — Uo ) . 


But 


(77 x' 77 77' 77) = v) = — (3^' v v'), 


and therefore 

DDo sin <^ = — (x' 77 ‘n'){u — Uq), 

In computing cos 0, from cos 0 = (f Ifo), we first rewrite the 
expression for fo by introducing for uo its value from (18). Since 
x' + uov' has the value (v'lv')^' - (^'lv')v' or 

77^ V. Hen ce Doj-p = ^ 1 , where f = 17' a;' v'^ Writing Df = x, 
where x ” 17 x' + urf\ we have, then, 


DDo cos « = (xh t) = (xiilt) = (xvlv'^'v'y 


But 


(x ^ h' v') = - (vv' ^') (x I v') 

= — (x'v v')(v a:' + Ufj' 77') = (x^vv 


and hence 


DDo cos = (x' 77 77')*. 
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It follows now that 

(19) tan«=^^-^“, 
where 

(20) b = - (x'vv^ 

and the theorem is established. 

The function h is an invariant of the surface, according to (19). 
It is known as the parameter of distribution. 

Returning to (17), we note that Ai; is the arc of the spherical 
indicatrix between the points which represent the rulings L and 
U and hence infer that the limit of the ratio of Ay to the angle 
between L and L' is ± 1. Thus, equation (17), in conjunction 
with (20), gives the following new interpretation of b. 

Theorem 2. The limit of the ratio of the distance between L and 
V to the angle between L and L', when U approaches L, is equal 
to the numerical value of the parameter of distribution for the ruling L, 
From (13) and (20), it follows that K = ^ h^/D*, To evalu- 
ate D, we assume for the moment that the directrix C is the line 
of striction, that is, that (x'l??') = 0. Then D® is equal to 
(x' I x') sin^ 6 -f where sin 6 is the angle between the vectors 
x' and rj. But tj' is now perpendicular to both x' and rj and 
hence, by § 36, (x' rj or ¥ has the value (x' | x') sin^ d. Thus, 
when u is measured from the line of striction, = v? + 6®. 
Consequently, when the directrix is arbitrarily chosen, 

= {u- uoY + 


liu - uoY + J ' 

Theorem 3. The total curvature is the same at two points of a 
ruling which are equidistant from the central point and has its 
maximum numerical value at the central point. 

Suppose, finally, that the directrix C is an orthogonal trajec- 
tory of the rulings. Then F = (x'|i?) = 0 and all the curves 
u » const, meet the rulings at right angles. Furthermore, 


( 21 ) 

and hence 
( 22 ) 
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G = and the linear element takes the simple form 
( 23 ) + l{u - uoY + 

EXERCISES 

1. Prove that the points of a ruling other than the central point may bo 
paired so that the tangent planes at the points of each pair are perpendicular. 
Show that the points of a pair are on opposite sides of the central point and that 
the product of the distances from them to the central point is the same for all 
pairs. 

2. Prove that sin d(dsldv) = ± 6, where s is the arc of the line of striction, 
V the arc of the spherical indicatrix, and 0 is the angle imder which the generic 
ruling meets the line of striction. 

3. Show that the equations Xi — u cos v, Xi = u sin v, Xa « ov of the right 
helicoid are of the form (11). Hence, reinterpret the results of § 42, proving 
that the line of striction of the helicoid is the axis and that the parameter of 
distribution is constant. What is the spherical indicatrix of the rulings? 

4. Find the line of striction and the parameter of distribution of the right 
conoid. Show that, if the parameter of distribution is constant, or if each two 
secondary asymptotic lines cut equal segments from the rulings, the conoid is a 
helicoid. 

5. A ruled surface one of whose secondary asymptotic lines is a straight line 
is given. Show that this straight line is the line of striction when and only 
when the spherical indicatrix of the rulings lies in a plane which is perpendicular 
to the line. 

6. Prove that on a hyperboloid of revolution of one sheet the parallel of 
least radius is the line of striction, the rulings cut it at a constant angle, and 
the parameter of distribution is constant. 

7. Prove geometrically that the right helicoid is the only ruled surface which 
is minimal. 

8 . Show that a cross-ratio of four tangent planes to a ruled surface at points 
of a ruling is equal to the corresponding cross-ratio of the points. 

9. Show that the normals to a ruled surface in the points of a ruling form a 
hyperbolic paraboloid. 

10. Show that for the surface (11) 

Dg = (x'x'S) + uKx'^riv') - ix'nv")] + 

11. Prove that each two secondary asymptotic lines of a ruled surface cut 
equal segments from the rulings when and only when the rulings are parallel to 
a plane and the parameter of distribution is constant. First show that the 
surface has the desired property if and only if, when it is referred to its a 83 rmp- 
totic lines as the parametric curves, it admits a representation of the form (1 1). 

12. Prove analytically that the only minimal ruled surface is the right heli- 
ooid. 
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71. Trandatioii surfaces. If C and C' are two space curves 
with a point Po in common, the translation of the curve C so 
that the point of C originally at Po traces 
the curve C* generates a surface, and the 
translation of the curve C' so that the 
point of C' originally at Po traces the curve 
C generates a second surface. These two 
surfaces are identical, as we shall show 
presently. The single surface is known as 
a translation surface and the curves into 
which C and C' are carried by the trans- 
latory motions are called its generators, 

A careful choice of the parametric representations of the curves 
C and C' will facilitate the proof that the two surfaces in question 
are the same, and also the subsequent work. We start with the 
representations y = y(w), z = z(t^), assuming that y{uo) = z(vq) 
= c, that is, that the point Po has the coordinate Uo on C, the 
coordinate Vq on C', and the space coordinates (ci, c*, Cs). We 
next choose arbitrarily two triples of constants a and b whose 
sum is the triple c, and set y(u) — 6 = U(u) and z(v) — a = V{v), 
Putting u = uq and v = t^o in these relations, we find that 
a = C/(uo), and b = V{vo). Hence we obtain parametric repre- 
sentations of C and C', 


(24) y = U(u) + V{vo), z = U{uo) + V{v), 

which fulfil automatically the condition that the point u Uo 
of C and the point r = vo of C' be identical. 

If P' is a point tracing C' and P a point tracing C, the locus 
of the point Q into which P is carried when C is translated along 
C' into the position through P' is the first of the surfaces de- 
scribed. The coordinates (xi, x^, x^) of Q are evidently obtain- 
able fromjbhe coordinates of P by adding the components of the 
vector PQ or those of the equal vector PoP'. But P has the 
symbolic coordinates U{u) -h FCvo) and the vector PoP', the sym- 
tK>lic components U(uo) + TCv) — U(uo) — V(vo) or V{v) — V{vo). 
Hence, a parametric representation of the first surface is 

(25) X = U{u) + V(v). 

In the generation of the second surface, the r61es of the curves 
C and C' are interchanged. This amounts, according to (24), to 
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interchanging U{u) and YCv), and uo and vo. Thereby, (25) is 
unchanged, and so the second surface is identical with the first. 

Our translation surface is, then, represented by the symbolic 
equation (25). The generators are the parametric curves. In 
particular, the generators through the point (wo, vo) are the origi- 
nal curves (24). Since (25) is independent of uo, Vo, these curves 
might have been any two generators of different families. Hence 
a translation surface is obtainable by the translation of any gen- 
erator of the one family along any generator of the other. 

Theorem 1. A necessary and sufficient condition that a surface 
be a translation surface is that it admit a parametric representation 
of the form (25). 

For, we have shown that every translation surface admits a 
representation of the desired type, and the converse is obvious. 

Theorem 2. A translation surface iSy in infinitely many ways, 
the locus of the mid-points of the line-segments joining the points of 
one curve to those of a second, and conversely. 

For, we may rewrite (25) in the form 

+ Z), where Y = 2 U c, Z = 27-c, 

and c is an arbitrary triple of constants. Incidentally, we note 
that the two curves have respectively the same shapes as C and 
C', but are of twice the size. 

Theorem 3. The generators of a translation surface, other than 
a developable or a plane, form a conjugate system. 

From (1), Xuv = 0 and so/ = 0. Hence, the conclusion follows. 

An interesting kind of translation surface results when the 
curves C and C' are the same curve. The parameters u and v, 
since they are always arbitrary, may be taken, in this case, as 
the same parameter, except for notation. Then Ui, f/ 2 , Uz are 
the same functions of u as Vi, Vz, Vz are of v, and wo = vo. Con- 
sequently, for every pair of equal values of Uo and Vo the two 
generators (24) are the same, and the two families of generators 
coincide in a single family. Through each point (wo, Vo) of the 
surface for which uq ^ Vo there pass two generators of this family, 
whereas through a point (uo, vq) for which uo = Vo there passes 
only one. It follows, then, that the curves of the family cover 
all the points of the surface twice except those of the curve 
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u = V and that every point other than one on this curve has two 
sets of curvilinear coordinates of the forms (a, h) and (6, a). 

The curve u = v has the parametric representation X = 2U 
or y = 2 y, and hence the mid-points of its chords are the points 
of the surface itself. Thus a translation surface of the kind in 
question is characterized by the property that it is the locus of 
the mid-points of the chords of a curve which lies on it. The 
generators of the surface are similar to this curve, but of half the 
size. 

Translation surfaces urith imaginary generators. By an imagi- 
nary, or better a complex, analytic curve we mean the locus of 
complex points, that is, real and imaginary points, represented 
by the symbolic equation x = x(t)j where Xi{t), x^it), xz{t) are 
analytic functions, not all constant, of the complex variable 
i^r + si. By a complex analytic surface we mean the locus 
of complex points represented by a symbolic equation x = x{ujv), 
where Xi(u, v), X2(uy v), Xi{Uj v) are analytic fun^ions of the 
two complex variables u, v such that the vector Xu Xv formed in 
the usual way is not identically the null vector. A complex 
curve consists of oo* points, corresponding to the oo^ permissible 
pairs of values of the real variables r, Sy and a complex surface 
has 00 4 points, corresponding to the oo * sets of values of the four 
real parameters involved in w, v. 

Equation (25), when U{u)y y(?0 represent triples of analytic 
functions of the complex variables u and v respectively, represents 
a complex translation surface. Inasmuch as uo and vo in (24) 
are complex parameters, each depending on two real parameters, 
each family of generators on the surface consists of complex 
curves. 

In order that the surface contain oo^ real points, we assume 
that V — Uj that is, that the functions which Vi, Ta, Vz are of v 
are conjugate-complex to the functions which C/i, f/a, Uz are of u. 
The surface has, then, the representation 

(26) X = U{u) + U{v), 

To show that it has co» real points, we note that, if < = r + sz 
and ? = r — SI are conjugate-complex parameters, corresponding 
components of U(t) 8Ln^U{l) are conjugate-complex and the 
components of U(t) 4- U(l) are therefore real. Hence every 
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point of the surface whose coordinates (w, v) are of the form 
u = V = Z is a real point. But / depends on the two real 
parameters r, 5 . Thus the surface contains the real points 
represented by the symbolic equation 

(27) X = u(t) + m. 

The two generators which pass through the real point (to, lo) of 
the surface (26) have the representations 

(28) y = U(u) + UCu), z = U(to) + U(v), 

Equivalent representations, obtained by the changes of param- 
eters u = w and v = Wy are 

y = U(w) + U(lo), z = U(lo) + V(w). 

Since the corresponding components of U(w) + [/(Zo) and 
V(i(^ + V(w) are conjugate-complex, these representations pair 
the points of the two generators so that the corresponding coordi- 
nates of the points of each pair are conjugate-complex. To ex- 
press this fact, we say that the points of each pair are conjugate- 
complex points and that the two generators are conjugate-com- 
plex curves. 

When to and to take on all permissible values, equations (28) 
represent all the generators. Hence the generators of the sur- 
face (26) are conjugate-complex in pairs, and each two conjugate- 
complex generators intersect in a real point (27) of the surface. 

From the agreements made at the beginning of § 46, it follows 
that Theorems 2 and 3 hold for the translation surface (26) as 
well as for translation surfaces with real generators. 

Relationship to harmonic functions. In § 47, we noted that if 
F(t) is an analytic function of the complex variable t = r + si 
and we write 

F{t) = Mr, s) + iMr, s), 

then the real functions /i, /2 of the real variables r, s are conjugate 
functions: 

/9Q\ ^ ^/i _ _ 

^ ^ dr ds * ds dr' 

Differentiating the first of these equations with respect to r and 
the second with respect to s and adding the resulting equations, 
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we find that fi(r, a) satisfies the differential equation of Laplace: 


(30) 


dr* d8* 


0 . 


Conversely, if /i(r, a) is an anal 3 rtic solution of this equation, 
the equations (29) determine /j(r, s) to within an additive con- 
stant. The functions /i, /s are, then, conjugate functions, and 
F — fi + 1/2 is an analytic function of the complex variable 
r + si. 

An analytic function /(r, a) which satisfies equation (30) is 
known as a harmonic function. Hence we may say: A real funo 
lion of the real variablea r, s is the real part of an analytic function 
of the complex variable r + si if and only if it is a harmonic function. 

We return now to equation (27). Inasmuch as 

U(t) = R(r, s) + iS(r, a), U(l) = R(r, a) — iS(r, a), 
this equation is equivalent to 
(31) X = 2 R(r, a). 

Thus, we have a representation of the real points (27) of the surface 
(26) in terms of real functions of real variables. Furthermore, it 
is readily verified that, when r and 5 are allowed to take on 
imaginary as well as real values, this representation 3 delds all the 
points of the surface (26) and no other points. 

The real functions iZi(r, a), R 2 {r, a), R^ir, a) are the real parts 
of the complex functions 17i(/), Utit), Uz{t). Hence we conclude: 

Theorem 4. A necessary and sufficient condition that a surface 
be a translation surface with imaginary generators is that it admit 
a representation of the form x = x{Uf r), where Xi(w, v), Xtiu, v), 
Xz(Uf v) are harmonic functions. 


EXERCISES 

1. Prove that an elliptic paraboloid is a translation surface and identify 
the generators. 

2. The same for a hyperbolic paraboloid. 

3. The right helicoid, xi » r cos xs r sin 9, X| » aB, is in infinitely many 
ways a translation surface with real generators and in infinitely many ways a 
translation surface with imaginary generators. In particular, if C is an 
arbitrary circular helix on the heUcoid and K is the circular cylinder on which 
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C lies, the locus of the mid-points of the chords joining real distinct points of C 
is the portion of the helicoid inside X, whereas the locus of the mid-points of 
the chords joining the pairs of conjugate-imaginary points of C is the portion 
of the helicoid outside K. The generators are real on the former portion and 
imaginary on the latter. 

4. The real curve C: y ""2U{u) divides the real part of the complex surface 
X ^ U{u) + U{v) into two regions, the region of points for which u, e are real 
but unequal and the region of points for which u, v are conjugate-imagmary. 
The points of the first region are the mid-points of the chords joining real 
distinct points of C, and those of the second are the mid-points of the chords 
joining conjugate-imaginary points of C. The curve C is an asymptotic line 
on the surface. 

5. Show that a translation surface whose generators are plane curves lying 
in perpendicular planes may be represented by equations of the form (25) where 
Fi s 0 and U 2 ^ 0. Show that the asymptotic lines can be found by a 
quadrature. 

6. Show that, if the generators of a translation surface form an orthogonal 
system, the surface is a cylinder and the generators are the rulings and their 
orthogonal trajectories. 

72. Minimal surfaces. A surface whose mean curvature is 
zero is, by definition, a minimal surface. If the total curvature 
is also zero, the surface is a plane, since the vanishing of both the 
sum and the product of the principal normal curvatures implies 
that these curvatures are both zero. Hence a minimal surface 
is an ordinary surface or a plane, never a developable. Exclud- 
ing planes, we may then restrict ourselves to ordinary surfaces. 

Theorem 1. A necessary and sufficient condition that a surface 
he minimal is that the isotropic curves on it form a conjugate system. 

In § 47, we noted that there are always two conjugate-imagi- 
nary families of isotropic curves on a surface. Since an isotropic 
curve is characterized by the property that its differential of arc 
is zero, the parametric curves on the surface are the isotropic 
curves if and only if E = 0, G = 0, F 0. But then the con- 
dition, Eg — 2 F/ + Ge = 0, that the surface be minimal reduces 
to the condition, / = 0, that the parametric curves form a con- 
jugate system. Hence the theorem is proved. 

Theorem 2. The minimal surfaces are the translation surfaces 
wiih isotropic curves as gen^ators. 

Since the generators of a translation surface always form a 
conjugate system, a translation surface of the type described is, 
according to Theorem 1, a minimal surface. 
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In proving the converse, we assume that the isotropic curves 
of the given minimal surface are the parametric curves. Then 
E = Oy G = 0, and / = 0 , and it follows from equations (2) and 
(5) of Chapter VI that Xyiv 0 , Integrating this symbolic dif- 
ferential equation, we find that the parametric representation of 
the surface must be of the form x = U{u) + V(v). Hence the 
surface is a translation surface with the isotropic curves on it as 
generators. 

Inasmuch as isotropic curves are always imaginary, we shall 
write the parametric representation in the form x = U{u) + U{v)y 
in keeping with the notation of § 71. We may, then, state our 
result as follows. 

Theorem 3. A surface is a minimal surface if and only if it 
admits a parametric representation of the form 

(32) X = U{u) + U{v)y 

where y = U{u)yZ = U(v) represent conjugate-imaginary isotropic 
curves. 

The equivalent conditions in terms of real functions of the 
variables r, 5, where w = r + si, v = r — si, are readily found. 
We know that a representation of the form (32) is equivalent to 
one of the form x = 2 /?(r, s), where the functions R are har- 
monic. The requirement that the generators of (32) be isotropic 
curves is equivalent to the demand that the linear element be of 
the form ds^ = \dudv and hence, inasmuch as dudv = dr^ + d^, 
to the demand that r, s be isometric parameters. The desired 
conditions read, then, as follows. 

Theorem 4. A surface is minimal if and only if it admits a 
parametric representation of the form x = x(w, v), where u and v 
are isometric parameters and xiy x%y xz are harmonic functions of 
these parameters. 

In order to make equations (32) more explicit, we establish next 
a characteristic representation of an isotropic curve. 

Lemma. The isotropic cwrvesy not straight lineSj are the curves 
represented by the symbolic equation 


/ 


= I 4f{y)M{v)duy 


(33) 
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where *Cu) is on arbitrary analytic function of the complex poram- 
eler u and MCu) is symbolic for the triple of functions 

(34) M,(u)=ii^, Ma(n)=«. 

The complex analytic curve x = x(t) is an isotropic curve when 

(35) xi + X2 + x'i = 0. 

Without loss of generality we may assume that is never zero, 
that is, that the tangent to the curve is never parallel to the 
(xi, X 2 )-plane. It follows, then, from (35), that x[ — ix 2 never 
vanishes. Hence we may rewrite (35) in the form 

x\ + ix 2 ^ 3:3 ^ 

— X 2 x[ — iX2 


Denoting by u the common value of these two quotients, we 
readily find that 


(36) 


3:'i ^ x '2 ^ A 

1 — i(l + u^) 2 u 


If u were a constant, this continued equality would tell us that 
the curve was a straight line. Hence u depends on t and may be 
introduced as the parameter in place of t. Inasmuch as the 
triples dx/dt and dx/du are proportional, the continued equality 

(36) still holds when we interpret x' as dxidu instead of dx/dL 
Denoting the common value of the three quotients by 0(w)/2, we 
readily deduce equation (33). Thus, the lemma is established. 

From Theorem 3 and the lemma, we obtain the following re- 
sult, due to Enneper. 

Theorem 5. The minimal surfaces are the surfaces represented 
by the symbolic equation 


(37) X = J <tt{u)M{u)du + J* ^{v)M(v)dv, 


where <l>{u) and ?(v) are arbitrary conjugate-drnagiriary analytic 
functions, M{u) is the tripl§ of functions (34), and M{v) the triple 
of conju^ate-irriagiriary functions. 
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From (37), we find that a:, x, 0(r)Jlf(p). 

Hence, since 

{M\M) = 0, (M|M) = + w)*, {M\M) = 0, 

we have 

(38) F = 0, F » i(l + uvy<l>(u)H«), G = 0, D* = - F*. 


Taking D = iF, we get for the components of f: 


(39) 


_w + » 

‘ ‘ 1 + uv ’ “ * 1 + w ’ ‘ ~ 1 + uw ' 


From € *= (fixtttt) and the corresponding formulas for / and 
we have 


(40) 6 = - 0(w), / = 0, - ?(v). 

Thus we find that 


(41) K ^ -p, p = J(1 + uvyyl<l>{u)<t>{v), 

where 1/p is the absolute value of each principal normal curvature. 

Lines of curvature. The differential equation of the lines of 
curvature is found to be 

(l>(u)du^ — = 0 . 

Since the variables here are separated, the lines of curvature can 
he found by a quadrature. Their finite equations are Ui = const, 
and vi = const., where 

V2 dwi = du + V? dv, V2 dvi = du — fV? dv. 

The lines of curvature become the parametric curves when 
Wi, are introduced as parameters. If we agree, as is natural, 
to understand by and V$ conjugate imaginary square roots 
of 4> and $, these parameters are evidently real. Inasmuch as 

dul -f dvi = 2V^ du dv, 

the linear element, d^ » (1 + uvy <p$du dv, becomes, in terms 



of them, 
(42) 
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ds® = p{du\ + dvf). 

Hence we have arrived at the following result. 

Theorem 6. The lines of curvature on a minimal surface form 
an isometric system. 

Asymptotic lines. We already know that the asymptotic lines 
form an orthogonal system. Since their differential equation is 

(43) 4>(u)du^ + $(v)dv^ = 0, 

they can be found by the same quadrature as the lines of curvature. 
As a matter of fact, it is simple to find parameters for the 
asymptotic lines in terms of the parameters wi, for the lines 
of curvature. In terms of dux, dvi, equation (43) becomes 
du\ — dyf = 0. Hence we may take as the desired parameters 
U 2 t Va, where V2 1/2 = wi — and V2 V 2 = + Vx, In terms of 

these parameters, the linear element (42) takes the form 

(44) ds* = p{dul + dt;|). 

Theorem 7. The asymptotic lines on a minimal surface form 
an isometric system. 

The theorem is an immediate consequence of (44). 

Spherical representation. In § 58 we learned that a minimal 
surface is mapped conformally on its spherical representation and 
that, if ds® and d<r* are respectively the linear elements of the 
surface and spherical representation, 

(45) da*= - Kd^ = izds*. 

p 


From (38) and (41) it follows, then, that 


S - 0, 


^ (1 + w)*’ 


§ - 0 . 


Since 6 = 0 and $ - 0, the isotropic curves on the spherical 
representation are parametric. But, it is well known that the 
isotropic curves on a sphere are the rulings on the sphere; see 
also Ek, 1, Hence, the spherical representation of the isotropic 
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curves on a minimal surface consists of the isotropic Knee on the 
sphere. 

Incidentally, we have proved that equations (39) constitute a 
parametric representation of the unit sphere referred to its rulings 
as the parametric curves. 

Inasmuch as a conformal map preserves isometric systems, it 
follows from Theorems 6 and 7 that the lines of curvature and the 
asymptotic lines on a minimal surface are both represented by iso- 
metric systems of curves on the sphere. The forms of the linear 
element of the sphere corresponding to (42) and (44) are respec- 
tively, according to (45), 

da* = - (dui + dvD, da* =- (dui + dpi). 

P P 

Associate minimal surfaces. The family of minimal surfaces 

<lt(u)M(u)du + $(v)M(v)dVf 

where a is a real parameter, is known as a family of associate 
minimal surfaces. Since e®* = cos a + i sin a, we may, without 
loss of generality, restrict a to lie in the interval 0 ^ a < 2 ir. 

The surface a = 0 is the surface (37). Since e'* = e~^* = 
the surface a = ir is the reflection of this surface in the origin. 
In fact, each two surfaces of the family corresponding to values 
of a which differ by ir are reflections of one another in the origin. 

The fundamental quantities for the general surface (46) of the 
family are obtainable from those of the particular surface (37) 
by replacing <l>(u) and $(t;) respectively by e®*0(w) and 6"“*$(v). 
Thereby, e and g are multiplied respectively by and 
All the other quantities remain unchanged. 

This fact has numerous important consequences. Since the 
components of f remain the same, the normals to each two sur- 
faces of the family at corresponding points, that is, points with 
the same curvilinear coordinates, cure parallel. Furthermore, 
since F, G axe unchanged, the correspondence between the 
two Burfaees is isometric. Hence we may say: 

Thborbm 8. Each two associate minimal surfaces are mapped 
isometrically upon one another so that the tangent planes of eofte- 
spofhding poirUs are parallel. 
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Corollary. Corresponding directions at corresponding points 
of the two surfaces make with one another a constant angle. If the 
surfaces are a = and a = ^ 2 , this angle is a 2 — ai. 

It suffices to prove the corollary for the particular surface (37) 
and the general surface (46) of the family. At corresponding 
points of these surfaces, 

dx = Xudu + Xvdv, dz = e“*Xudu + e'^^Xvdv, 
and therefore 

{dx\dz) 


where ds* is the common linear element of the two surfaces. 
Hence, 



cos 


and the corollary is established. 

It follows that corresponding directions at corresponding points 
of two surfaces of the family which correspond to two values of a 
differing by ir/2 are always perpendicular to one another. Two 
such associate minimal surfaces are known as adjoint minimal 
surfaces. 

As a typical pair of adjoint surfaces we may take the surface 
(37) and the surface a = 7r/2: 


(47) 


y = z J* <t>{u)M(u)du ” ^ J* 


<l){v)M{v)dv. 


Setting = cos a + i sin a and 6”*' = cos a — i sin a in (46), 
and collecting the terms in cos a and sin a respectively, we readily 
find that 

(48) z = a; cos a + 2 / sin a. 

The coordinates z of an arbitrary point on the general surface of 
the family are thus expressed in terms of the coordinates x and y 
of the corresponding points of the two adjoint surfaces (37) 
and (47). 

It is readily shown that equation (48), when u, v are fixed and 
a varies, represents an ellipse l 3 dng in the plane {X zy) - 0 and 
having its center in the origin. In other words: 
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Theobem 9 . When a minimal surface traces the family of mini- 
mal surfaces associate to it, each point on it traces an ellipse. 

The family of surfaces is obviously a continuous family and 
each two surfaces of it are applicable, by Theorem 8. Hence we 
may restate the result just obtained in the following way. 

Theorem 10. A minimal surface admits a cordinvms defor- 
mation whereby it always remains minimal and each point of it 
traces an ellipse. 


EXERCISES 

1. Compute ft and f, from (39). Hence show that the parametric curves 
on the sphere are isotropic lines and that each isotropic direction at a point of 
the surface is parallel to the isotropic direction at the image point on the sphere 
to which it does not correspond. 

Prove the facts stated in the text concerning equation (48), when u, v 
are fixed and a varies. 

3. The surface of Scherk Xt > log (cos Xj/cos x,) is a minimal surface and 
hence a translation surface with imaginary generators. It is also a translation 
surface with real generators which lie in two families of perpendicular planes. 

4 . Show that when 4(u) ■ - a/(2 u*), where a is a real constant, the surface 
(37) is a catenoid. 

Suggestion. After evaluating the integrals involved, set 

« - ar‘ - e"'(coe s + i sin «), » - « e”'(cos « - t sin «). 

5. Prove that when 4(u) « - a/(2 v*), where a is a real constant, the family 
of associate miniitml surfaces (47) can be represented by the equations 

Xi ■ a(cos a cosh r cos « + sin a sinh r sin s), 

Xt ■ a(coB a cosh r sin s - sin a sinh r cos s), 

Xi > a(r cos a + s sin a). 

According to Ex. 4, the surface a - 0 is a catenoid. Show that the surface 
a a ir/2 is a right helicoid, thus proving that the catenoid and right helicoid are 
adjoint surfaces. 

6. Show that the surfaces of Ex. 6, where a and a are arbitrary constants, 
are the helicoidal minimal surfaces. See §09, Ex. 11. 



INDEX 


Absolute geometry of a surface, 173, 
184-202. 

Adjoint minimal surfaces, 225. 

Affine transformations, 171. 

Angle between curves, 84, 85. 

Angle between surfaces, 121, 122, 163. 
Applicability, of surfaces, 174-183; 

— of surfaces of constant curva- 
ture, 174, 175, 177-179; 

— of surfaces applicable to a sur- 
face of revolution, 179-183, 206, 
207, 208; 

— of minimal surfaces, 224-226. 
Arc of a curve, 20; 

— as a regular parameter, 21 ; 

— on a surface, 82. 

Area preserving maps, 170, 207. 

Area on a surface, 85. 

Associate minimal surfaces, 224-226. 
Asymptotic directions, 99, 110, 111, 
112, 127; 

spherical representation of — , 145; 
geodesic torsion in — , 163. 
Asymptotic lines, 127-129; 

— , parametric, 129; 

— , when geodesic, 151. 

Beltrami, formula of, for geodesic 
curvature, 148; 

— on geodesic maps, 176, 177. 
Bertrand curves, 52-56, 57. 

Bianchi, 174, 177. 

Binormal, 29; 

— at a singular point, 42; 
indicatrix of — , 57 ; 
envelope of — , 78. 

Blaschke, 140. 

Bonnet, fundamental theorem of, 140; 
— , formula of, for geodesic curvar 
ture, 158; 

— , theorem of, for geodesic torsion, 
162. 

Catenary, 46. 

Catenoid, 92, 171, 183, 204, 226. 
Central point and plane, 210. 
Characteristic curves, 64, 65. 


Christoffel symbols, 136, 137, 202. 
Circular point, 101. 

Classification, of surfaces, 96-99; 

— of points on a surface, 99-101, 
110, 111. 

Codazzi equations, 139. 

Conformal map of two surfaces, 167- 
170, 171, 205. 

Conjugate directions, 123-125; 

spherical representation of — , 145. 
Conjugate system, 125, 126; 

— , parametric, 125; 
spherical representation of — , 145. 
Conoid, right, 114, 126, 129, 134, 213. 
Coordinate on a curve, 17; 

— B, curviUnear, 61 ; 

— of a direction, 88. 

Cubic, twisted, 16, 23, 26, 29, 52, 59, 
69, 91. 

Curvature of a curve, 31, 36, 57; 
circle, center, and radius of — , 34; 
locus of center of — , 56, 57; 

— on a surface, 104r-107, 149. 
Curvature, geodesic, sec Geodesic 

curvature. 

Curvature, mean, 109, 144. 
Curvature, normal, of a surface, 
106 ff., 149, 165; 
center, radius of — , 106; 
principal — s, 109; 

Euler’s equation for — , 112; 
Dupin’s indicatrix of — , 1 15-1 18; 

— along a line of curvature, 121; 
— s in conjugate directions, 126. 

Curvature, total, 109, 111, 

Gauss equation for — , 138, 140; 

— of a quadratric form, 140, 141 ; 

— as an absolute property, 187, 195. 
Curve, analytic, 18; 

canonical representation of — , 39; 
form of — , 40; 
complex — , 216. 

Curves of constant curvature, 65, 66, 
74. 

Curves in correspondence, 57. 
Cycloid, 48. 
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Darboux, 176, 184. 

Deformation of surfaces, see Ap- 
plicability. 

Developable surface, definition, 64; 
classiHcation of — s, 67 ; 

— applicable to a plane, 67, 175; 
condition for — , 97, 111, 151, 209; 
asymptotic lines on — , 127; 

lines of curvature on — , 127, 134; 
geodesics on — , 71, 149. 

Dini, 176. 

Direction, at a point on a surface, 86; 
coordinate for — , 88; 
angle between two — s, 88. 
Directrix of a ruled surface, 209. 
Distance from a point, to a plane, 14; 

— to a line, 15. 

Dupin, indicatrix of normal curvature, 
116; 

— , theorem of, on triply orthog- 
onal systems, 122, 123. 

Edge of regression, 59, 65. 

Eisenhart, 48, 203, 

Elliptic point, 99. 

Enneper, 221. 

Envelope, of a family of surfaces, 
64-67; 

— of a family of planes, see De- 
velopable surface. 

Euler's equation, 112. 

Evolutes, 75-78, 151. 

Family of curves, 89; 

pencil of — s, 159. 

Field of geodesics, 153. 

Frenet-Serret formulas, 38, 166 
Frobenius form of Gauss equation, 
140. 

Functional dependence, 79. 

Functions, conjugate, 132, 217, 218; 
— , analytic, of complex variable, 
132, 217, 218; 

— , harmonic, 218. 

Fundamental form, first, 82; 

— , second, 94; 

— , third, 141; 

— B as invariants, 102, 141 ; 
relation between — s, 142. 
Fundamental theorem of curve 
theory, 43-48. 

Fundamental theorem of surface 
theory, 139. 


Gauss, formulas of, 136; 

— equation for X, 138, 140, 153; 

— geometry of a surface, 173, 184- 

202 ; 

— equation of geodesics, 188; 
curvatura Integra of — , 188. 

Gaussian curvature, see Curvature. 
Generators of a translation surface, 
214. 

Geodesic circle, 184, 187. 

Geodesic curvature, 146-149, 157- 
159, 165; 

— as an absolute property, 191- 
193, 195. 

Geodesic parallels, 151-153; 

isometric family of — , 181, 183. 
Geodesic parameters, 153. 

Geodesic polar coordinates, 184-187. 
Geodesic torsion, 159-163, 165. 
Geodesic triangles, 188-191. 

Geodesic maps, 176. 

Geodesics, 149-151; 
plane — , 151, 160, 166; 
as curves of shortest distance, 154; 
differential equations of — , 155, 
156, 188, 200, 201; 
torsion of — , 160; 

— as self-parallel curves, 195. 
Geometry of linear displacement, 203. 
Geometry of paths, 203. 

Helicoid, general, 208, 226. 

Helicoid, right, 114, 115, 129, 133, 
134, 145, 171, 183, 213, 218, 226. 
Helix, circular, 16, 22, 25, 31, 37, 38, 
45, 48, 55, 62. 

Helix, general, 49-fi2, 56, 57, 71, 74, 
92. 

Homothetic map, 176. 

Hyperbolic point, 99. 

Hyperboloid, 213. 

Imaginary elements, 126. 

Intrinsic equations, see Nattiral equa- 
tions. 

Invariants of a surface, 102, 103, 141 ; 

relative — , 103, 109. 

Inversion, 171. 

Involutes, 74, 75, 78, 91. 

Isometric family of curves, 181. 
Isometric maps, 170-183; 

— equivalent to applicability, 174; 
see also Applicability. 
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Isometric parameters, 131. 

Isometric systems, 129-134, 159; 

— preserved by a conformal map, 
169. 

Isotropic curves, 220, 221 ; 

— on a surface, 129, 130, 220. 

Jacobian, 79. 

Joachimsthal, theorems of, 121, 122, 
163. 

Lagrange, identity of, 5, 11. 

Levi, 174. 

Levi-Civita, parallelism of, 193-198, 

200 , 202 . 

Line of striction, 211. 

Linear element of a surface, 82. 

Lines of curvature. 111, 11^123; 

— , parametric, 112; 
plane — , 123, 163; 
spherical representation of — , 144, 
151, 159; 

— , when geodesic, 151 ; 
geodesic curvature of — , 159. 
Liouville, formula of, for geodesic 
curvature, 159; 
surfaces of — , 176. 

Logarithmic spiral, 46, 92. 
Loxodromes, 86, 92, 205, 207. 

Mapping of two surfaces, general, 167, 
171; see also Conformal, Iso- 
metric, Geodesic, Area-preserv- 
ing. 

Mainardi, 139. 

Mercator map, 205. 

Meusnier’s theorem, 106. 

Minimal curves, see Isotropic curves. 
Minimal surface, 113, 128, 170, 219- 
226. 

Natural equations, definition of, 45; 

— of circular helix, 45; 

— of catenary, 46; 

— of logarithmic spiral, 46; 

— of cycloid, 48; 

— of helices, 52; 

— of spherical curves, 74. 
Non-Euclidean geometry, 191. 
Non-Riemannian geometry, 202, 203. 
Normal, principal, 29; 

— at a singular point, 42; 
indicatrix of — , 57 ; 
envelope of — , 78. 


Normal, to a surface, 63, 80; 

— vector f, 92; 

va:iable — generating a develop- 
able, 118-120, 166. 

Normal curvature of a surface, see 
Curvature. 

Normal plane to a curve, 29; 
envelope of — , 71. 

Number triples, algebra of, 7, 8, 1 1, 12. 

Orthogonal system, parametric, 84; 

— , general, 90. 

Orthogonal trajectories, 91. 
Osculating circle, 34; 

contact of — , 34, 57. 

Osculating plane, 29; 
contact of — , 29, 40, 42, 73; 

— at a singular point, 42; 
intersection of — with curve, 60; 
envelope of — , 63, 70. 

Osculating sphere, 73, 74. 

Parabolic point, 99. 

Paraboloid, elliptic, 126, 218. 
Paraboloid, h 3 rperbolic, 69, 129, 134, 
213, 218. 

Parallelism of Levi-Civita, 193-198, 

200 , 202 . 

Parallel surfaces, 171. 

Parameter, regular, for a curve, 19; 
change of — ,19; 

— s, change of, for a surface, 81, 102, 
103. 

Parameter of distribution, 212. 
Parametric curves, 61 ; 
arcs of — ,83; 
angle between — , 84; 
bisectors of angles between — , 92; 
geodesic curvatures of — , 148, 149. 
Planar point, 99. 

Plane, condition that a surface be a, 
97, 99, 108, 111. 

Plane curves, 37, 38; 
representation of — in terms of arc 
and curvature, 48; 

— as Bertrand curves, 52, 63. 

Polar developable, 71, 78, 151. 

Polar line, 71. 

Principal directions, 108-110. 

Quadrics, lines of curvature on, 122, 
134. 
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Rectifying developable, 70, 71, 149, 
177. 

Rectifying plane, 31; 
envelope of — , 70, 71. 

Regular point, of a curve, 27; 

— of a surface, 80, 82. 

Ricci, 202. 

Riemaimian geometry, 201, 202. 

Rodrigues, equation of, 121. 

Ruled surfaces, 208-213. 

Scalar, 7. 

Scherk, surface of, 226. 

Singular point, of a curve, 27, 41-43; 

— of a surface, 80. 

Sphere, 60, 80, 99, 134, 166, 205, 224; 
condition that a surface be a — , 
98, 101, 108, 111. 

Spherical curves, 74, 77. 

Spherical indicatrices of tangents, 
principal normals, and binormals, 
57, 166. 

Spherical indicatrix of rulings of a 
ruled surface, 208. 

Spherical representation of a surface, 
96, 141-145, 169, 170. 

Study, 140. 

Surface, ordinary, dehnition of, 96; 
condition for — , 97. 

Surface, parametric representation of, 
60, 79, 80; 

— , form of, 117; 

— , 2)^ « /(xi, xa), 129; 
complex analytic — , 216. 

Surface of positive (negative) curva- 
ture, 111. 

Surface of revolution, 182, 183, 204- 
208; 

deformation of — , 206; 
surfaces applicable to a — , 182, 
206, 207, 208; 
geodesics on — , 207. 

Surfaces tangent along a curve, 165, 
166. 


System of curves, 90; 
orthogonal — , see Orthogonal sys- 
tem. 

Tangent line to a curve, 24; 
contact of — , 26, 28, 42; 
indicatrix of — , 57. 

Tangent line to a surface, 62. 
Tangent plane, 63, 80; 

order of contact of — , 94, 95. 
Tangent surface of a curve, 58, 59, 63, 
67, 80, 91, 115. 

Torsion of a curve, 34, 36, 57; 
sign of — , 40; 

— at a singular point, 41, 42; 

— on a surface, 162, 163. 

Torus, 101, 115, 118, 122, 145. 
Tractrix, surface of revolution of, 179, 

191, 207. 

Translation surfaces, 214-219. 
Trihedral of a curve, 29; 
projection of curve on planes of — , 
40, 41; 

— on a surface, 163-166. 

Umbilic, 101, 108, 110, 161. 

Veblen, 203. 

Vectors, proper, null, free, localized, 
definitions of, 3; 
parallel — , 4, 8, 27; 
perpendicular — , 5-7, 8, 9; 
three — with disposition of axes, 6, 
9, 93; 

— parallel to a plane, 9, 10, 37; 
identity for four — , 11 ; 

surface components of — , 199. 
Vectors, associated with a curve, 23; 
tangent vector, 25, 36; 
principal normal — , 30, 36; 
binormal — , 30, 36. 

Voss, surface of, 157. 


Weyl, 195, 202, 203. 




